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5. Under what conditions will the graph of a rational func-
tion defined by an expression written in lowest terms have
an oblique asymptote?
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FOR DISCUSSION

Graph the function f(x) = % on a graphing calculator. Describe the behavior of
the graph in cach of the following situations.

L oasx—o¢ 2 asx— —x
3 asx—0 from the left 4. as.x— 0 from the right
Compare this behavior with that of the graph of y = £. What do you notice? Repeat

the exercise above for y = &, and compare to your results for y = %. Can you
make a conjecture about how the exponents on x determine the results?
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EOYIEEN Finding Asymptotes by Hand

x+ 1 Use this procedure

Find the asymplotes of the graph of f(x) = 5—"————

in general to find
vertical asymptotes.

Solution 7o find the vertical asymptotes, we set the denominator equal to 0 and solve.

22+ 50 -3=0
Q=D +3)=0 Factor.
2c-1=0 or x+3=0  Zeroproduct property
1
x=g o x==3 Solve each equation

Because the numerator is not equal to 0 at these values of x, the equations of the ver-
tical asymptotes are x = § and x = —3. Scc FIGURE 14,

To find the equation of the horizontal asymptote, we divide each term in the
numerator and denominator by the variable of greatest degree in the expression for
Fx). In this case, we divide each term by x>

As x| gets larger and larger, the quotients L.
of f(x) approaches

0+0 _
240-0

0
3-0

‘The line y = 0 (that is, the x-axis) is the horizontal asymptote. See FIGURE 18 @
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Finding Asymptotes by Hand

w1
x=37

Find the asymptotes of the graph of f(x) =

Solution ~ Set the denominator, x — 3, equal to 0 to find that the vertical asymptote
has equation x = 3. To find the horizontal asymptote, divide each term in the rational
expression by x, since the greatest exponent on x in the expression is 1.

w1
x=3

fo =

As lxl gets larger and larger, both + and 2 approach 0, and f(x) approaches
240 _2
T-0 1

Thus, the fine y = 2 is the horizontal asymptote. See FIGURE 15. ]
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Find the asymptotes of the graph of f(x)

Solution  Setting the denominator, x — 2, equal to 0 shows that the vertical asymp-
ote has equation x = 2. If we divide by the variable of greatest degree of x as before
(x? in this case), we see that there is no horizontal asymptote, because

undefined. This happens
whenever the degree of the numerator is greater than the degree of the denominator.
In such cases, we divide the denominator into the numerator to write the expression in
another form. (See Section 3.6.)

v
.
e * - 2t O+ 1
missing x-term. a2 = 2 Multiply x(x — 2).
20+ 1 Subliact bring down
2-4  Muliply 2x - 2.
5 Subiract

We could have used synthetic division.) We can now write the function as

24
fw=t vy

For very large values of |xl, = is close o 0, and the graph approaches the line

= x + 2. This line is an oblique (or slant) asymptote (slanted, neither vertical nor
harizantal) far the aranh of the function See EWGIRE 14 -
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asymptote from above or below?

[]97. Use long division of polynomials to show that, for the | 98. Suppose a friend tells you that the graph of

function defined by s
Hosiha ) =
fy =B s
v n I n 515 thi
as a vertial asymptote with cquation x = ~5. Ts this
if we divide the numerator by the denominator, then the et T mot e T haon of he seaph o

quotient polynomial is x> — x + 8, and the remainder is
—20x + 100. Graph both £(x) and g(x) = &7 — x + 8§ in
the window [~50,50] by [0, 1000]. Comment on the
appearance of the two graphs. Explain how the graph of f
approaches that of g as | x| gets very large.
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7-75

inscet PopulationSuppose that an inseet population in
millions is modeled by

100+ 1

o= x+1

where x = s in months.
(@) Graph  in the window [0, 14] by [0, 14]. Find the
equation of the horizontal asymptote.
(b) Determine the initial insect population.
(€) What happens to the population after several months?
) (d) Tnterpret the horizontal asymptote.

68. Fish Population Suppose that the popul
species of fish in thousands is modeled by

X+ 10
057

ion of a

flxy

where x = 0 s in years.
(a) Graph £ in the window [0, 12] by [0, 12]. What is the
equation of the horizontal asymplote?
(b) Determine the initial population.
(€) What happens to the population of this fish after many
years?
) (d) Tnterpret the horizontal asymptote.




