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6.8 Strict orders and directed acyclic graphs g has no
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the catalog. It turns out, that if G is a directed a cyclic graph, then G™ is a strict order. In fact the converse is also true: a

Theorem 6.8.1: Directed acyclic graphs and strict orders.

Let G be a directed graph. G is a has no positive length cycles if and only if G* is a strict
order.

Proof.

If G has a positive length cycle, then there is a path <vy,...,vi> in G where vy = v, and k 2 1. The existence of the path of length k implies that there
is an edge (vo, vi) in GX. All the edges in G are included in G*. Since vq = vy, the edge is a self-loop, implying that G* cannot be anti-reflexive.
Therefore G is not a strict order.

G is by definition transitive, so in order for it not to be a strict order, it must not be anti-reflexive which means that it has a self-loop. Suppose that
G* has a self loop at vertex v. The edge (v, v) must be in G* for some k = 1. The existence of the edge (v, v) in G¥ means that there is a path of
length k in G that begins and ends at vertex v. Thus, there is a cycle of length k in G and G is not acyclic. m

If a DAG G is transitive, then G* = G. Thus the theorem above implies that a directed graph G is a strict order if and only if G is acyclic and
transitive.

If G is a directed acyclic graph and G* is the transitive closure of G, then the minimal elements in G* are exactly the vertices with in-degree 0 in G.
Similarly, the maximal elements in G* are the vertices with out-degree 0 in G.

ﬁ et 6.8.3: Directed acyclic graphs.
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