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QUANTITATIVE METHODS IN ECONOMICS


Class Project


Due: Tuesday 5/30


Consider a firm that has two different product lines. Let q1 and q2 represent the


quantities produced and sold of goods 1 and 2, respectively. We have that q1, q2 ≥ 0.


The cost of joint production is given by:


c(q1, q2; c, θ) = c
q21
2


+ c
q22
2


+ θq1q2,


where c > 0 is a cost parameter, and θ captures how joint production affects total


costs. Assume that θ < 0, which means that joint production is cheaper. In addition,


assume that |θ| < c: The interaction effect is smaller than the direct effect of the


quantity produced of one good on costs.


Let p1, p2 > 0 be the prices of products 1 and 2, respectively. The firm’s profit


function is given by:


π(q1, q2; p1, p2, c, θ) = p1q1 + p2q2 − c
q21
2
− c


q22
2
− θq1q2


PROBLEM 1: Find the levels of output for products 1 and 2 that solve the FOC for


profit maximization, as a function of the prices and other parameters. The answers
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are the firm’s supply functions; call them qS1 (p1, p2, c, θ) and q
S
2 (p1, p2, c, θ).


Even though these goods are produced jointly, the consumer demands them as


two separate goods. The consumer’s net utilities for goods 1 and 2 are given by:


U1(q1; p1) = 1 −
(1 − q1)


2


2
− p1q1


U2(q2; p2) = 1 −
(1 − q2)


2


2
− p2q2


Recall that q1, q2 ≥ 0.


PROBLEM 2: Solve the two problems of utility maximization, as functions of the


respective prices. (Don’t forget to check the SOC and the boundary points!) The


answers are the demand functions for the goods; call them qD1 (p1) and q
D
2 (p2).


Finally, consider the general equilibrium conditions:









qS1 (p1, p2, c, θ) = q
D
1 (p1)


qS2 (p1, p2, c, θ) = q
D
2 (p2)


PROBLEM 3: This problem will guide you through the steps of finding the general


equilibrium prices.


1. Can there be an equilibrium where the price of either good is greater than or


equal to 1? Justify your answer


2. Show that, in equilibrium, both prices must be equal.


3. Let pE(c, θ) denote the equilibrium price (for both goods, as per 3.2) as a func-


tion of c and θ. Show that 0 < pE(c, θ) < 1.


4. Show that the equilibrium prices are smaller than in the benchmark case where


there are no cost interactions; that is to say, show that pE(c, θ) < pE(c, 0). What
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is the intuition behind this result?


5. Show that
∂ pE(c,θ)


∂θ
> 0, so that the equilibrium price is increasing in θ. How is


this possible, in light of your answer to 3.4?
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