312

Modus Tollens

CHAPTER 9: DEDUCTIVE ARGUMENTS |1

Remember from the previous section that there are other ways of stating con-
ditional claims besides using “if . . . then. . . .” For example, this is another
way to state the foregoing argument:

Example 2:

Madderly wins the decision provided the referee scored the fight in his
favor.
The referee did score the fight in favor of Madderly.

Therefore, Madderly wins the decision.

Here are some other examples of arguments that fit the modus ponens form,
accompanied by some remarks about why they do. Make sure you under-
stand each one. (We'll continue to separate premises from the conclusion
with the horizontal line; it works the same as “therefore” in introducing the
conclusion.)

Example 3:

The generator works.

The generator works only if the polarity of the circuit has been reversed.
The polarity of the circuit has been reversed.

The second premise is the required conditional, with “only if” introducing
the consequent (see page 298). It does not matter which of the two premises is
stated first. The full conditional is stated second in this example.

Example 4:
failure to melt at 2,600 degrees is sufficient for determining that this item
is not made of steel.

The item failed to melt at 2,600 degrees.
The item is not made of steel.

The %gf,premise is a conditional stated in terms of a sufficient condition (se€
page 3

Modus tolleps (“in the denial mode,” approximately) is also a two-premise
argument with one of the premises a conditional and the other premise the

negation of that conditional’s conse ion i '
quent. The conclusio the negation of
the antecedent. It looks like this: ™ ;

If P then Q.
Not-Q.
Not-P.

It. is cr;m}llally Important to notice that the nonconditional premise is the nega

S-ﬁenocih;riv ?nsequenftlff the:: other premise, not its antecedent. It isn't valid

e y, as you'll see in Fhe following examples. Every argument that

: ;dusem(l)lrm a.bm;::', howaf:er, 1s valid. You'll sometimes hear someone Uus€

: c€nsin this way: “Hey, if X had happened, then Y would have had t0
appen, but it (Y) didn’t happen. So X must not have happened.”

Here are some examples of mod
why they fit the modus tollens form. T ¢ S
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Example 1:

If the new generator will work, then the polarity of the circuit has been
reversed.
But the polarity of the circuit has not been reversed.

The new generator will not work:

Example 2:
If the song is in A-minor, there are no black keys in its scale.
However, there are black keys in its scale.

The song is not in A-minor.

Example 3:
1y accepted. But he wasn't

. ! s :
If he got his forms in on time, he’s automatica _
» . t not have gotten his forms

automatically accepted; consequently, he mus
in on time.

Example 4:

Bill was not with AT&T; buthe’d have to have been with AT_&;" if
he’d had an early iPhone. So he clearly did not have an early iPhone.

ens: This argument form is the logical structure

underlying the technique known as “reducno ad _absqrdum r;l::::;li); atto
reduce to an absurdity. This technique, V\fldﬂy used”m science at rrarcorer
ics (where it's sometimes known as “indirect PYO_Of Js a;te}?lptlsqezecon e mense
given claim clearly leads to (implies) a second claim, an that 3 ssersmeran
cannot be true. Thus, by modus tollens, the first claim canno ;

A last point about modus toll

for premises and another for the ~ Chain Argument

A chain argument comprises tWo conditionals
conclusion. Here's the form:

If P then Q.
If Q then R.
If P then R.

angement of the simple sentences, B, «@; an:li R.
t of one premise be the same as the antecedent
dent and consequent get hooked up

The important thing is the art
It's crucial that the consequent ©
of the other premise. The remaining antece s
inthe conclusion: This way of laying itout may i

IfP...then Q.
Q... thenR.
fP...thenR.

i d the antecedent of the sec-
i he first premise an ”
Here, Q is the consequent of . ith P as antecedent and R as conse
ond. This makes p0851ble the conclusion Wil g
quent. Here are further examples of the chain argu
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Affirming the
Consequent
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Example 1:

If Casey goes to the meeting, then Simone will go.
If Simone goes, then Chris will go:

If Casey goes to the meeting, then Chris will go:

Example 2:

If the stock is lightweight, then it’s aluminum; but if it’s aluminum,
then it will be hard to-weld. So, if the stock is lightweight, it will be
hard to weld.

Example 3:

If the picture is a daguerreotype, then it has to have been made after
1837; and the man in the picture can't be Hegel if it was made after
1837. So it isn't Hegel in the picture if it's a daguerreotype.

Example 4:

If the oil gusher in the gulf of Mexico continues until August, it will
bg ten times bigger than the Exxon Valdez spill. And if it’s that much
bigger than the Exxon Valdez, it'll be the biggest man-made environ-
mental disaster ever. You draw the conclusion.

Three Mistakes: Invalid Argument Forms

Each of the three foregoing argument forms has an invalid imposter that

resembles it fairly closely. We'll have a bri :
P asans ze EESVL) a brief look at each and see why they fail

This _fgllacy masquerades as modus ponens, because one of its premises 15
con('htlo_nal and the other premise is a part of that conditional, while the con-
clusion is the other part of the conditional. But modus poneI;s you'll recall,
has the antecedent of the conditional as its other premise and its consequent
as conclusion. The fallacious version has the consequen; as the other premis¢
and the antecedent of the conditional as conclusion. Thus the title, since the
secon_d premise “affirms” or states the consequentlof the conditi(;nal rather
than its antecedent. This is easy to see when we lay it out like this:

If P then Q.

Qusn
Therefore, P.

You might tak :

ponensi : pagz ; 303?}11: sto compare thl_s argument form to the one for modus

be true and the con;:lusion EEiSE, L3 A o

asstidsenng sre alse. If Q is true and P is false, then both premises
conclusion false—exactly the thing that cannot happen with

* Since a conditional with false anteced
se ent and true
on page 298. consequentis true; remember the truth table for the condition?!
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avalid argument. So remember, a conditional with its antecedent as the other
premise can validly give the consequent as a conclusion. However, a condi-
tional with its consequent as the other premise cannot validly produce the
antecedent as conclusion.

Example 1:

If Shelley has read the Republic, then she’s bound to know who
Thrasymachus is. And, since she clearly does know who Thrasyma-
chus is, we can conclude that she must have read the Republic.

Example 2:

This zinfandel would have a smooth finish if it came from very old
vines. In fact, it does have a smooth finish, so it must have come

from very old vines.

Here, the fallacy impersonates modus tollens. In modus tollf:ns, a f:onditiona]
and the negation of its consequent validly give us the negation of its anteced-
ent. But the fallacious version has us trying to draw a conclusion from a con-
ditional and the negation of its antecedent, and this does not produce a valid
argument.

Here's the way it looks:

If P then Q.
Not-P.
Therefore, not-Q.

f the argument are true and the

Now, if P is false and Q is truc, the premises O
d. A couple of examples:

conclusion is false; thus the argument 1 invali

Example 1:

hard for the final, he will pass the coursc.

If Jared studies really g L

[Later:] Well, Jared didn’t study for the fina
he won't pass.

Example 2:

be accepted provided he got his forms in on

Joel will automatically sbiodir

time. Unfortunately, he did not get his forms in on time;
be automatically accepted.

ffers from that argu-

imi i ont. It di
invali cs the chain argument. | | X
S hof its conditional

ment, - though, by having the same consequent for eac
premises:

If P then Q.
If R then Q.
Therefore, if P then R.
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Denying the
Antecedent

Undistributed Middle
(truth-functional
version)




316

Exercise 9-4

Exercise 9-5

Exercise 9-6
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i we allow P and Q to be true and R to be false, we’ll see that both premises
turn out to be true and the conclusion false. So this 1s clearly not a valid form
of argument. Here's what it can look like:

Example 1:

If Robinson had had some great success in business, he’d be well-
known. Furthermore, if he were extremely rich, he’d be well-known.
So, of course, if Robinson had had some great success in business
he’d be extremely rich. ,

Example 2:

If you eat fish, you're a carnivore; and if you're an omnivore, you

must be a carnivore. So, if you eat fish, that would make you an
omnivore.

Go .thrlough t%}j‘-’ eighteen examples in this section and symbolize each. Alter-
natively, use “if . . . then...” and “not- . . .” in place of the special symbols.

For each of the last six examples (of the invalid forms), explain why each is

1nval1.d. For each, try to imagine and describe circumstances in which the
premises are true and the conclusion is false.

2ifré?lt?le "f"lﬁ‘:h of the argument forms mentioned in this section is found in
e following passages. Which contain valid arguments and which do

not?
W b = FLd
There are Taliban in North Waziristan; and if there are Tal'i,ban there, you

can be sure they’re in South Waziri
. . aziristan, too. So w i s
are Taliban in South Waziristan. J AR b

1.

' Icf)rtl}:;:s lrtlliz V::L:rﬁle ’Super Bowl again, it will be poetic justice for New
' 1y’s most bad-luck city in recent years. Unfortunately,

¥ 3 : .H ([ ln, SO thel'e ll be no O ]

Sk ’ :
you read Ayn Rand, you'll be a libertarian. And, of course, if you're an

anarchist, you're already a libertari ike i
Rand, you'll be an anarchist! i arfﬁ?_-} I—-Irlllm' It looks like if you read Ayn

4. If Shei 3
deveclaolpa ;vrt;rteh(la;rer to becorpe a successful trader, she would have to
Wi fosrsapergonahty. But you know her: she could never be
: minute. So it" i i
successful trader. It's not going to be in her future to be
5. It's true, Ms. Zerkle will be acce

excellent grades. But I'm tellin pted into law school only if she has

: g you, you should int; she’
made str ’ ould see her transcript; sh€'s
o, S . o oy
s without a doub
6. If the Lamb ’ : oubt.
get citedr%ydt;z:( ;Zlcig:tlszui? tg;hrow those open parties, they're going t©
tified by the university becausey continue the parties, they’ll get decer-

them if they’re cited by the poligal,e university will certainly decertify

A
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7. Jamal is a devout Muslim only if he follows the Sharia law, and I know
for a fact that he follows it to the letter. Sohe isa devout Muslim.

8. 1f the carburetor is clogged, the engine will run lean, and running lean
will lead to overheating. So overheating can result if the carburetor is

clogged up.

More exercises related to this section can be found in Exercise 9-19, near the
end of the chapter.

TRUTH-FUNCTIONAL ARGUMENTS

Categorical syllogisms (discussed in Chapter 8) have a total of 256 forms. A
truth-functional argument, by contrast, can take any of an infinite number
of-forms. Nevertheless, we have-methods for testing for validity that are flex-
ible enough to encompass every truth-functional argument. In the remainder
of this chapter, we’ll look at three of them: the truth-table- method, the short
truth-table method, and the method of deduction. _

Before doing anything else, though, let’s quickly review the concept of
validity. An argument 1s valid, yowll recall, if and oply if the trth of the
premises guarantees the truth of the conclusion—that is, lf. the p.rem1ses were
true, the conclusion could not then be false. (Where validity is concerned,
remember, it doesn’t matter whether the premises are actually true.)

The Truth-Table Method

The truth-table test for validity requires familiarity with the truth tables for
the four truth-functional symbols, so g0 back and check yourself on those
if you think you may not understand them clearly. Here's how thebmgthlodd
works: We present all of the possible circumstances Eqr an argument by build-
ing a truth table for it; then we simply look to see it thgre are any circum-
stances in which the premises are all true and the conclusion false. If there are
such'circumstances—one row of the truth table s all that's required—then the

argument is invalid. o
Let's look at a simple example. Let P and Q represent any two claims.

Now, look at the following symbolized argument:

P=Q
~P

Therefore, ~Q
We can_construct a truth table for this argument by in
he conclusion:

for each premise and one fort

cluding a column

—
=

5
~Q

e~}
o

!

-]

~

8 e

o

s o 2 s s

oA
- = m
o e S R
= m = m
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The first two columns are reference columns; they list truth values for the
letters that appear in the argument. The reference columns should be con-
structed in accordance with the method described on page 301. The third and
fourth columns appear under the two premises of the argument, and the fifth
column is for the conclusion. The truth values in these columns are deter-
mined by those in the appropriate rows of the reference columns. Note thatin
the third row of the table, both premises are true and the conclusion is false.
This tells us that it is possible for the premises of this argument to be true
while the conclusion is false; thus, the argument is invalid. Because it doesn't
matter what claims P and Q might stand for, the same is true for every argu-
ment of this pattern. Here’s an example of such an argument:

If the Saints beat the Forty-Niners, then the Giants will make the play-
offs. But the Saints won't beat the Forty-Niners. So the Giants won't
make the playoffs.

Using S for “The Saints beat (or will beat) the Forty-Niners” and G for “The

Giants make (or will make) the playoffs,” we can symbolize the argument
like this: | ‘

S;G }) (}a\‘(n;‘l” { NV ¢ I
= L \

~G
The first premise is a conditional, and the other premise is the negation of
the antecedent of that conditional. The conclusion is the negation of the con-
s :
ditional’s consequent. It has exactly the same structure as the argument for

which we just did the truth table; accordingly, it, too, is invalid.
Let’s do another simple one:

a .
We're going to haye large masses of arctic air (A) flowing into the Mid-
west unless the jet stream (J) moves south. Unfortunately, there’s no
chance of the jet stream’s moving south. So you can bet there’ll be arc-

tic air flowing into the Midwest.
Symbolization gives us

Av]
e 008
A

Here’s a truth table for the argument:

1 2 3 4
A J Av] Hy
] F T T
F g T F
E E F T

TRUTH-FUNCTIONAL ARGUMENTS

Note that the first premise is represented in column 3 of the table, the second
premise in column 4, and the conclusion in one of the reference columns,
column 1. Now, let’s recall what we’re up to. We want to know whether this
argument is valid—that is to say, is it possible for the premises to be true and
the conclusion false? If there is such a possibility, it will turn up in the truth
table because, remember, the truth table represents every possible situation
with respect to the claims A and J. We find that the premises are both true in
only one row, the second, and when we check the conclusion, A, we find it is
true in that row. Thus, there is no row in which the premises are true and the
conclusion false. So, the argument is valid.
Here’s an example of a rather more complicated argument:

If Scarlet is guilty of the crime, then Ms. White must have left the back
door unlocked and the colonel must have retired before ten o’clock.
However, either Ms. White did not leave the back doorunlocked, or the
colonel did not retire before ten. Therefore, Scarlet is not guilty of the

crime.

Let's assign some letters to the simple claims so that we can show this
argument’s pattern.

§ = Scarlet is guilty of the crime.
W = Ms. White left the back door unlocked.
C = The colonel retired before ten o’clock.

Now-we symbolize the-argument to display this pattern:

S (W&C)
~W v -C
~S

this argument. As you read, refer .h?Ck to t}w
symbolized version above. Notice that the first premise is conditional, with
“Scarlet is guilty of the crime’’ as antecedent and a comupctlon ash colr:se;(]u;nt.
In order for that conjunction to be true, both “Ms. White left the back doer
unlocked” -and “The colonel retired before ten o'clock” have to be true, a;
you'll recall from the truth table for conjunctions. Now look at the :e(l:)onk
premise. It is a disjunction that tells us either Ms. White dld‘ﬂﬂt Ilt;:z?ve t he ]a:c f
doorunlocked oz the-colonel did not retire before ten. But 1f_ e1th er or botho

those disjuncts are true, at leastone of the claims in our earlier Lor_}lﬁpctmn is
false. So it cannot be that both parts of the conjunction aée tru}t;.. : 115 m::ir;l:
the conjunction symbohzcd by W & C must.be faise._ AIL SO t c:l rcl,(z;h ::qca,,-c:
of the first premise is false. How can the entire premie de l:ntml,wans oo thé
The only way is for the antecedent to be false as well. And that1

conclusion, “Scarlet is not guilty of the crime,” must be tru‘?.d NI
All of this reasoning (and considerably more that we do q

implicit in the following truth table for the argument:

Let’s think our way through
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Real Life

An Al Gore Chain Argument

If governments (which have not indicated they
are willing to-act) do-not-act.soon, carbon emis-
sions will cause aserious increase in.global tem-
peratures. And if that-happens; there-will.be.a
series of planetary-catastiophes. Finally, if these
catastrophes take-place; the-world will become
uninhabitable. So, unfortunately, our ability to
live on this planet depends-on the timely.actions
of governments that so-farhave shown little inchi-

nation to act.

—QOurexaggeration of an"Al'Gore thesis
Notice that this passage is simply two chain arguments

linked together.

P TR o T e O T T T T (e e T T T M T Mty e 3 s
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W
=r
O w
1
s-&h
A
=
ppc-

MWw~C =B

C S>(W&C)

T o o o S

e I I - B I
e I e B B B B - I
b=t Prl - Fot ] e=f Pl Fr)
o e e SR - B B B [
o I v I o B B o |
e N B e B e M- - |
e e B e B B M e
o B M M M = M = e L

Th
e first three columns are our reference columns, columns 7 and 8 are for the

premises of the argument, and column 9 j
i : n 9 is for ¢t 4 ion. The
remainder—4, 5, and 6—are for part RIS ————

s of some of the oth lized claims;
they could be left out if ; e other symbolized ¢
a bit easier. if we desired, but they make filling in columns 7 and 8

TRUTH-FUNCTIONAL ARGUMENTS

Ofice the table is filled in, evaluating the argument is easy. Just look to
see whether there is any row in which the premises are true and the conclu-
sion-is-false. One such row is enough to demonstrate the invalidity of the
argument. :

In the present case, we find that both premises are true only in the last
three rows of the table. And in those rows; the conclusion is also true. Sp there
is no set of circumstances—no.rowof.the table—in which both premises arc
true and the conclusion is false. Therefore, the argument is valid.

The Short Truth-Table Method

Although filling out a complete truth table alwa_ys pI"OdLlCES the correct ands'wer
regarding a truth-functional argument’s validity, it can b.e quite 2 te 1ou‘s
chore—in fact, life is much too short to spend much of it filling in t-ruth tables.
Fortunately, there are shorter and more manageable ways gf ﬁnd_lng ISLZ]Ch at}
answer. The-easiest systematic way to-determine the validity or 1V ;1 lt'i[ o
truth-functional arguments is the short truth-table method. Here's the 1 ;a
behind it: If an argument is invalid, there has to be at least one rolw in't e
argument’s truth table where the premises are true and the co:;c usmnhm
false. With the short truth-table method, we simply focus on finding such a

row. Consider this symbolized argument:

P->Q

~-Q—-R

PSR
We begin by looking at the conclusion. Because it's a condléu_)nal, 1tqecqgelrvlet
made false only one way, by making its antecedent true and its conseq

' Ise. :
false. S do that by making Pfalse and R fa ‘ .
e Cl':h"\\:fee 1‘:)OW ?nal)(rc both premises truel? Yes, as it turns out, by making Q

true. This case;

P Q R
s o=
F T F

: s the argu-
makes both premises true and the conclusion false and thus ?r%VF:rJ:h tailc
ment-invalid. What we've done is produce the relevant row O ;e;n st
without botl‘;ering to produce all the rest. Had the argument ’

s e t}?l(DiTOdUClE‘ Sl\J«(f:il:lf TIO\\:’:llid argument. Consider this
Here's How “the ‘method WOIKS a Ve

example:

(PVvQ)—=R
§-Q
S—=R

: R false. So,
The only way to make the conclusion false is to malke S true and R fa

we do that:
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Now, with S true, the only way we can make the second premise true is
by making Q true. So, we do that next:

P Q R S

. F ¥

But now, there is no way at all to make the first premise true, because P v Q
is going to be true (because Q is true), and R is already false. Because there is
no other way to make the conclusion false and the second premise true, and
because this way fails to make the first premise true, we can conclude that the
argument is valid.

In many cases, there will be more than one way to make the conclusion
false. Here's a symbolized example:

g RER iFIL. 5
P& {QvVR)

-

ST | trying to make this false

trying to make these true

Because the conclusion is a conjunction, it is false if either or both of its con-
juncts are false, which means we could begin by making S true and T false,
S falfse and T true, or both S and T false. This is trouble we’d like to avoid'if
possible, so let’s see if there’s someplace else we can begin making our assign-
Eerr:e; l({gifkl:g;zf; ls"l;isli rlgzaaifdt(t) }::ry to assign true and false to the letters so as
bbb e conclusion false. If we can do it, the argu-
P In fhijs s\’;ﬁn';l)le, to make the first premise true, we must assign true to
mis tEtthrm.m foSrI 't}liscxirl}lifl tht‘}al premise is a conjunction, and both of its parts
places where we are forcedet i b tm'& s What D
more letters. Then we mak tohmake ST — e s
this case, once we've made ; t TSRl enmi—————
b e sscersertey g ue‘, we see that, to make the third premise true,
would make the premise fal eca&l 4 ? G e}ntecedent and a false consequent
et se, and we're trying to make our premises true.
g 1 true, we see that, to make the conclusion false, S must

he falSE SO we makﬁ‘ that aSSIgIl (Ii me !].eed I 2
ment. i i 4 y '

P Q R S T
e LT P Teeee—
7 F T

A A Ty
mraekéhgl;al.;u}; othe}r( assignments that we're forced to make? Yes: We must
e to . ! Yes:
make the second premise true: Onee 'we've done that; wesee

that Q must be true to
preserve the '
pletes the assignment: truth of the firs premise. And that com-

—

A

—

4]
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This is onerow in the truth table for this argument—the only row, as it turned
out—in which all the premises are true and the conclusion is false; thus, it is
the row that proves the argument invalid.

In the preceding example, there was a premise that forced us to begin
with-a particular assignment to a letter. Sometimes, neither the conclusion
nor any of the premises forces an assignment on us. In that case, we must use
trial and error: Begin with one assignment that makes the conclusion false {or
some premise true) and see if it will work. If not, try another assignment. If all

fail, then the argument is valid.
Often, several rows of a truth table will make the premises true and the

conclusion false; any one of them is all it takes to prove invalidity. Don’t get
the mistaken idea that, just because the premises are all true in one row and so
is the conclusion, the conclusion follows from the premises—that is, that the
argument must be valid. To be valid, the conclusion must be true in every row

in which all the premises are true. il
To review: Try to assign Ts and Fs to the letters in the symbolization so

that all premises come out true and the conclusion comes out false. There
may. be more than one way to doit; any of them will do to prove the argument
invalid. If it is impossible to make the premises and conclusion come out this

way, the argument is valid.

Construct full truth tables or use the short truth-table method to determine

which of the following arguments are valid.
1. Pv-~Q
i L
P
2. P=Q
i L
~P
3. ~(PvQ)
R—-P
~R
4. P> (Q->R)
~P - Q)
R
5. Pv(Q—=R)
Q&-R
~P
6. P>QJv(R—Q)
P & (~P - ~R)
Q

Exercise 9-7
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Exercise 9-8

v
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7. P& R)-=Q
s e UL
~P

8. P& (~Q— ~P)
b bad Sl
~R

9. Lv~]

R—]
L--~R

10. ~Fv (G & H)
v dibaib
~H — ~P

Use.either the long or short truth-table method to determine which of the fol-
lowing arguments are valid.

1iKs Lad
M- (] & K)
B&M
BAEI

2. LviW=S§)
Pv-~S
LoW
P
3. M&P
R - ~P
FvR
G—-M .
G&F

4. D& G- H
M & (H-P)
M->G
D&P

5. R—=S
(S&B)->T
ToE
(RvB) > E

DEDUCTIONS

DEDUCTIONS

The next method we’ll look at is less useful for proving an argument invalid
than the truth-table methods, but it has some advantages in proving that an
argument is valid. The method is that of deduction.

When we use this method, we actually deduce (or “derive”) the conclu-
sion from the premises by means of a series of basic, truth-functionally valid
argument patterns. This is a lot like “thinking through” the argument, taking
one step at a time to see how, once we've assumed the truth of the premises,
we eventually arrive at the conclusion. (We do this for an example on page
319.) We'll consider some extended examples showing how the method works
as'we explain the first few basic argument patterns. We'll refer to these pat-
terns as truth-functional rules because they govern what steps we're allowed
to take in getting from the premises to the conclusion. (Your instructor may
ask that you learn some or all of the basic valid argument patterns. It's a good
idea to be able to identify these patterns whether you go on to construct deduc-

tions from them or not.)

Group | Rules: Elementary Valid Argument Patterns

This first group of rules should be learned before you go on to the Group- Il
rules. Study them until you can work Exercise 9-9 with confidence.

Any argument of the pattern

P—=Q
P
Q

is valid. If you have a conditional among the premises, and if the anteced-
ent of that conditional occurs as another premise, then by m_odus ponens }thc
consequent of the conditional follows from those two premises. The claims
involved do not have to be simple letters standing alone—it wogld have made
no difference if, in place of P, we had had something more complicated, Sl:lch as
(P v R), as long as that compound claim appeared everywhere that P appears in

the pattern above. For example:

l. PvR)>Q Premise
2. PvR Premise
3. Q From the premises, by modus ponens

The idea, once again, is that if you have any conditional whné.?qeverlnn ;;]mc
of your deduction, and if you have the antecedent of that condyt;onal on some
other line, you can write down the consequent of the conditional on your

new line.

If the consequent of
then the deduction is finis
not the conclusion of the-argument you
conditional can be listed just as if it were a
the conclusion you're after. An example:

the conditional is the conclusion of the argument,
hed=—the conclusion has been established. If it 1s
're working on, the consequent of the
nother premise to use in deducing

-
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Rule 1: Modus ponens
(MP), also known

as affirming the
antecedent
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— In this deduction, we derived line 4 from lines 2 and 3 by modus ponens, and
2.R->S then 4 and 1 gave us line 5, which is what we were after, by modus tollens.

| o - Therefore, S | The fact that the antecedent of line 1 is itself a compound claim, (P & Q), is
not important; our line 5 is the antecedent of the conditional with a negation |

We've numbered the three premises of the argument and set its conclusion off
to the side. (Hereafter we'll use a slash and three dots |/..] in place of “there-
fore” to indicate the conclusion.) Now, notice that line 1 is a conditional, and
line 3 is its antecedent. Modus ponens allows us to write down the consequent
of line 1 as a new line in our deduction:

4 R 1,3 MP

At the right, .We’ve noted the abbreviation for the rule we used and the lines
the rule required. These notes are called the annotation for the deduction. We

can now rpake use of this new line in the deduction to get the conclusion we
were originally after, namely, S.

5.8 2,4 MP

P.xgain, we used mc?d}ls ponens, this time on lines 2 and 4. The same explana-
tion as th.at for deriving line 4 from lines 1 and 3 applies here.
Notice that the modus ponens rule and all other Group I rules can be

used only on whole lines. This means that you can'’t find the items you need
for MP as parts of a line, as in the following:

rule cannot be applied to parts of li fes
nes. The cond : P
must take up the entire line, as in the followingl.l e

sign in front of it, and that’s all that counts. ‘
|

Real Life

If the Dollar Falls . . .

The valid argument patterns are in fact fairly common. Here's one from an article in Time as to
why a weakening dollar is a threat to the stock market:

" |f the dollar continues to drop, investors may be tempted |
to move their cash to currencies on the upswing. That would drive the US. market |
lower. . . . Because foreigners hold almost 40% of U.S. Treasury securities, any pullout
would risk a spike in interest rates that would ultimately slaughter the . ... market.

The chain argument here is reasonably obvious. In effe
move their cash to currencies on the upswing. If investors
upswing, then the U.S. market goes lower. If the U
U.S. Treasury securities rise. If interest rates O
dies. [Therefore, if the dollar falls, then the ... market dies.]

Why should we care’ ..

ct: If the dollar falls, then investors
move their cash to currencies on the
S. market goes lower, then interest rates on
n U.S. Treasury securities rise, then the ... market

The chain argument rule allows you to derive
already have, provided the antece

QvR (erroneous!) _ Rule 3: Chain
This i legiti 0 arqument (CA)
limles Z! gottha egltlmdalt'e use pf MP. We do have a conditional as part of the first Q->R. : !
w ' e second line is indeed the antecedent of that conditional. But the P—>R !

a conditional from two you
dent of one of your conditionals is the same

| 11: - (QVvR) as the consequent of the other:
= Q_R__ Rule 4: Disjunctive
* RGN L PPV Qi - PvQ argument (DA)
‘ ule 27 vioaus The modus tollens pat is this: —

tollens (MT), also P p—— Q

known'as denyin vy isi : tion of one disjunct, the other disjunct may be

g -Q From a disjunction and the nega
the consequent 2p il derived.
Rule 5:

If you have iti :
- a conditional claim as one premise and if one of your other premt-

ises is the negati
the negation goaftt?lr:: gf);l:l?t(i:oorr:zﬁquem Ofdthat ORI
S antecedent as arie _
’ : a new ion.
Here’s a deduction that uses both of the first two mies.llne I ——

P& Q
P

This one is obvious, but we need it for obvious reasons:

P&Q

then of course the conju

Simplification (SIM)

ncts must all be true. You

1. P& Q) >R If the conjunction is true, e it th line in
e can pull out one conjunct from any conjunction and make it the new
- your deduction.
3. S5 -~R: [ ~P-& Q) Rule 6: Conjunction
5. ~[P&Q =T
) 1,4, MT P&
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This rule allows you to put any two lines of a deduction together in the form
of a conjunction. For each of the following groups of symbolized claims, identify which GroupI Exercise 9-9
| | Rule 7: Addition P Q rule was used to derive the last line.
| ADD Py Pv G |
H L > 5 _ A 1. P> (Q&R) it
:f Clearly, no matter what claims P and Q might be, if P is true then either P or Q& 18 (8 '\:T) 1
Q must be true. The truth of one disjunct is all it takes to make the whole I
| disjunction true. P> (SvT)
| I Rule 8: Constructive P>Q A 2 (P&S) v (T—R) \
‘ dilemma (CD) R—>S ~(P &)
PvR T->R
QvS A 3. Pv(Q&R) @
The disjunction of the antecedents of any two conditionals allows the deriva- (Q&R)>S
tion of the disjunction of their consequents. P=>T ”
Rule 9: Destructive P-Q % y |
dilemma (DD) R—S « \
~QV~S A 4. (PVR’—)Q .
~P v ~R ~Q ‘
!‘l | The disjunc;tion of the negations of the consequents of two conditionals allows ~(PvR) |
: the derivation of the disjunction of the negations of their antecedents. (Refer A 5 [Q-T)->5S il
| | to the pattern above as you read this, and it will make a lot more sense.) SV P il i
‘ R-P r
Real Life 4Q = T)v~R
|’ . . |
| Log1 cian at Work Construct deductions for each of the following, using the Group I rules. Each  Exercise 9-10
No, really. Problem solving in matters like auto mechan- can be done in just a step or two (except number 10, which takes more].
ics involves a great deal of deductive reasoning. For
example, “The problem had to be either a clogged fuel & 1.1.R->P
filter or a defective fuel pump. But we've replaced the b Q5P
fuel filter, and it wasn't that, so it has to be a bad fuel FidiEpvhy it
pump.” This is an example of one of our Group | rules. + 0 I 4
LRRe)Eth [-SVvR
!1 gl RS
2. S P [P
i sl P =€)
1 ; 2. ~P->S
1 i 3. L@ 343
i:‘ . 1. (PvQ)—>R
[ 2 Q [-R
| . 1. ~P
i 2. ~R&S)vQ
b 3. P <0 [:~R&S)
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Rule-10: Double
megation (DN)

CHAPTER 9: DEDUCTIVE ARGUMENTS 11

1§
w

P& Q)= R
.R->S§ [-~P & Q)
Po>~Q&T)
S (Q&T)

v~
"'*-—..

0

w

(APvT)—=S

.R—>P

.RvQ

1 Qs el /.S
ATvM)--Q

AP—- Q)& (R—=S)

T [:~P

10.

o

Group Il Rules: Truth-Functional Equivalences

«These rules are different from our Group I rules in some important ways. First,

te};zz ::Eeetﬁf?giemd;st truth-functional equivglences. This means that they
R a‘;‘) tﬁ of symbolizations that have exactly the same
from either side to the 031 e-headed arrow, «», to indicate that we can move
oeseniirove R (Remember that Group I rules allow us to g0
is that these rules ’car? Ln prenglses to-conclusion:)A-second major-differencc
in a deduction, and we l?ause (?;n parts-of lines» 8o, if ' we have a conjunction
it éomethin \ie a Group II rule_that says one of the conjuncts is
A — 8 cise, we can substitute that something else for the
4 ;:; ;0?]‘1“““- Yclﬂll 11 see how this works after an example or two.
elaim or part ofea?:‘lrz:';! Pl'lrlt;)lple thatgoverns how-Group 11 Tules work™ 4
by-one of the followin n('l;ay e replaced by a claim to which it is equivalent
T S momg Igup Il rules. Onee-again, how. this works should
REE R Statemenetn;f thse 1:1 lt:::, case of the first group, the Ps and Qs and
ever, as long as each letter stands fori?lré Z;an[ig i?;f;iﬁﬁi%giid il

P& ~~P

Thi )
whgtﬁl;lreslgf;fj zf ‘é;}‘;;‘éﬂgéﬁmove two negation signs in front of any claim,
: . Fo . saiaid
either of the following from the ozlf;ample, this rule allows the derivation of
P—{QvVR) P—-~(QVvR)

because the rule guarantees that (Q v R)

are gquivalent. This in turn guarantees th

equivalent, and hence that each impliest
Here's an.example of DN at works

and its double negation, ~~(Q v Rl
atP"(QVR]andP—>~~(QvR)aT3
he other.

| & P'V-4(2u9]“
2. (Q—=R})" P

DEDUCTIONS

3, (@i 2, DN
4oep 1,3, DA

(P& Q) (Q&P)

(PvQ) e (QvP)
This rule allows any conjunction or disjunction to be “turned around” so that
the conjuncts or disjuncts occur in reverse order. Here's an example:

P - (QVR) P> (RvQ)

Either of these symbolized claims can be deduced from the other. Notice that
commutation is used on part of the claim—just the consequent.

This rule allows us to change a conditional into a disjunction and vice versa.

(P Q) (<P v Q)
Notice that the antecedent always becomes the negated disjunct or vice versa,
depending on which way you're going. Another example:

(PvQ) —R~PvQIR
on of contraposition (see

This rule may remind you of the categorical operati
Chapter 8)—this rule is its truth-functional version.

P>Q) e (~Q—-P)
This rule-allows us to exchange the places of a conditional’s antecedent and
king off a negation sign in front of

consequent but-only by putting on-or a
cach. Here’s another example:

(P&Q)—)(PVQ)~(PVQ)->~(P&Q)

traposition on a symbolization that
cause it has a negation sign in front
but not both. You can do what you
plying double negation and

Sometimes you want to perform con
doesn’t fit either side of the equivalence be
of ‘either the antecedent-or the consequent
wantsinssuchscases;-but-it-takestwo Steps, one ap
one applying contraposition. Here’s an example:

(PvQ)—~R '
~~(P v Q) = ~R Double negation
R—~PvQ Contraposition

Your instructor may allow you to combine these steps (and refer to both DN

and CONTR in your annotation).

P& Q) dsPynQl
~(PvQ)e (<P &-Q) i s !
. : - unovedsinsidelsthe patentneses; the
Notice that, when the neger/ - Slgsl:l.l?t’s important not to confuse. the use of

“&” changesintosa ‘v 01 ViCE VEE ( use,
the negati%)n sign in DeMorgan’s Laws with that of the minus Sign m”aliel?ﬁt
Notice that when you take ~(P v Q) and “move the negation sign i1, ¥

not get (~P v ~Q). The wedge must D
whenever DEM is used. You can think of

t be changed to an ampersand or vice versa
: ~(Pv Q) and (~P & ~Q) as saying
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Rule 11:
Commutation (COM)

Rule 12: Implication
(IMPL)

Rule 13;
Contraposition
(CONTR)

Ruie 14: DeMorgan's
Laws (DEM)
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Rule 15: Exportation
(EXP)

Rule 16: Association
(ASSOC)

Rule 17:'Distribution,
(DIST)

Rule 18: Tautology
(TAUT)

CHAPTER 9: DEDUCTIVE ARGUMENTS 11

“neither P nor Q,” and you can think of ~(P & Q) and (~P v ~Q) as saving “not
both P and Q.”

P>(Q-R|o[P&QISR].

Square brackets are used exactly as parentheses are. In English, the exportation
rule says that “If P, then if Q, then R” is equivalent to “If both P and Q, then
R.” (The commas are optional in both claims.) If you look back to Exercise 9-2,
items 3 and 5 (page 310), you'll notice that, according to the exportation rule,
each of these can replace the other.

P& (Q&R)j < [[P&Q) & R]
[PvIQvR)l&[[PvQIvR]

Association simply tells us that, when we have three items joined together
with wedges or with ampersands, it doesn’t matter which ones we group

together. If we have a long disjunction with more than two disjuncts, it still *

requires only one of them to be true for the entire disjunction to be true; if it's
a conjunction, then all the conjuncts have to be true, no matter how many of
them there are, in order for the entire conjunction to be true. Your instructor
may allow you to drop parentheses in such symbolizations, but if you're devel-
oping these rules as a formal system, he or she may not.

This rule allows us to “spread a conjunct across a disjunction” or to “spread
a disjunct across a conjunction.” In the first example below, look at the left-
hand side of the equivalence. The P, which is conjoined with a disjunction, is
picked up and dropped (distributed) across the disjunction by being conjoined
with each part. (This is easier to understand if you see it done on a chalkboard
than by trying to figure it out from the page in front of you.) The two versions

of the rule, like those of DEM, allow us to do exactly with the wedge what
we're allowed to do with the ampersand.

[P&QVR] & [P&Q)v(P&R)
PVIQ&R| < [[PvQ) &(PvR)

(PvP)oP
P&P) &P

This rule allows a few obvi : '
a . ous steps; they are sometimes necessary to “clean
up” a deduction.

' The twelve-step and Seven-step examples that follow show some deduc-
tions .that use ru_les from both Group I and Group II. Look at them carefully,
covering up the lines with a piece of

s Paper and uncovering them one at a time
as you prﬁgress. This gives you a chance to figure out what you might do before
you see the answer. In any case, make sure you understand how each line was

achieved before going on. If necessa
: 1y, look u ou
understand. it. p the rule used to make sure y:

The first example is lon

tionakto difficulty: & but fairly simple. Length is not always propor-

1. P> (Q >R
2. TP &(S—>Q)

4, TP 2, SIM
5. 5-Q 2, SIM
6. T 3, SIM
7S 3, SIM
8 P 4,6, MP
9. Q 5,7, MP
10. P& Q 8,9, CONJ
1. P& Q=R 1, EXP
12. R 10,11, MP
Group |

DEDUCTIONS

1.Modus ponens (MP)

Group Il
———-—_“I_—————————‘—‘_‘_‘_’_1
‘ 11. Commutation (COM)
10. Ei.ttﬂeh_npegatwn (DN). R -
PvQ=(QvP)
URCTABEEASEAERRTR 20 T T

Ea @ e VT E 2l 0m e b SRERT 2

13. Contraposition (CONTR)
(P—> Q) < (~Q— ~P),

pisangiali tiz ieRsint st orx

16. Association (ASSOC)
P&(Q&R) <> [(P&Q &R
[Pv@QvR]«[PvQVFI

2. Modus tollens (MT)

s S ___ Gl

fiiitigisiasiigaaseiiats £

3. Chain argument (CA) j

P—Q P—Q iy
P e 4 2
P —
3 =p
4. Disjunctive 5. Simplification (SIM) 6. Conjunction (CONJ)
argument (DA) P&Q P8&Q PQ
PvQ PvQ gie P&Q
Q P \ SRS EROTEMRERTEE L
i g 8. Constructive
|Jg\ddltlon (ADD) Tlemma (CB) :_- (S)
P—=Q Pz
PvQ PvQ geh ~Qv ~S
PvR

14. DeMorgan's Laws (DEM)
~(P&Q) = (~Pv~Q)
~(PvQ < (~P&~Q

SRR R TLa R RTe T

istribution (DIST)
o ?P'Sg'(c;] VR < (P& QV(P&R)
[P (Q &R <[Py O &PV,

e e

9 Destructive dilemma (DD)

12. Implication (IMPL)
P—=Q<(~PvQ)

15. Exportation (EXPORT)
[P—=(Q—=R]<[P&Q) —R]
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18. Tautology (TAUT)
(PvP) <P
(PP) P

IR

FIGURE 2 Truth-Functional Rules for Deductions
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Exercise 9-11

CHAPTER 9: DEDUCTIVE ARGUMENTS I

It's often difficult to tell how to proceed when you first look at a deduction
problem. One strategy is to work backward. Look at what you want to get,
look at what you have, and see what you would need in order to get what you
want. Then determine where you would get that, and so on. We'll explain in
terms of the following problem.

1. P> (Q&R]

2. S—»-~Q

3 18 [-~P
4. ~Q 2,3, MP
5 ~-Qv-~R 4, ADD
6. ~(Q&R) 5, DEM
75 i 1,6, MT

We began by wanting ~P as our conclusion. If we're familiar with modus tol-
lens, it's clear from line 1 that we can get ~P if we can get the negation of line
1’s consequent, which would be ~(Q & R). That in turn is the same as ~Q v ~R,
which we can get if we can get either ~Q or ~R. So now we're looking for some
place in the first three premises where we can get ~Q. That’s easy: from lines
2 and 3, by modus ponens. A little practice and you'll be surprised how easy
these strategies are to use, at least most of the time!

The annotations that explain how each line was derived have been left off the

following deductions. For each line, supply the rule used and the numbers of
any earlier lines the rule requires.

128 TH AT (Premise)
o iR e (Premise]
Al g (Premise) / .. P — ~R
4. P—-~§
5 ~-§->-~R
_ 6. P> -~-R
2. I\ ~P (Premise)
~2. [Q->R|&(R->Q) (Premise)
_ 3. RvP (Premise) / -. Q
4. R
5. R=>Q
_6.Q
3. 1L.P->Q (Premise)
/ 2 R—(~-SvT) (Premise)
4: jg—:fip (Premise) / .- ~Q&S)>T

A

5. ~-Q—->R
6. ~Q—=(~SvT)
7. ~-Q=(S—>T)
8. ~Q&S)->T
1. [ P&Q)->T
2P
3. ~-Q—>-P
41 P50
5:0
6. P& Q
75 i

5. 1. ~(SvR]
2.P->S
3. T>(PVvR)
4. ~-S& -R
5
6
7
8
9
10

Derive the indicated conclusions from the premises supplied.

L P& O
2. P>R
2. 1. R—=S
2. ~PvR
SRR RE LBV,
2. R&-Q
4. 1. ~Pv(~-QVR}
2; B
TR R B
2.P->S
Bl Qvisd
12 Q kP
\ /)Ll ~Sv-R
2. P> (S&R)
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(Premise)
(Premise]
(Premise) /.. T

(Premise)
(Premise)
(Premise) / . ~T

Exercise 9-12

/R
[P =S
/P

AR L
[:-T =8
/:.S—P
| :.~P




