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Algebra

1.

(a) Evaluate these exact numbers. (i) 27%/3 x 815/4 (i) 12873/7
(b) Given that § = (R+ D)3 and T = (R — D)'/3 where D = \/R? + Q®, show that ST = —Q.

- 3zty?
(c) Simplify: [(2171/6

)3 X (21_2y4)5 - (31311_2)5] ’.

(82 —27) (1022 — 197 +6) (2022 + 13z + 2)

< (8) Simplfy: o @e? 122 49) (1207 + Tz + 1)
(b) Find the precise value of: (i) log,v128, (ii) logg % .

(c) Solve for the unknown z in: (i) logyz = —4 (ii) logsz+2logz(9z) =7 (iii) 2 logz =log(6—=z).
5

. (a) Simplify: (i) logu*+logv” —log(uv)+3log (%) s (i) (log :}L—7 -3 10g1)+10gu) + (3 logu—5 logv) .

(b) Factorise the polynomial, or otherwise, to find all the solutions of the following quadratic, cubic (or higher-
order) equations.

(i) 92> —12z+4=0 (i) 222+13z+15=0 (i) 2?2+ 22— £ =0
(iv) 28 4+322—-6z—-8=0 (v) 2*+32° 322 -Tx+6=0
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4. Consider the function f(z) = $az® + 1b2? + cz + d where a, b, ¢ and d are constants.
(a) Find an expression for the derivative f/(z) in terms of a, b and c.
State why this expression is independent of d .

(b) Find the z-values of stationary points in terms of a, b and c, in terms of the discriminant A of a quadratic
expression. Consider the different cases A < 0, A = 0 and A > 0. When stationary points exist, write down
the (2,y) coordinate pair, expressed (in unexpanded form) in terms of A.

(c) Find an expression for the second derivative f”(z). Presuming that a > 0, use the second-derivative test to
determine the nature of these stationary points (i.e., maximum, minimum, point of horizontal inflection).

(d) Find the z-coordinate of the point of inflection in terms of @ and b; then write down an expression for the
corresponding y-coordinate. Explain why this (z,y) is a ‘point of inflection’.
You are now given specific values for a, b, cand d: a =3, b= —4, c= —5 and d = 6.

(e) Use these values to calculate the stationary points and point of inflection. Give full (z,y) coordinates.

(£) Find the points of intersection of the curve with the z-axis. (You may like to consider the factors of 6.)

(g) Find the point of intersection of the curve with the y-axis.

(h) Sketch the curve on the interval [~9,6]. This a closed interval on the z-axis.
Ensure that you label your axes and indicate all critical points (the points in the sections above).
You may state the (z,y) values of the stationary points as exact values or to two decimal places.

(i) Find the equation of the tangent to the curve f(z) = 2® — 22? — 5z + 6 at the point where z =5.

(j) By setting the expression for the tangent equation equal to the function, show that the tangent and curve
intersect when 2 — 22 — 55z + 200 = 0, and find explicitly all the points of intersection.
(HINT: you already have a double root for this cubic equation).

5. Consider the function f(z) = z* — 342 + 225.

(a) Make the substitution u = z? to show that this quartic reduces to a quadratic form.

(b) Solve the quadratic equation to find the roots in terms of u, and hence find the four roots of the quartic
equation z* — 3422 +225=0.

(c) Find the stationary points and use the second derivative test to determine their nature.
Give (z,y) coordinates. You should use exact values.

(d) Find any points of inflection and demonstrate that they are points of inflection.
You may use exact values or round to 2 decimal places.

(€) Sketch the curve on the closed interval [—6,6].
(£) Clearly indicate on your sketch any local maxima, local minima, absolute maxima and/or absolute minima.
2 _
6. Consider the function f(z) = 11;2718
27-4
() State the natural domain and range of the function. Tt is not defined everywhere.

(b) Find the first and second derivatives of the function and show that there are no stationary points and no
points of inflection. You may like to consider the most effective way to find these derivatives.

(¢) Find any vertical and horizontal asymptotes.
(d) Sketch the function indicating any asymptotes and the z- and y-intercepts.
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