In Exercises 33-38, write each expression as the sum of
a polynomial and a rational function whose numerator
has smaller degree than its denominator.

33

34

35

39

2x +1 16 x?
x -3 4x + 3
4x —5 47 x8+3x3 41
x+7 x2+2x+5
42 6 _ 442
@x 4x=+5
3x -1 x2-3x+1

Find a number ¢ such that »(10199) =~ 6, where

ex? +20x2 - 15x + 17
5x3 +4x2 +18x +7

rix) =

'@Find a number ¢ such that +(21990) ~ 5, where

41

42

3x4 —2x3 +8x +7
cxt—9x + 2

rix) =

A bicycle company finds that its average cost per bicy-
cle for producing n thousand bicycles is a(n) dollars,

where g
4n® + 3n + 50

What will be the approximate cost per bicycle when
the company is producing many bicycles?

A bicycle company finds that its average cost per bicy-
cle for producing n thousand bicycles is a(n) dollars,

where
3n? +n+40

A= 800 on s
What will be the approximate cost per bicycle when
the company is producing many bicycles?

43

44
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Suppose you start driving a car on a chilly fall day.
As you drive, the heater in the car makes the temper-
ature inside the car F(t) degrees Fahrenheit at time t
minutes after you started driving, where

3013
3 +100°

(a) What was the temperature in the car when you
started driving?

F(t) =40+

i What was the approximate temperature in
the car ten minutes after you started driving?

(b)

(c) What will be the approximate temperature in
the car after you have been driving for a long
time?

Suppose you start driving a car on a hot summer day.
As you drive, the air conditioner in the car makes the
temperature inside the car F(t) degrees Fahrenheit
at time ¢ minutes after you started driving, where

18t2
t2 +65°

() What was the temperature in the car when you
started driving?

F(t) =90 -

(b) y What was the approximate temperature in

the car 15 minutes after you started driving?

(c) What will be the approximate temperature in
the car after you have been driving for a long
time?

PROBLEMS
45 Suppose s(x) = Xx° + 2_ 48 Explain why the composition of two rational func-
2x -1 tions is a rational function.
(a) Show that the point (1, 3) is on the graph of s.

46

47

(b) Show that the slope of a line containing (1, 3)

and a point on the graph of s very close to (1, 3)
is approximately —4.

[Hint: Use the result of Exercise 25.]

Suppose L(x) =

4x3 +3°
(a) Show that the point (-1, —5) is on the graph of
t.
(b) Give an estimate for the slope of a line contain-

ing (—1,-5) and a point on the graph of t very
close to (-1, —5).
[Hirt: Use the result of Exercise 26.]

Explain why the composition of a polynomial and a
rational function (in either order) is a rational func-
tion.

49

50

Suppose p is a polynomial and t is a number. Explain
why there is a polynomial G such that

px)-p)
x—-t Gx)
for every number x # t.

Suppose ¥ is the function with domain (0, «) defined

by
1

g x4+ 2x3 + 3x2
for each positive number x.
(a) Find two distinct points on the graph of #.
(b) Explain why ¥ is a decreasing function on (0, ).

(c) Find two distinct points on the graph of »—1.



22 Find all real numbers x such that
x8-3x¥-10=0.

23 Find all real numbers x such that
x*-2x*-15=0.

24 Find all real numbers x such that
x4 +5x%-14=0.

'4 25'/ ind a number b such that 3 is a zero of the polyno-
mial p defined by
p(x) =1 —4x + bx? + 2x3.

26 Find a number ¢ such that -2 is a zero of the polyno-
mial p defined by

p(x) =5—3x +4x% + ex3.

PROBLEMS
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27 Find a polynomial p of degree 3 such that -1, 2, and
3 are zeros of p and p(0) = 1.

28 Find a polynomial p of degree 3 such that -2, -1,
and 4 are zeros of p and p(1) = 2.

29 Find all choices of b, ¢, and d such that 1 and 4 are
the only zeros of the polynomial p defined by

pix)=x>+bx*>+cx+d.

30 Find all choices of b, ¢, and d such that —3 and 2 are
the only zeros of the polynomial p defined by

p(x) =x3 + bx® +cx +d.

31 Give an example of two polynomials of degree 4
whose sum has degree 3.

32 Find a polynomial p of degree 2 with integer coeffi-
cients such that 2.1 and 4.1 are zeros of p.

33 Find a polynomial p with integer coefficients such
that 23/ is a zero of p.

34 Show that if p and g are nonzero polynomials with
deg p < deggq, then deg(p + q) = degq.

35 Give an example of polynomials p and g such that
deg(pq) = 8 and deg(p + q) = 5.

36 Give an example of polynomials p and g such that
deg(pg) =8 and deg(p + q) = 2.

37 Suppose q(x) = 2x3 — 3x + 1.
(a) Show that the point (2,11) is on the graph of g.
(b) Show that the slope of a line containing (2,11)
and a point on the graph of g very close to
(2,11) is approximately 21.
[Hint: Use the result of Exercise 17.]
38 Supposes(x) =4x3 - 2.
(a) Show that the point (1, 2) is on the graph of s.

(b) Give an estimate for the slope of a line contain-
ing (1,2) and a point on the graph of s very
close to (1, 2).

[Hint: Use the result of Exercise 18.]

39 Give an example of polynomials p and g of degree 3
such that p(1) = q(1), p(2) = g(2), and p(3) = q(3),
but p(4) £ q(4).

40 Suppose p and g are polynomials of degree 3 such
that p(1) = q(1), p(2) = a(2), p(3) = q(3), and
p(4) = g(4). Explain why p = g.

41 Explain why the polynomial p defined by
plx)=x%+7x%-2x-3
has a zero in the interval (0, 1).
For Problems 42-43, let p be the polynomial defined by

pix) = x5 - 87x% - 92x + 2.

42 (a) § Use a computer or calculator to sketch a
graph of p on the interval [-5, 5].

(b) Is p(x) positive or negative for x near c?
(c) Is p(x) positive or negative for x near —oo?

(d) Explain why the graph from part (a) does not
accurately show the behavior of p(x) for large
values of x.

43 (a) & Evaluate p(—2), p(-1), p(0), and p(1).

(b) Explain why the results from part (a) imply that
p has a zero in the interval (-2, -1) and p has
a zero in the interval (0, 1).

(c) & Show that p has at least four zeros in the
interval [-10, 10].
[Hint: We already know from part (b) that p has
at least two zeros is the interval [-10, 10]. You
can show the existence of other zeros by finding
integers n such that one of the numbers p(n),
p(n + 1) is positive and the other is negative.]
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Graphs of Polynomials

Computers can draw graphs of polynomials better than humans. However, some
human thought is usually needed to select an appropriate interval on which to
graph a polynomial.

EXAMPIE 8 Let p be the polynomial defined by

25 | p(x) = x* —4x3 — 2x% + 13x + 12.

Find an interval that does a good job of illustrating the key features of the graph
of p.

SOLUTION If we ask a computer to graph this polynomial on the interval [-2, 2],
we obtain the the first graph shown here. Because p(x) behaves like x* for very
large values of x, this first graph does not depict enough features of p.

Often a bit of experimentation is needed to find an appropriate interval to
illustrate the key features of the graph. For this polynomial p, the interval [-2,4]
works well, as shown in the second graph here.

20 The second graph here shows the graph of p beginning to look like the graph
of x* when |x| is large. Thus the interval [—2,4] provides a more complete
representation of the behavior of p than does [-2, 2], which was the first interval

x  we used.

We also now see that the graph of p above contains three points that might

The graph of p onthe o wqught of as either the top of a peak (at x ~ 1) or the bottom of a valley (at

interval [-2,4]. g i GRELE w3,

To search for additional behavior of p, we might try graphing p on a much
larger interval, as shown in the third graph here.

6000000 | The third graph shows no peaks or valleys, even though we know that it
contains a total of at least three peaks and valleys. The scale needed to display
the graph on the interval [-50, 50] made the peaks and valleys so small that we
cannot see them. Thus using this large interval hid some key features that were

= _és > 5‘0 x  visible when we used the interval [-2,4].

Conclusion: A good choice for graphing this function is the interval [-2, 4].

The graph of p on the
interval [-2,2].

The graph of p on the
interval [-50,50].

EXERCISES
Suppose plx) =x?+5x +2, 11 (poq)(x) 16 ((q+p) o) (x)
qix)=2x3-3x+1, s(x)=4x%-2. 12 (gop)(x) 17 42+x)-a@)

In Exercises 1-18, write the indicated expression asa 13 (p°s)(x) 4 x’)‘ e
polynomial. 14 (sop)(x) /IE >

1 (p+a)(x) 6 (ps)(x) 15 (g (p +5))(x)

2 (p-q)(x) 7 (p(x))° 19 Factor x® — »® as nicely as possible.

3 B3p-2q)ix) 8 (q(x))° 20 Factor x'% — 3% as nicely as possible.

4 (4p +5q)(x) 9 (p(x))2s(x) 21 Find all real numbers x such that

5 (pa)(x) 10 (g(x))s(x) x—8x3+15=0.
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EXERCISES

For Exercises 1-6, evaluate the given expression. Do
not use a calculator.

- 2 -6
125-5 4_2_3
2 43 _ 34 G

-4
q-2 5 {2)

3

|

ro

2
3
-3 =, .3
8
The numbers in Exercises 7-14 are too large to be han-

dled by a calculator. These exercises require an under-
standing of the concepts.

7 Write 93990 ag a power of 3.
8 Write 274090 35 a power of 3.
9 Write 54990 a5 a power of 25.
10 Write 2399 a5 a power of 8.
11 Write 2° - 81900 a5 3 power of 2.
12 Write 53 . 252000 535 4 power of 5.
13 Write 2100 . 4200 . 8300 54 a4 power of 2.
14 Write 3500 . 9200 . 27100 ag 3 power of 3.
For Exercises 15-20, simplify the given expression by
writing it as a power of a single variable.
a8 x (x4 (x3)%)*3
19 14(13(t72)°)*
3)6)2

15 x5(x2)°
16 ¥4(y3)°
17 y(y2 ()% 20 w3 (wH(w-

1000
21 Write

as a power of 2.

) 52[!00

22 Write i as a power of 5.

23 Find integers m and n such that 2™ . 5™ = 16000.
24 Find integers m and n such that 2™ - 5" = 0.0032.

For Exercises 25-32, simplify the given expression.

2y3,,8 2.4,4/5y3
5 (9{ ) y3 29 (x_y _)‘1
a5 Lpd) (x3y2)
o () ¥4
TERTT \39 o2
(x3)”(?) (xR
—ax 3 8 9. = 4
py L 1Y 31 ((x e il i)
x=5(4) (x5y=2)
x—ll(y3)‘2 {x—’jya) 472
~349 214 32 wB e =]
(x=3)7(»?) (x—>y2)

'MZ% f(X) = x2/3 _

For Exercises 33-44, find a formula for f o g given the
indicated functions fand g.

33 filx)=x°gx ):x3

34 f(x) =x%g(x) =

35 fi(x) = glx) = S‘x3

36 f(x)= g( J= 2t

37 fix)=4x"? gl(x) =5x°
38 fix)= 3x*5, alx) =2x*
39 f(x)=4x72 g(x)=-5x"3
40 fi(x) =3x"% g(x)=—-2x"1
41 &) =%z, gx) =537

42 fix) =x3 g(x) = x4
43 fix) =3+x%4 g(x) = x%7
Z; g(x) = x9/16

For Exercises 45-56, expand the expression.

45 (2 ++/3)° 49 (2 ++/3)* 53 (3 - +2x)?
46 (3 ++/2)° 50 (3+/2)4 54 (5 - /3x)2
47 (2-3/5)7% 51 (3+x)? 55 (1 +2+/3x)?
48 (3-5v2)?2 52 (5+/x)? 56 (3 + 2./5x)2

For Exercises 57-64, find all real numbers x that sat-
isfy the indicated equation.

57 x-5/x+6=0 61 x2/3 _6xl/3 = _§
58 x -7 /X+12=0 62)x23 +3x13 = 10
59 x-/x=6 63 x%-3x2=10

60 x-.x=12 64 x4 —8x2=-15

65 Evaluate 372 if x is a number such that 3* = 4
66 Evaluate 24% if x is a number such that 2 = §.
67 Evaluate 8" if x is a number such that 2¥ = 5.

68 Evaluate (%)x if x is a number such that 3% = 5.

For Exercises 69-78, sketch the graph of the given func-
tion f on the interval [-1.3,1.3].

69 f(x)=x*+1 74 fix) =

70 flx)=x*+2 75 fix) = 72x4
71 f(x)=x*-1.5 76 f(x) = -3x3
72 f{x)=x%-0.5 77 filx)=-2x*+3
73 f{x) =253 78 fix)=-3x3+4
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EXERCISES

o

1 What are the coordinates of the unlabeled vertex of
the smaller of the two right triangles in the figure at
the beginning of this section?

2 What are the coordinates of the unlabeled vertex of
the larger of the two right triangles in the figure at
the beginning of this section?

3 Find the slope of the line that contains the points
(3,4) and (7,13).

4 Find the slope of the line that contains the points
(2,11) and (6, -5).

5 Find a number w such that the line containing the
points (1, w) and (3, 7) has slope 5.

JFind a number d such that the line containing the
points (d,4) and (-2,9) has slope —3.

7 Suppose the tuition per semester at Euphoria State
University is $525 plus $200 for each unit taken.

(a) What is the tuition for a semester in which a
student is taking 10 units ?

(b) Find a linear function £ such that t(u) is the tu-
ition in dollars for a semester in which a student
is taking u units.

(¢) Find the total tuition for a student who takes 12
semesters to accumulate the 120 units needed
to graduate.

(d) Find a linear function g such that g(s) is the to-
tal tuition for a student who takes s semesters
to accumulate the 120 units needed to graduate.

8 Suppose the tuition per semester at Luxim University
is $900 plus $850 for each unit taken.

(a) What is the tuition for a semester in which a
student is taking 15 units ?

(b) Find a linear function t such that t(u) is the tu-
ition in dollars for a semester in which a student
is taking u units.

(c) Find the total tuition for a student who takes 8
semesters to accumulate the 120 units needed
to graduate.

(d) Find a linear function g such that g(s) is the to-
tal tuition for a student who takes s semesters
to accumulate the 120 units needed to graduate.

9 Suppose your cell phone company offers two calling
plans. The pay-per-call plan charges $14 per month
plus 3 cents for each minute. The unlimited-calling
plan charges a flat rate of $29 per month for unlim-
ited calls.

(a) What is your monthly cost in dollars for making
400 minutes per month of calls on the pay-per-
call plan?

(b) Find a linear function ¢ such that c(m) is your
monthly cost in dollars for making m minutes
of phone calls per month on the pay-per-call
plan.

(c) How many minutes per month must you use for
the unlimited-calling plan to become cheaper?

10 Suppose your cell phone company offers two calling
plans. The pay-per-call plan charges $11 per month
plus 4 cents for each minute. The unlimited-calling
plan charges a flat rate of $25 per month for unlim-
ited calls.

(a) What is your monthly cost in dollars for making
600 minutes per month of calls on the pay-per-
call plan?

(b) Find a linear function ¢ such that ¢(m) is your
monthly cost in dollars for making 1 minutes
of phone calls per month on the pay-per-call
plan.

(c) How many minutes per month must you use for
the unlimited-calling plan to become cheaper?
11 Find the equation of the line in the xy-plane with
slope 2 that contains the point (7,3).

2 )Find the equation of the line in the xy-plane with
slope —4 that contains the point (-5, -2).

13 Find the equation of the line that contains the points
(2,—1) and (4, 9).

14 Find the equation of the line that contains the points
(—3,2) and (-5,7).

15 Find a number t such that the point (3,t) is on the
line containing the points (7,6) and (14, 10).

16 Find a number t such that the point (-2, t) is on the
line containing the points (5, -2) and (10, —8).

17 Find a function s such that s(d) is the number of
seconds in d days.
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52 Suppose g is an even function whose domain is
[-5,—1] u [1,5] and whose graph on the inter-
val [1,5] is the graph used in the instructions
for Exercises 15-50. Sketch the graph of g on
[-5,—-1]uU[1,5]

53 Suppose h is an odd function whose domain is
[-2,—1] u[1,2] and whose graph on the interval
[1,2] is the graph used in the instructions for Exer-
cises 1-14. Sketch the graphof hon [-2,-1]U[1,2].

54 Suppose h is an odd function whose domain is
[-5,—1] u [1,5] and whose graph on the inter-
val [1,5] is the graph used in the instructions
for Exercises 15-50. Sketch the graph of h on
[-5,—1]uU[1,5].

PROBLEMS

For Exercises 55-58, suppose f is a function whose do-
main is the interval [-5,5] and

X
x+3

fix) =

for every x in the interval [0, 5].

55 Suppose [ is an even function. Evaluate f(-2).
@Suppose f is an even function. Evaluate f(-3).
57 Suppose [ is an odd function. Evaluate f(—2).
(58 \Suppose f is an odd function. Evaluate f(—3).

For Problems 59-62, suppose that to provide additional
funds for higher education, the federal government
adopts a new income tax plan that consists of the 2011
income tax plus an additional $100 per taxpayer. Let
g be the function such that g(x) is the 2011 federal
income tax for a single person with taxable income x
dollars, and let h be the corresponding function for the
new income tax plan.

59 Is h obtained from g by a vertical function transfor-
mation or by a horizontal function transformation?

60 Write a formula for h(x) in terms of g(x).

61 Using the explicit formula for g(x) given in Exam-
ple 2 in Section 1.1, give an explicit formula for h(x).

62 Under the new income tax plan, what will be the in-
come tax for a single person whose annual taxable
income is $50,0007

For Problems 63-66, suppose that to pump movre money
into the economy during a recession, the federal gov-
ernment adopts a new income tax plan that makes in-
come taxes 90% of the 2011 income tax. Let g be the
function such that g(x) is the 2011 federal income tax
for a single person with taxable income x dollars, and
let h be the corresponding function for the new income
tax plan.

63 Is h obtained from g by a vertical function transfor-
mation or by a horizontal function transformation?

64 Write a formula for h(x) in terms of g(x).

65 Using the explicit formula for g(x) given in Exam-
ple 2 in Section 1.1, give an explicit formula for h(x).

66 Under the new income tax plan, what will be the in-
come tax for a single person whose annual taxable
income is $60,000?

67 Find the only function whose domain is the set of
real numbers and that is both even and odd.

68 Show that if f is an odd function such that 0 is in the
domain of f, then f(0) = 0.

69 The result box following Example 2 could have been
made more complete by including explicit informa-
tion ahout the domain and range of the functions g
and h. For example, the more complete result box
might have looked like the one shown here:

Shifting a graph up or down
Suppose f is a function and a > 0. Define func-
tions g and h by

glx)=f(x)+a and h(x)=f(x)-a.

Then
o g and h have the same domain as f;

¢ the range of g is obtained by adding a to
every number in the range of f;

e the range of h is obtained by subtracting a
from every number in the range of f;

o the graph of g is obtained by shifting the
graph of f up a units;

e the graph of h is obtained by shifting the
graph of f down a units.

Construct similar complete result boxes, including
explicit information about the domain and range of
the functions g and h, for each of the other five
result boxes in this section that deal with function
transformations.
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For Exercises 49-54, suppose f is a function and a func-

49

g(x) =3f(x) -2 52 g(x) = f(~2x)

tion g is defined by the given expression. 50 g(x) = —4f(x) -7 53 g(x) =2f(3x) + 4
(a) Write g as the composition of f and one or 51 g(x) = f(5x) ( 5:3 )g(x) = _5f("§x) -8
two linear functions.
(b) Describe how the graph of g is obtained from
the graph of f.
PROBLEMS
For Problems 55-59, suppose you are exchanging cur- 59 Which process gives you more Euros: exchanging

rency in the London airport. The currency exchange
service there only makes transactions in which one
of the two currencies is British pounds, but you want
to exchange dollars for Euros. Thus you first need
to exchange dollars for British pounds, then exchange
British pounds for Euros. At the time you want to make
the exchange, the function f for exchanging dollars for
British pounds is given by the formula

F(d) = 0.66d - 1

and the function g for exchanging British pounds for
Euros is given by the formula

g(p) =1.23p - 2.

The subtraction of 1 or 2 in the number of British
pounds or Euros that you receive is the fee charged by
the currency exchange service for each transaction.

55 Is the function describing the exchange of dollars for
Euros f o g or g o f7 Explain your answer in terms of
which function is evaluated first when computing a
value for a composition (the function on the left or
the function on the right?).

56 Find a formula for the function given by your answer
to Problem 55.

57 How many Euros would you receive for exchanging
$100 after going through this two-step exchange
process?

58 How many Euros would you receive for exchanging
$200 after going through this two-step exchange
process?

60

61

62

63

64

65

66

67

68

69

70

$100 for Euros twice or exchanging $200 for Euros
once?

Suppose f(x) = ax + b and g(x) = ¢x + d, where a,
b, ¢, and d are numbers. Show that fog = go fif
and only if d(a — 1) = b(c - 1).

Suppose f and g are functions. Show that the com-
position f o g has the same domain as g if and only
if the range of g is contained in the domain of f.

Show that the sum of two even functions (with the
same domain) is an even function.

Show that the product of two even functions (with
the same domain) is an even function.

True or false: The product of an even function and
an odd function (with the same domain) is an odd
function. Explain your answer.

True or false: The sum of an even function and an odd
function (with the same domain) is an odd function.
Explain your answer.

Suppose g is an even function and f is any function.
Show that f o g is an even function.

Suppose f is an even function and g is an odd func-
tion. Show that f o g is an even function.

Suppose f and g are both odd functions. Is the com-
position f o g even, odd, or neither? Explain.

Show that if f, g, and h are functions, then
(f+g)eh=foh+goh.

Find functions f, g, and h such that

folg+h)# fog+foh.

WORKED'OUT SOLUTIONS to Odd-Numbered Exercises

For Exercises 1-10, evaluate the indicated expression
assuming that f, g, and h are the functions completely
defined by these tables:

% | fix) x | g(x) x | hx)
1 4 1 2 1 3
2 ] o 4 2 3
3 2 3 1 3 =
4 2 4 3 4 1



