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Here is a copy of our proof of Theorem 20:

Theorem 20: (a€N,pe ®,andp fa)- @’ =1 (mod p)

Proof:

Because of Theorem 18, we know that @’ = a (mod p) = @' = 1 (mod p).
Our plan is to use mathematical induction w/r a to show that a” = a (mod p).
Here is the base case:a =1 = & = 1°=1. Thus, 17 = 1 (mod p).

So we have verified the proposition for a = 1.

Now to show that for k € N, ¥ = k (mod p) = (k+ 1y = k+ 1 (mod p):
We use the Binomial Expansion Theorem to state that (k+ 1Y =

)

;(fycr: i
3 o)

Note that (k+ 1y = PR (k+ 1Y = kT + ERTT L.

ote that (& + 1Y ;(.)k (ke 1y ;}w

Now Theorem 19, give us the authority to believe that p| (7). So

o
(2T = 0(mod ).
=

Also note that the induction hypothesis is & = k (mod p).

o
(k1 = K+ 2 (TR T 41 = (k+ 1y =k+0+1 (mod p).
=R

Thus, (k+ 1y = k+ 1 (mod p). So by the principle of mathematical
induction, & = a(modp)VaeNsa/p.

And by Theorem 18, we know that @’ = a (mod p) » @' = 1 (mod p). ®

Refer to the above proof as you respond to the following prompts (A-D):

AL

Suppose that the following lines had been left out of the “proof”:

“Here is the base case: a=1 = & = 17=1. Thus, 17 =1 (mod p). So we have
verified the proposition for a=1,” but all the other lines remained.

Explain why such an oversight would render the proof invalid w/r ((a € N, p €
®,andp fa)~ @ =1 (mod p)).
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However, even with that oversight, the remaining lines would prove another
proposition. What would that proposition be?

How many numbers is (% Je=12 Select one and only one answer from the
following by circling yu‘l-; selection:

[ 2 pl p o ptl
is true:

Write a paragraph that explains why the following propositi
: o
(k+1y = Z(frr= (ke1y =+ S (2 fT +1
< -

Write a paragraph that explains why the following proposition is truc:

0(mod p)

#1(9)- S
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Attachment : Prompts for Opportunity #4
Math 4400 ) Opportunity #4 73 08/15/15
What is your name?

Examine each of the following propositions. Indicate whether or not the statement is true
by circling cither “T” or “F”; then prove you are correct:

A ((t€N- {odd integers} and M = {proper divisors of 1}) = (3 x,y € M) >
(VzeMxzzzy)

T F

B.  a=b(modm)- ac=bc(modm)VceZ
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(a,b,ceZmeN,and, ac = be(mod m)) »a = b (mod m)

T F

((@b)|cand S= {(x,») :x,y € Zand ax + by = c}) =
(There is a 1-to-1 correspondence between S and Z)

TF
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E. 3lx, y e Z 389999904432165x — 990008765433330y = 1000882990

TF

F. (xpy) € { solutions to the lincar Diophantine equation ax + by =d } = (a, ) =d

TF

G, 3abceZs|{xy):ax+by=

is a linear Diophantine equation} | € Z

TF
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3. Listthe clements in the following set; use *...” if needed (display your computations):

{(x,) : (x, ) is a solution to the linear Diophantine equation 60x - 90y = 150}

4. Listthe clements in the following set; use *...” if needed (display your computations):

{(x,) : (x,) is a solution to the linear Diophantine equation 9x + 180y = 150}

5. Theorem 8 can be stated as follows: (d|¢f; (d, ) =1) = (d|/). Theorem 8 was used as a
reason for one of the deduction embedded in the proof of Theorem 24 as expressed on the
agenda for Meeting #13. Refer to that proof of Theorem 24 and indicate what expressions
were used in place of “d,” “¢,” and *f,” respectively from the above statement of Theorem
8 in our proof of Theorem 24:

In our proof of Theorem 24, is used in place of “d” in the above
statement of Theorem 8.
In our proof of Theorem 24, is used in place of “¢” in the above
statement of Theorem 8.
In our proof of Theorem 24, is used in place of *f” in the above

statement of Theorem 8.
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heorem 22: (a, b)/c ~ the linear Diophantine equation ax + by = ¢ has no
Solutions.

Proof: Suppose there are integers X, y 3 ax, + byo=c.
Since (a, b)|av, and (a, b) | by, it follows from Theorem 2 that (a, b)|c which
contradicts the given. Thus, {(x, y) : ax + by=c} =0

©
Theorem 23: (a, b)|c = the linear Diophantine equation ax + by = ¢ hasa
Solution.

Proof: (a, b)|c = Zm € Z 3 ¢ = m(a, b). From Theorem 7,
weknow 37,5 € Z 3 ar+bs = (a, b).
ar+bs=(a, b) = a(rm) + b(sm) = m(a, b) = c. Thus, x=rm, y=sm is a solution
., (rm, sm) € {(x, ) ax+by=c})and {(x,)):ax+by=c} # o

©

Theorem 24: ((a, b) = 1 and (xo, o) € {(x. ) s ax+ by =c} =
(all solutions of ax + by = c are given by x =x, + bt, y =y, - at where 1 € Z)

In other words: (@, b) = 1 and (x, ) € {(x.) s ax + by =c}) =
) sax+by=c} = {(x ) :x =X+ bt, y =y, - at where 1 € Z.})

P ince (a, b) = 1 and 1], Theorem 23 give us the authority to believe that ax
Fby=chas asolution. Letx=randy=s be any solution. We want to show that
r=x,+btands =y,- at for some integer £. [If we can do that we're done (why?)]

Since ¢ = ax, + by, and ¢ =ar+ bs, - ¢ = (ax, + byy) - (ar+ bs) =

0=a(o - +by,-s). =

Because ala(x, - r) and a| 0 and because of Theorem 2, a| b(y, - s). But (a,b) =1
and, thus, it follows from Theorem 8 that a(y,- 5). So, 31 € Z 3 at =y, - s =

s=y-at. ©
Furthermore, substituting in 51 , we get:
ax, - 1)+ bat =0

Because a # 0, we may divide through by a and get

b O

(ea-r)+ =0 =








