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Statistics 106


Homework 6 Solution


Due : Feb. 17, 2016, In Class


19.5
In a two-factor study, the treatment means µi j are as follows:


Factor B
Factor A B1 B2 B3 B4


A1 250 265 268 269
A2 288 273 270 269


a. Obtain the factor B main effects. What do your results imply about factor B?


b. Prepare a treatment means plot and determine whether the two factors interact. How can you tell that
interactions are present? Are the interactions important or unimportant?


c. Make a logarithmic transformation of the µi j and plot the transformed values to explore whether this
transformation is helpful in reducing the interactions. What are your findings?


Solution:


a. By R, we have µ.1 = µ.2 = µ.3 = µ.4 = µ.. = 269.
Since β j = µ. j − µ.., we have β1 = β2 = β3 = β4 = 0.
The results imply that factor B has no main effects.


b. The treatment means plot is shown below:
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The lack of parallelism between the two curves reflects interaction effects. The interactions are
important since the height difference between the two curves changes drastically.


c. The transformed treatment means plot is shown below:
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This transformation is not helpful in reducing the interactions.


19.8
Refer to Problem 19.5. Assume that σ = 4 and n = 6.


a. Obtain E{MS E} and E{MS AB}.


b. Is E{MS AB} substantially larger than E{MS E}? What is the implication of this?


Solution:


a.


E{MS E} = σ2 = 16,


E{MS AB} = σ2 + n
∑a


i=1
∑b


j=1(αβ)
2
i j


(a − 1)(b − 1) = σ
2 + n


∑a
i=1
∑b


j=1(µi j − µ..)2 − b
∑a


i=1 α
2
i − a


∑b
j=1 β


2
j


(a − 1)(b − 1) = 952.


b. E{MS AB} is substantially larger than E{MS E}. This implies it is very likely that the interaction
effects are present.
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19.12
Eye contact effect. In a study of the effect of applicant’s eye contact (factor A) and personnel officer’s
gender (factor B) on the personnel officer’s assessment of likely job success of applicant, 10 male and
10 female personnel officers were shown a front view photograph of an applicant’s face and were asked
to give the person in the photograph a success rating on a scale of 0 (total failure) to 20 (outstanding
success). Half of the officers in each gender group were chosen at random to receive a version of the
photograph in which the applicant made eye contact with the camera lens. The other half received a
version in which there was no eye contact. The success ratings are saved in ”CH19PR12.txt”.


a. Obtain the fitted values for ANOVA model.


b. Obtain the residuals. Do they sum to zero for each treatment?


c. Prepare aligned residual dot plots for the treatments. What departures from ANOVA model can be
studied from these plots? What are your findings?


d. Prepare a normal Q-Q plot of the residuals. Does the normality assumption appear to be reasonable
here?


e. The observations for each treatment were obtained in the order shown. Prepare residual sequence
plots and interpret them. What are your findings?


Solution:


1. The fitted values for ANOVA model are obtained by Ȳi j. = 1n
∑n


k=1 Yi jk:


Ȳ11. = 9.2, Ȳ12. = 13.6, Ȳ21. = 13.0, Ȳ22. = 16.4.


2. The residuals are obtained by ei jk = Yi jk − Ȳi j.:


e11 = (1.8,−2.2, 2.8,−3.2, 0.8),
e12 = (1.4,−1.6, 0.4,−2.6, 2.4),
e21 = (−1, 3,−3, 0, 1),
e22 = (−2.4, 0.6,−3.4, 3.6, 1.6).


3. The residual vs fitted value plot is shown below:
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Since all the treatments have about the same extent of dispersion of the residuals around 0, the
error variances are about equal across these treatments.


4. The normal Q-Q plot is shown below:


5








Since the plot does not show a strong linear pattern, the normal assumption may be violated.


5. The residual sequence plots are shown below:
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Since the residual sequence plots show no trend effect, i.e., the residuals in one sequence plot
fluctuate in a random pattern around 0, the assumption of independence of error terms should not
be violated.


19.13
Refer to Eye contact effect Problem 19.12. Assume that ANOVA model is applicable.


a. Prepare an estimated treatment means plot. Does it appear that any factor effects are present? Ex-
plain.


b. Set up the analysis of variance table. Does any one source account for most of the total variability in
the success ratings in the study? Explain.


c. Test whether or not interaction effects are present; use α = .01. State the alternatives, decision rule,
and conclusion. What is the P-value of the test?


d. Test whether or not eye contact and gender main effects are present. In each case, use α = .01 and
state the alternatives, decision rule, and conclusion. What is the P-value of each test?
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e. Do the results in parts (c) and (d) confirm your graphic analysis in part (a)?


Solution:


a. The estimated treatment means plot is shown below:


Since the two curves are not overlapped, factor A effects are present.
Since the two curves are not horizontal, factor B effects are present.
Since the two curves are nearly parallel, there are little interaction effects.


b. By R, the ANOVA table is given below:


Source of Variation S S d f MS
Factor A 54.45 1 54.45
Factor B 76.05 1 76.05


AB interactions 1.25 1 1.25
Error 97.2 16 6.075
Total 228.95 19
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c. H0: all (αβ)i j equal zero, Ha: not all (αβ)i j equal zero.
F∗ = MS ABMS E =


1.25
6.075 = 0.21, F(.99; 1, 16) = 8.53.


If F∗ > F(.99; 1, 16), reject H0. So do not reject H0.
P-value = .66.


d. Test Factor A main effects:
H0: α1 = α2 = 0, Ha: not both α1 and α2 equal zero.
F∗ = MS AMS E =


54.45
6.075 = 8.96, F(.99; 1, 16) = 8.53.


If F∗ > F(.99; 1, 16), reject H0. So reject H0.
P-value = .009.
Test Factor B main effects:
H0: β1 = β2 = 0, Ha: not both β1 and β2 equal zero.
F∗ = MS BMS E =


76.05
6.075 = 12.52, F(.99; 1, 16) = 8.53.


If F∗ > F(.99; 1, 16), reject H0. So reject H0.
P-value = .003.


e. The results in parts (c) and d confirm my graphical analysis in part (a).


Additional Problem
Based on each of the following interaction plots, describe whether there are main effects for each factor
and whether there are interaction effects between the two factors and explain your answer.
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Solution:


(a). µ11 = 9, µ12 = 12, µ13 = 10, µ21 = 11, µ22 = 14, µ23 = 12.
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µ1. =
µ11+µ12+µ13


3 =
9+12+10


3 =
31
3 , µ2. =


µ21+µ22+µ23
3 =


11+14+12
3 =


37
3 . µ1. , µ2. ⇒ not both α1, α2


are 0⇒ Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+11
2 = 10, µ.2 =


µ12+µ22
2 =


12+14
2 = 13, µ.3 =


µ13+µ23
2 =


10+12
2 = 11. Not all


µ.1, µ.2, µ.3 are equal⇒ not all β1, β2, β3 are 0⇒ Factor B main effects.
The two curves are parallel⇒ No interaction effects.


(b). µ11 = 9, µ12 = 11, µ13 = 13, µ21 = 13, µ22 = 11, µ23 = 9.
µ1. =


µ11+µ12+µ13
3 =


9+11+13
3 = 11, µ2. =


µ21+µ22+µ23
3 =


13+11+9
3 = 11. µ1. = µ2. ⇒ α1 = α2 = 0⇒ No


Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+13
2 = 11, µ.2 =


µ12+µ22
2 =


11+11
2 = 11, µ.3 =


µ13+µ23
2 =


13+9
2 = 11. µ.1 = µ.2 = µ.3 ⇒


β1 = β2 = β3 = 0⇒ No Factor B main effects.
The two curves are not parallel⇒ Interaction effects.


(c). µ11 = 9, µ12 = 8, µ13 = 7, µ21 = 11, µ22 = 12, µ23 = 13.
µ1. =


µ11+µ12+µ13
3 =


9+8+7
3 = 8, µ2. =


µ21+µ22+µ23
3 =


11+12+13
3 = 12. µ1. , µ2. ⇒ not both α1, α2 are 0


⇒ Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+11
2 = 10, µ.2 =


µ12+µ22
2 =


8+12
2 = 10, µ.3 =


µ13+µ23
2 =


7+13
2 = 10. µ.1 = µ.2 = µ.3 ⇒


β1 = β2 = β3 = 0⇒ No Factor B main effects.
The two curves are not parallel⇒ Interaction effects.


(d). µ11 = 9, µ12 = 11, µ13 = 14, µ21 = 13, µ22 = 13, µ23 = 11.
µ1. =


µ11+µ12+µ13
3 =


9+11+14
3 =


34
3 , µ2. =


µ21+µ22+µ23
3 =


13+13+11
3 =


37
3 . µ1. , µ2. ⇒ not both α1, α2


are 0⇒ Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+13
2 = 11, µ.2 =


µ12+µ22
2 =


11+13
2 = 12, µ.3 =


µ13+µ23
2 =


14+11
2 = 12.5. Not all


µ.1, µ.2, µ.3 are equal⇒ not all β1, β2, β3 are 0⇒ Factor B main effects.
The two curves are not parallel⇒ Interaction effects.


(e). µ11 = 9, µ12 = 12, µ13 = 15, µ21 = 14, µ22 = 15, µ23 = 16.
µ1. =


µ11+µ12+µ13
3 =


9+12+15
3 = 12, µ2. =


µ21+µ22+µ23
3 =


14+15+16
3 = 15. µ1. , µ2. ⇒ not both α1, α2


are 0⇒ Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+14
2 = 11.5, µ.2 =


µ12+µ22
2 =


12+15
2 = 13.5, µ.3 =


µ13+µ23
2 =


15+16
2 = 15.5. Not all


µ.1, µ.2, µ.3 are equal⇒ not all β1, β2, β3 are 0⇒ Factor B main effects.
The two curves are not parallel⇒ Interaction effects.


(f). µ11 = 9, µ12 = 14, µ13 = 11, µ21 = 10, µ22 = 13, µ23 = 12.
µ1. =


µ11+µ12+µ13
3 =


9+14+11
3 =


34
3 , µ2. =


µ21+µ22+µ23
3 =


10+13+12
3 =


35
3 . µ1. , µ2. ⇒ not both α1, α2


are 0⇒ Factor A main effects.
µ.1 =


µ11+µ21
2 =


9+10
2 = 9.5, µ.2 =


µ12+µ22
2 =


14+13
2 = 13.5, µ.3 =


µ13+µ23
2 =


11+12
2 = 11.5. Not all


µ.1, µ.2, µ.3 are equal⇒ not all β1, β2, β3 are 0⇒ Factor B main effects.
The two curves are not parallel⇒ Interaction effects.
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