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2-7 DIRECT P RODUCTS OF GROUPS

In this section, we pay special attention to finite groups: one of the richest and
deepest branches of the whole ofgroup theory. "For no other general class of groups
is the structure as completely known or as easily described. When one is setting up
a structure theory, the overall strategy is to express—in some sense—the compli-
cated algebraic systemsin terms of those which are better behaved. We accomplish

-this in the present setting by introducing the concept of a direct product of groups.

Our main theorem will then be to the effect that any finite commutative group can
be split into the direct product of cyclic groups.

Let us begin by recalling that if H and X are subgroups of the group G, then
the set HK consists of all products hk, with he H and ke K. While HK is not
necessarily a subgroup of G, taking H and K to be normal in G is more than enough
to assure that this will indeed be the case (Problem 13, Section 2-4). We are par-
ticularly interested in those situations in which HK is the entire group G. The
significance of this assumption is that it enables us to write every member ofGasa
product of elements of H and K. Ifitalso happens that H and & intersect trivially
(instherwords, H ~ K = {el), then one speaks of G as being expressed as an

internal direct product of these subgroups.” To put the matter on a formal basis:

Definition 2-30 Let H and K be normal subgroups of the group G. Then G is

" said to be the internal direct product of H and K, written G = H ® K, if
G=HKand HnK = {e}.

Before attempting to set out the theory of direct products in an orderly fashion,
let us look at two examples. y

“Example 2-57 Consider the Klein 4-group K, = {e,a,b,ab}, where g? = b2 = ¢

and ab = ba. Since K, is commutative, all its subgroups are normal. If H is the
cyclic subgroup generated by the element a and K is the cyclic subgroup generated
by b, then the conditions of Definition 2-30 are satisfied. Thus K,=H®K s
the internal direct product of two cyclic subgrovups of order 2.

Example 2-58 Some groups cannot be expressed as the internal direct product of
two nontrivial normal subgroups (technically speaking, such groups are referred

U
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Direct products of groups

N
« to.as indecomposable). As an example of this situation, we mention any infir
cyclic group G = (a). For suppose that G = H @ K, where H, K are nontriy
subgroups of G. Being subgroups of a cyclic group, H and K are themselves cy(
with, say, generators a” and a™, respectively. Then the product a"™e H
showing that H n K # {e}, a contradiction to the definition of direct product (i
equality ™ = e is impossible, for this would imply that G is finite).

There exist several criteria for a group to be an internal direct product of
subgroups. We establish one such condition below.

Theorem 2-66 The group G is the internal direct product of its subgroups
and K if and only if

1) each element xe G can be uniquely expressed in the form x = ik, whe
[ heH and ke K; and

3 2) any element of H commutes with any element of K.

Proof. As our starting point, suppose that G = H ® K. Since G = HK, ar
element x of G has the form x = hk, with he H and ke K. To see that this repr
sentation is uniquely determined by x, let x = hik, for hye H, k, e K. Then hi -
hyk, or rather ;" 'h = k;k™*. Because h 'he H and k,k~'e K, each side of th
last equation is simultaneously in H and K. From the definition of direct produc
HnK ={ejandso hi'h=e=kk . Thus h = hy and k = k,, proving (1
Now let he H and keK be arbitrarily given and consider the commutator hkh™ 'k~
Knowing that K is a normal subgroup of G, we necessarily have hkh~! e K, henc
(hkh™)k~' e K ;similarly, the normality of H forces h(kh='k~*)e H. This puts th
commutator hkh™*k~'in H N K = {e}. Asa result, hkh~1k~! — e, which leac
to the required commutativity hk = kh.

For the other direction of the theorem, we assume that the indicated condition
hold and prove that G = H ® K. It follows immediately from (1) that G = HK

Pick any he H and xeG. Then x = hik, for some choice of hieH, k,eK
Observe that

xhxt M= (hikhlhik) = = hihh;'eH,

since the elements of H and K commute by (2)
H,in consequence of which H is normal in G.
just given, K is a normal subgroup of G. To complete the proof, we must show

that H n K = {e}. Suppose that H and K have the element x in common: then >
will have two representations as a member of HK:

- Thus the product x/ix~! belongs tc
For reasons entirely similar to thost

X=xe (xeH,ecK) and ©  x = ex lee H, xe K).

The uniqueness of representation guaranteed by condition (1) would be violatec
unless x = e. Accordingly, H N K = {e}, and Theorem 2-66 is finished.
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« to.as indecomposable). As an example of this situation, we mention any infir
cyclic group G = (a). For suppose that G = H @ K, where H, K are nontriy
subgroups of G. Being subgroups of a cyclic group, H and K are themselves cy(
with, say, generators a” and a™, respectively. Then the product a"™e H
showing that H n K # {e}, a contradiction to the definition of direct product (i
equality ™ = e is impossible, for this would imply that G is finite).

There exist several criteria for a group to be an internal direct product of
subgroups. We establish one such condition below.

Theorem 2-66 The group G is the internal direct product of its subgroups
and K if and only if

1) each element xe G can be uniquely expressed in the form x = ik, whe
[ heH and ke K; and

3 2) any element of H commutes with any element of K.

Proof. As our starting point, suppose that G = H ® K. Since G = HK, ar
element x of G has the form x = hk, with he H and ke K. To see that this repr
sentation is uniquely determined by x, let x = hik, for hye H, k, e K. Then hi -
hyk, or rather ;" 'h = k;k™*. Because h 'he H and k,k~'e K, each side of th
last equation is simultaneously in H and K. From the definition of direct produc
HnK ={ejandso hi'h=e=kk . Thus h = hy and k = k,, proving (1
Now let he H and keK be arbitrarily given and consider the commutator hkh™ 'k~
Knowing that K is a normal subgroup of G, we necessarily have hkh~! e K, henc
(hkh™)k~' e K ;similarly, the normality of H forces h(kh='k~*)e H. This puts th
commutator hkh™*k~'in H N K = {e}. Asa result, hkh~1k~! — e, which leac
to the required commutativity hk = kh.

For the other direction of the theorem, we assume that the indicated condition
hold and prove that G = H ® K. It follows immediately from (1) that G = HK

Pick any he H and xeG. Then x = hik, for some choice of hieH, k,eK
Observe that

xhxt M= (hikhlhik) = = hihh;'eH,

since the elements of H and K commute by (2)
H,in consequence of which H is normal in G.
just given, K is a normal subgroup of G. To complete the proof, we must show

that H n K = {e}. Suppose that H and K have the element x in common: then >
will have two representations as a member of HK:

- Thus the product x/ix~! belongs tc
For reasons entirely similar to thost

X=xe (xeH,ecK) and ©  x = ex lee H, xe K).

The uniqueness of representation guaranteed by condition (1) would be violatec
unless x = e. Accordingly, H N K = {e}, and Theorem 2-66 is finished.

@)




The next theorem exhibits the interplay between the notions of internal direct
product and guotient group.

Theorem 2-67 If H and K are normal subgroups of the group G such that
G =H® K, then G/H ~ K and G/K ~ H.

Proof. Consider the mapping f:G — K defined as follows: If x = hk, with he H
and k € K, then f(x) = k. Itisto be noted that the uniqueness of this representation
for x assures that f is well defined. We also see at once that f carries G onto K.
Given two elements x = hk and y = h;k, of G, the product

xy = (hk)(h,k,) = (hh;)(kk,),
where the last equality makes use of (2) of Theorem 2-66. This entails that flxy) =
kk, = f(x)f(y), which shows the mapping in question to be a homomorphism.
Finally we have,
ker f = {hk= HK|f(hk) = &}
= {hke HK|k = ¢} = H.
The Fundamental Homomorphism Theorem now enables us to assert that

G/H ~ K. In the same way, the function g defined by g(x) = g(hk) = h gives rise
to the isomorphism G/K ~ H.

An immediate consequence is

Corollary If G is a finite group and if G = H ® K, then o(G) = o(H)o(K).

Proof. By Lagrange’s Theorem, the order of G is the product of the order of H and
theindex of H in G. The foregoing resuli shows that [G:H] = o(K),soallis proved.

A quicker, but more sophisticated, route to Theorem 2—67 is via the Second
Isomorphism Theorem ; indeed, if G = H ® K, then

G/H = HK/H ~ K/H n K = K/{e} = K.

Similarly, the quotient group G/K ~ H.

If G is a finite group, the definition of internal direct product may be restated
as thecriterion of our next theorem. This result requires a “‘counting” lemma which
is of interest in its own right.

Lemma If H and K are finite subgroup§ of the group G, then

_ o(H)o(K) -

HK) = -
ol S o(H n K)

Proof. That the set HK contains at most o(H)o(K) elements is clear from its
definition. The problem is that there may be some duplication ; to put the matter
more precisely, it is entirely possible that a given element hk € HK might equal h k,
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2277 Dharect progucts o1 groups 142

forh, e H, k, € K, where h; #+ hork, #+ k. The ideais to show that this takes place
as many times as there are elements in H n K.

Suppose that xe H n K and hke HK. We may then write hk = (hx)(x™'k),
where hx belongs to H (since x € H)and x™ 'k belongs to K (since x € K). Thus the
element hk is duplicated in HK at least o(H n K) times. On the other hand, every
duplication of hk arises in the manner just described. For if hk = h,k,, then
x="h"*hy = kk{! lies in HnK; hence hy = hx, ky = x~ 'k, and so hk =
(hx)(x~'k). The implication is that hk appears in HK exactly o(H n K) times. The
number of distinct elements in HK is o(H )o(K) divided by the number of times
each element appears, namely o(H n K).

Theorem 2—68 Let H and K be normal subgroups of the finite group G with
=0(G) = o(H)o(K). Ifeither G = HK or Hn K = {e}, then G = H ® K.

Proof. 1i G = HK, then the foregoing lemma implies that

et o(H)o(K)
or rather, o{H n K)o(G) = o(H)o(K). But we are assuming that o(G) = o(H Jo(K).
Hence o(H n K) = 1 and so Hn K = {e}. This fact, together with G = HK,
yields G = H ® K.
In the event that H n K = {e}, then the following equalities are obvious:
o(H)o(K) :
= ———— = o(H)o(K) = 0(G).
o(HK) SH oK) o(H)o(K) = 0(G)
Since HK < G with o(HK) = o(G), one concludes that HK = G and, again,
G=H®K.

To see how all this works in a specific instance, let us write the group Z,,as a
direct product of subgroups. This particular group contains only two nontrivial
(normal)subgroups,namely, H = {0, 5}and K = {0, 2,4, 6, 8}. Evidentlyo(Z,,) =
10 = 2:5= o(H)o(K). Since H n K = {0}, it follows from Theorem 2-68 that Z,,
is decomposable into the internal direct product of H and K. A quick check reveals
that the elements of Z,, can be represented as

0=0+4+,,0 5=54+,00
1=5+4,,6 6=0+,06
2 = 0ty 2 TS o
3=5+08 8=0+4;58
=0+,04 9=5+,04

where the right-hand sides are all in HK.




Thus far we have restricted our attention to the internal djrect product of two
subgroups. The definition lends itself to the following generalization -

Definition2-31 A group Gissaid to be the internal direct product of the normal]

subgroups H,, H,, . . ., H,, indicated by writing G = H, ® H,® --®H,,if

1) G=HH, - H,; that s, every element x € G is a productx = hh,...
with 1, € H,, and

2) H;n H{ = {e}, where H{=H, “oHy (Hypy---H, foreachi

n>

In the interests of completeness, we record the analog of Theorem 2-66 - jts
proofis left as an exercise.

Theorem 2-69 The group G is the internal direct product of the subgroups
H,H,, ... H,ifand only if

1) every elemert xe G is uniquely expressible in the form x = hh, ... p
with h; e H,;
2) h;e H; and hije H; (i # j) imply hh; = hih;.

ns

We digress a little to consider the following question : Given two groups G,
and G, is there a group G which is the internal direct product of subgroups H and
K isomorphic to G, and G,? For an answer, take G to be the Cartesian product

Gy x G, = {(a, blacG,,beG,).

We endow G, x G, with the structure of a group by defining multiplication of
elements componentwise : that 1s,

(@ b)(a', b) = (a', bb'),

aa'being the product in G, and bb’thatin G,. The reader is left the straightforward
verification that, in this way, G, x G, really can be made into a group. This new
group is called the external direct product of G, and G, and is denoted by G, x G,
the same notation as that used for the Cartesian product. (Since G; x G, and
G, x G, are isomorphic as groups, we may speak of the direct product of two
groups without specifying the order of the factors.) One finds that the identity
elementof G, x G, isjust (e, e;), where e, is the identity of G;, and that the inverse
of(a,b)is (a™!, b7,

Next observe that G, x G, contains normal subgroups which are isomorphic
copies of G, and G,, namely the subgroups H = Gy x {e;} and K = {e.} x G,.
The only element of G, x G, simultaneously of the forms (a,e;) and (e,, b) is the
identity (e, e,), whence H and K must intersect in the identity element. Further-
more, a typical member (a, b) of G, x G, can be expressed as

(a.b) = (a, e;)(e,, b) e HK,
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which signifies that G, x G, = HK. These remarks make it plain that G, x G, is
the internal direct product of its subgroups H and K :

G xG,=H®K with G, ~ H, G, ~ K.

For a somewhat different approach to the subject, we now start with a group G
which is decomposable into the internal direct product of two normal subgroups H
and K ;in symbols, G = H ® K. Construct the external direct product H x K of
the groups H and K. Since G = HK, every element x € G is uniquely expressible
in the form x = hk with he H, ke K. It is therefore possible to define a function

f:G— H x K by setting

S(x) = flhk) = (h, k). ]
Our purpose is to show that f is an isomorphism of G onto H x K, so that
G K
Pursuing this aim, let x = hk and y = 'k’ be any two members of G. In com-

pliance with Theorem 2-66, the elements of H commute with those of K and o)
xy = (hk)(W'k") = (hh')(kK'). This means that

Slxy) = (AR, kK') = (h, k) (W', k') = f(x)[(),

confirming that f is a homomorphism. It is equally clear that f(G) = H x K.
To verify that f is a one-to-one mapping, suppose that x = hk belongs to the
kernel of f. Then

Jx) = f(hk) = (h, k) = (e, e).

The criterion for equality of ordered pairs forces h = k = e, whence x = e.
Accordingly, ker f = {e} and, as a result, f is one-to-one.
Altogether, we have proved the following theorem.

Theorem 2-70 Let G be a group with normal subgroups H and K such that
G=H®K. ThenG~ H x K.

The notion of external direct product can easily be broadened to allow for three
or more factors. Let Gy, G,,.. ., G, be a finite collection of groups (not necessarily
distinct) and consider their Cartesian product

G=G; %% G, = {(al,...,a")]aieGl.]_
Multiplication is defined in G by
(B3 G (B eiet b= (aybys 5 a;b;);

where a;b; denotes the product in G,. Under this binary operation G is a group,
known as the external direct product of the set {G,}. As before, G contains sub-
groups H; which are isomorphic to G; for i = 1,2,...,n and such that the group

G=H; ® --® H,. We need only take H, to be the set of elements of G having
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all components equal to the identity save for the ith: in other words, if ¢; denotes
the identity of G;, let

= 1
H, = {ley, - »8i-1: 0 Cisines -ne)la € Gt

To summarize, the external direct product G of the groups Gl =112, -5
is also the internal direct product of the subgroups H;, where for eachi, G;~ H;.
If one agrees to identify groups which are isomorphic, thea the distinction between
external and internal direct products disappears. In the future, we shall use the
term direct product (without the qualifying adjective) for both, leaving the context to
clarify which one is meant.

Let us take advantage of these ideas to obtain a direct-product decomposition
of the group Z, of integers modulo n. First, a collateral result:

Lemma If ged (m,n) = 1,then Z,, = AN L
Proof. In the group Z,. the integer n generates a cyclic subgroup
H={0,n2n,...,(m— 1)n}
of order m. Likewise, the integer m in Z,,, generates a cyclic subgroup
K ={0,m,2m,...,(n— 1)m},

having order n. Clearly, o(Z,) = mn = o(H)o(K). 1f the integerae H 0 K, then
m|aand nja. But mand nare relatively prime, hence mnla, and consequently a = 0;

viewed otherwise, H n K = {0} ~An appeal to Theorem 2-68 being legitimate, we
see in this way that

7z . =H@K

Theorem 2—57 now tells us that H~Z,andK =~ Z,, from which the stated result
is apparent. (Indeed, the reader will experience no difficulty in showing that if
and g are isomorphisms from H onto Z, and K onto Z,, respectively, then H ®
K ~ Z, x Z,via the mapping F, where F(hk) = (f(h). g(K)).)

This enables us to prove the following.

. Theorem 2-71 Iftheintegern > 1has the prime factorizationn = phiphz - pir
(distinct primes), then

Fted Zo ST X% 2

n

where n; = pfifori=1,2,...,r.

Proof. The assertion is trivial when » = 1. In general, we argue by inductiononr,
the number of distinct primes appearing in the prime factorization of n. Letr > 1
and assume that the theorem is true for all integers containing r — 1 distinct primes.
From this, we wish to prove that the result holds for n = ph ---plyplr. Nown
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207 Direct products of groups 149

all components equal to the identity save for the ith:m other words, if ¢; denotes
the identity of G;, let

Zy = Zy * Lux
Our induction hypothesis states that

D= Ly % AN e

ny N2 Ny =1
When we set n, = my, the result is
Zy= 2 X Zs,

X
where the integers i; = piiforevery i = v b

The task that lies ahead is to generalize this theorem from Z, to arbitrary finite
commutative groups. Thatis, we intend to prove that any commutative group of
order i = phip -~ plr splitsinto a direct product of r cyclic subgroups of orders
P b ,plr. Asastep toward this goal, it is expedient to introduce a new class
of groups, the p-groups. These groups are not only essential to the whole theory of
this section, but become all the more s0 in the next section when we develop the

Sylow theorems. !

Definition 2-32 Let p be a prime number. A group G is said to be a p-grouip if
 the order of each element of G is some power of p (not necessarily the same
power).

Example 2-59 The group G, of symmetries of the square isa p-group, with p = 2.
For each of its elements has order 2, save for 1y and r5, which have order 4.

Example 2-60 1fpisa prime, then Z» is a p-group for any n > 0. This follows
directly from Lagrange’s theorem: Every element of Z . must have order dividing
p", the order of the group: hence every clement has order a power of p.

Example 261 Let Gbea commutative group. Fora fixed prime p, define

G, = lae Glo(a) = p" for some nl.

Our assertion is that G,formsa subgroup of G which, by its nature, isautomatically
a p-group. We establish that G, is a subgroup by applying the usual subgroup
criterion (quite possibly, G, = {e}). Suppose then that a, b are elements of G, with

respective orders p’ and p°. Since G is commutative,
(b=} V" = (@®y (") P =e

Taking Theorem 2-33 into account, we infer that thg orderof ab™ ! divides p""*and
therefore will be a power of p. This puts ab™ ' into G, which is the desired con-
clusion.

We should point out that this result is false for noncommutative groups: for

©
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instance, in the symmetric group S, the elements having order some power of 2 do
not comprise a group.

The only additional remark called for here is that G, is the largest (in the sense
of inclusion) p-subgroup of G. Indeed, if H is an arbitrary p-subgroup, then every
element of H has order a power of p, hence by the definition of G,. each element of
H must lie in G,; that is to say, H € G,.

In the course of the next section, we shall characterize finite p-groups as those
groups having p-power order. It will be convenient to pause and derive the com<
mutative case now. For this, a brief lemma is needed.

Lemma Let H be a normal subgroup of the group G. If G is a p-group, then
; both H and G/H are p-groups.

Proof. The assertion is obvious for H, even without the normality requirement.

That the quotient group G/H forms a p-group follows directly from’ the fact that

o(aH) divides o(a) for all ae G. {
Theorem 2-72 ~A finite commutative group G is a p-group if and only if
o(Gyisa power of D

Proof. From Lagrange’s theorem, it is clear that any group of order p"isa p-group.
Concentrating on the less obvious direction of the theorem, let G be a p-group. We
prove that G has p-power order by using induction on o(G). That is, we assume this
to bg’true for all finite commutative p-groups bf orders less than that of G. The ?
statemm;%which starts the inductive process.

Let o(G) > 1. If G has no nontrivial subgroups, then{ngE_)itiliqand any generator
is an element of p-power order; hence, G will have order a power of p. On the other
hand, when G contains a nontrivial subgroup H, then both o(H) and o(G/H) are

strictly less than o(G). Apply the induction assumption (as one may by the previous
lemma) to conclude that H and G/H each have p-power order. Since

0(G) = o(H)o(G/H),

it follows that the order of G is necessarily a pbwer of p, and the proof is completed.

With the needed preliminaries out.of the way, we are now ready to deal with _
the central topic of the present section, to wit, the description of all finite commuta-
tive groups. The first step in this program ties the structure of such groups to that
of p-groups.

79 ./\/ﬁﬁbgor\em 2-73 4Any finite commutative group G = {e} is the direct product of
R p-groups.

S Proof.) Let o(G) = n. We claim that if n = p§'p% - .. pl is the prime factorization

PNV of n, then G is the direct product of the subgroups G, for i = 1,2, ..., (notation
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3y Direct products of groups 151

as in Example 2-61). To support this contention, let us apply the criterion of
Definition 2-31. First, it is necessary to show that an arbitrary element a € G can
be represented in the form a = a,a, - - - a,. where ;€ Gl,“ If @ has order m, then
the corollary to Theorem 2-40 asserts that m|n; hence m = Pyps - - - pl for certain
integers n; (0 < n; < k). Putm; = m/p. The m, are relatively prime and so, with
reference to Problem 22, Section 1-3, there exist integers u, for which the sum
Uy + usmy + -+ um, = 1. Then :

Uyttt uem, uzniz TR0
1my am

= = @™y ceeq

Setting a; = a“™i for i = 1,2,...,r. it follows that a = a aj--+a,, and if v; = pt,
Tt | o) G r i I‘(
then

LI:.E = (au,vm)r. L (“m)u_ =" =,

Being of p;-power order, the element a; necessarily lies in G,,. All in all, we have
shown that

G=G,G6, G

Pr’

The proof will be finished as soon as we can establish that each G, has trivial
intersection with the product of the remaining ones. To see that this is so, choose
any element

GEG‘,‘ F‘.(GF-“'GF:'—IGFH—A GP.—)'

On the one hand, @ = é for some integer s. On the.other hand. & can be expressed
as a product a = b, --- b;_,b;, , - - - b, where the order of b; is a power of p;; say,
to be definite, that by raising b; to the pi’th power one can produce the identity.
Lettingt = p§ - - - pi, we can get{@’ = & Furthermore, pf and ¢ are relatively prime,
so that up} + vt = 1 for appropriate integers u and v. This forces

—

a= aup!"v:'= ({I‘D's)“(a’)l. =e

which proves what we wanted.
We can recast Theorem 2-73 in a form which gives more precise information:

Corollary) If the commutative group G = {e} has order n = piiph...por

(distinet primes) and if G, = {x & Glo(x) is a power of p,}, then
6=0,086,8QG6,

where o(G,) = p} for every i.

Proof. Only the last statement needs further justification. By Theorem 2-72,
0(G,) = p} for some nonnegative integer j,. Since the order of the direct product
of a finite number of subgroups is the product of their respective orders, we obtain

PPy - pfr = 0(G) = 0(G,,)0(G,,) - - - o(G,,)

= plipf. gl




The uniquenes of the prime factorization of 0(G) then implies that j, = k; for every
I=1,2,...,r; hence 0(G,,) = p¥, as asserted.

The preceding proof establishes that a finite commutative group G is the direct
product of its subgroups G, for all primes p such that G, # {e}; which is simply to
say, for all primes p dividing o(G). This reduces the study of arbitrary finite com-
mutative groups to the study of finite commutative p-groups. The basic resilf on
p-groups from which the whole structure theory can be pinned down is derived
below.

-_,,-'/ Theorem 2-74 A finite commutative p-group G is the direct product of a finite |

number of cyclic p-subgroups.

Proof. 1tis already known that o(G) = p" for some n > 0. Our method is to per-
form induction on n. The starting point is the case where n = 1. the theorem being
trivial when n = 0; here there is really nothing to prove, for G is cyclic of order p.
Next, suppose that n > 1 and that the result in question holds for all groups of
order p" with m < n.

Since G is a p-group, the order of every element of G is necessarily a power of p.
Let a€ G be an element of maximal order, say o(a) = p* (k < n), and consider the
cyclic subgroup H = (a) generated by a. Ifk = n, then H = G, 5o that G itself is
cyclic; in such an event the theorem is trivial. Thus We may assume that k& < n.
The implication is that the quotient group G/H will have order p"~* < o(G). By
the hypothesis of our induction, G/H is the direct product

G/H=H1®Hz®"'®ﬁr

of cyclic p-subgroups H, (i = 1,2,... 7).

Let these subgroups H, be generated by the cosets b,H and let their respective
orders be p/. The next step is to produce a representative ¢; of b,H such that the
order of ¢; in G is equal to the order of bHin G/H. Asa temporary device, let us
write b for b; and j for j,. Since (bH)” = H, the element b* lies in H, hence is some
power of a, say b” = g°. By the maximal nature of k, o(b) < p*, so that b** = ¢
as a result =

e=b" = (bP) = (@ = gt
This reveals that p*|sp*~/. Thus there exists an element ¢ with tp* = sp*~J leading
torp! =s. If wenow set ¢ = ba™", then cb~' e H and cH=vl .
¢ = (ba™"V' = pPa~" = g4 = o
Restoring the index i, the situation stands as follows: Foreachi(i=1,2,...,r),
there is an element ¢, € G and an integer v; = p with the properties
1) ¢;H =bH and

2) ¢fi=ce.

O,

(11,
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We contend that if K is the subgroup generated by c,, Chans ¢,; thenG =
H ® K. Starting with an arbitrary x € G, we can write the coset xH e G/H as

XH = (b H)"(b,H)" - (b,H)"
for suitable integers n;. Since b;H = ¢,H fori =1,2,..., r, we obtain
xH = (¢, Hy (c,H)" -+ (c,H)".

This is scarcely more than a statement that

Mgy

- — ]l pll2
Xi=ieghest vy

for some choice of y in H. In consequence, the element x & HK, thereby confirming
that G = HK. ;i

There remains the verification that H n K = {e]. Picka typical element x in
H n K. Because x € K, there exist integers i, for which

Ny
r

X =cPch---¢
and so, passing to the quotient group G/H,
XH = (c; H)Y"™(c,H)" - - - (¢, H)".

When we use the fact that ¢;H = b,H (as well as the assumption that x € H), this
equation translates into

H= (blH)'m(sz)lul L) (b,.H)""‘_

Since G/H is the direct product of the cyclic subgroups H, with generators b;H. the
uniqueness of representation of an element implies that each factor on the right-hand
side must equal the identity of G/H; that is, (beH)"o= Hforii = 1,2 ...t ‘The
conclusion to be drawn is that p’, the order of the coset b,H, divides m;. But this
in its turn yields cf"" = e (recall that c; raised to the p’ith power gives the identity)
hence our expression for x reduces to x = e.

Having exhibited that G = H ® K, our proof proceeds rapidly to its con-
clusion. For the induction assumption tells us that K admits a direct product
decomposition into cyclic p-subgroups. Inasmuch as H is itself cyclic, the net
result is that G is expressible as a direct product of cyclic p-subgroups. This is the
contention of the theorem.

y

Before we go further, it is worth remarking that a given finite commutative
p-group G can usually be written as a direct product of cyclic subgroups in several
ways. However, the number of subgroups and their orders are the same in all such
representations; more precisely, if

C=(@)® - ®@)=0b)® - @b,

then n = m and, after renumbering, o(a,) = o(b;). This implies that the decompo-
sition of G is unique up to isomorphism of the factors,

o




Theorems 2-73 and 2-74 may be brought together to give a complete descrip-
tion of the groups under consideration. Without delay, we present what is some-
times called the Fundamental Theorem for Finite Commutative Groups:

Theorem 2-75 (Frobenius) Every finite commutative group is the direct
product of finitely many cyclic p-subgroups.

Switching to external direct products, and using the fact that any cyclic group
of order k is isomorphic to Z,, one could just as well express Theorem 2-75 as
follows:

Corollary 1 If G is a finite commutative group, then
G =~ Zpi" 22 ZF':‘: % e Zp’r"
for suitable primes p;, not necessarily distinct, and integers n;e Z ...

So far, we have learned that any finite commutative group is a direct product
of cyclic groups, each of which is a p-group. There can be no further factorization,
since a finite cyclic group, saﬁmﬁz@cr is indecomposable. To
clarify this point, let o(G) = p", n > 1, and suppose, in anticipation of contradiction,
that G has the (nontrivial) representation G = H ® K. Then o(H) = p! and
o(K) = p*,wherej + k = n(1 <j k < n). Ifmis thelarger of j and k, then certainly
m < n. Writing the generator a as a = hk, with he H and ke K, it follows that

e = (111;)”'" = hP"kF" =g,

This being so, o(G) < p™, which is absurd. These considerations allow us to
rephrase Theorem 2-75 in the following form, which we state as a corollary:

Corollary 2 Any finite commutative group is the direct product of a finite
number of indecomposable cyclic groups.

We are now in a position to identify, up to isomorphism, all possible com-
mutative groups of a given order. By Frobenius’ theorem, any finite commutative
group G is the direct product of prime-power order cyclic groups. Thus, it will be
sufficient to consider the case wherein o(G) = p", paprime. In terms of external
direct products, Theorem 2-75 may be viewed as asserting that

G ~ Zp,.I X Zpny X -+- X Zp..,..

Since the order of G is the product of the orders of these Z n, 1t follows that
BF= P S eedathe e A Aty ot o 4

For any positive integer n, a summation n = ny + ns + -+ n,, where
0 <m <njfori < j iscalled a partition of n. The remarks of the last paragraph
indicate that each commutative group of order p” gives rise to a partition of n. From
the opposite point of view, starting with a partition n = n, + .- + n,, We can
always produce a commutative group G of order p”; simply take G to be the external

&




direct product of Z ., ..., Z,~. In brief, there are just as many nonisomorphic
commutative groups of order p" as there are ways to express n as a sum of positive
integers. There are, to cite an example, only two commutative groups of order p?,
either Z,» or Z, x Z,. These groups are not isomorphic, for Z,. contains an
element of order p?, but every element of Z, x Z, other than the identity has
order p. .

In general, the number of nonisomorphic commutative groups of order
n = pkipk ... pkr (distinct primes) is m(ky)m(k,)- - - n(k,), where n(k;)) denotes the
number of partitions of the integer k;. As a typical illustration, there are three
commutative groups of order 24 = 23 - 3; specifically, 3

Lo 3% L =250,
and Zyox Ligi Dy o2Tjs % Zs,
sz22x22x23:K4x26.

There are other theorems which give insight into the structure of finite com-
mutative groups. A second basic result states that any finite commutative group G
is isomorphic to a direct product

R A R SV

where n,-!n,,,1 for 1 <i<r —1. To arrive at this, all one need do is to write G as
a direct product of cyclic groups of prime power order and assemble the latter
judiciously; the formal proof is left as an exercise. Suppose, for example, that a
group G of order 360 has the direct product decomposition

. G =2y % Ly K Log %y R Ty % L
Rearranging factors, we can put this in the form
G2 Zs %25 % Z3) X (25 % ZaX L) o2 ZaxiZg % L,
with 2|6 and 6|30.

Our final theorem provides an application of the results of this section.

Theorem 2-76 Ifn > 1 is a square-free integer-(that is,  is not divisible by the
square of any prime), then any commutative group of order n is isomorphic to
the group Z,.

Proof. Since n is a square-free integer, we have o(G) = n = p,p, --- p,, where the
p; are distinct primes. Now the corollary to Theorem 2-73 asserts that
G=6G,®6G,®--®G,,
with o(G,) = p;; hence G,, ~ Z, . This implies that
G =27 R Ly SRy ST =y

the second isomorphism being achieved by use of Theorem 2-71.




Corollary Ifnisa square-free integer, then all commutative groups of order n
are isomorpk.i-.

PROBLEMS 22
. 17Establish the following assertions:
! a) The group Z,, is the internal direct product of {0, 5, 10} and {0,3,6,9, 12}.
b) The group G, of symmetries of the square is indecomposable.
Lc) The additive groups Z and Q are both indecomposable.

2. LetG = H ® K for subgroups H and K of the group G. Given that N isa normal subgroup
of G, prove that either N < cent G or N has nontrivial intersection with one of H or K.

: ,S/Assume that H and K are normal subgroups of the finite group G. If o(G) = o(H)o(K),
3 where o(H) and o(K) are relatively prime, prove that G = H QK.

‘-.,»4"-! Show that the symmetric group S; is indecomposable by proving that any direct product
of subgroups of orders 2 and 3 must be cyclic. st

W

- Let the group G = H, ® H,® - ® H, for subgroups H;. Consider the representation
4= a,a,---a, where a;e H;, of an element a c G. If the mappings 7;:G — H, are defined
by m(a) = a; fori=1,2,... n, verify that:

a) m; is a homomorphism from G onto H;, called the ith projection.
b) A mappingf:G’' — G from an arbitrary group G into G isa homomorphism if and only
if the composition ;0 /: G' — H; is a homomorphism for each value of ;.

6. Suppose that /:G — G'isa homomorphism from the group G onto the group G' and that
H is a normal subgroup of G. If the restriction fIH is an isomorphism from H onto G/,
prove that G = H @ ker /.

7. Let H and K be normal subgroups of the group G. Verify that if the natural mapping
natg:G — G/K induces an isomorphism of H onto G/K, then G = H® K. [Hint: See
Problem 6.]

8. Assuming that G = H ® K for subgroups H and K of the group G, prove that:

a) Any normal subgroup of H (or K) is also a normal subgroup of G.
b) If N is a normal subgroup of H, then G/N ~ (H/N) x K.

o

. Given that G, (i = 1,2,3) are groups, establish the following facts concerning (external)
direct products:

a) G, x G, =~ G, x T )
b) (G, x G,) x G5 ~ G, x (G, x G,)
¢) If G, ~ G,, then G, x G; = G, x G,.

d) G, x G, is a commutative group if and only if G, and G, are both commutative.

* 10. Show that if G, and G, are finite groups and the element (a, b) & G, x G, then of(a, b)) =

lem (o(a), o(b)).

(/




. l}/Provc the following:
a) The Klein 4-group K, is isomorphic to Z, x Z,.
b) Z,: is not isomorphic to Z, x Z, for any integer n > 1. [Hint: Z,: has only one sub-
group of order i, but Z, x Z, has two such subgroups.]
127 Given that G = G, x G, x -+ x G, where the G; are groups, verify that:
7 a) centG = centG, x cent G, x -+ x cent G,

b) [G,G] = [G,,G,] x [G2.Gy] x - x [G,.G,)

‘)5. Let H; be normal subgroups of the groups G; (i = 1.2). Prove that H, x H, is a normal
subgroup of G, x G, and that
(Gy x Gy)/(H, x H,)~G,/H, x G,/H,.

(¥4 'Show that if H and K are normal subgroups of the group G, with H A K = !¢}, then G is
isomorphic to a subgroup of G/H x G/K. [Hini: Use the mapping /:G — G/H x G/K
defined by f(x) = (xH, xK)] - =

77: Show by example that the direct product of eyclic groups (p-groups) need not be a cyclic
( group (p-group).

+ 16. Verify the following statements:

.,.aI"Any homomorphic image of a p-group is again a p-group.

b) A finite commutative p-group is generated by its elements of highest order.
¢) If G is a cyclic p-group, then G is a finite p-group.

17. Let G and G’ be finite commutative groups. Prove that:
a) Iff:G—Gisa homomorphism, then /G,) G,
b) G =~ G'if and only if G, =~ G, for all primes p.

18. Given that G is a finite cyclic group. prove that, for every prime p dividing o(G), there are
exactly p — 1 elements in G having order p. [Hinr: If plo(G), then G, = Z,, for some
¢ /A |

-.%}6'3110\\-’ that a finite commutative group G # {ej is cyclic if and only if
C=Z, XZ,, X% Z
where ;= plifori=1,2,.,.. r (p; distinct primes. k;€ Z. ).

20. Show that there are three nonisomorphic commutative groups of order 8: namely,
Zg.Z, x Zy.and K, x Z,.

2/1( Determine, up to isomorphism, all commutative groups of the following orders: p* (pa

Y prime). 144, and 360.

22 Prove that a cyclic group G is indecomposable if and only if G is either infinite or of prime

~ power order.

23. Characterize those positive integers n for which the only commutative groups of order n
are cyclic.

(&
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24. Prove that if G is a finite commutative group, then

G~ 7 SaZ e 7

1 e

where mln,. for1 <i<r—1.

2-8 THE SYLOW THEOREMS

Given a group G of order n, and an integer m dividing n, one cannot always be
certain that G will possess a subgroup of order m. To be sure, under special circum-
stances (for example, in a finite cyclic group) it is true that such subgroups always
~do exist. In general, the problem of finding subgroups of a prescribed order in an

"arbitrary finite group is one of considerable difficulty and constitutes the subject
matter of this, our final section on group theory. The main object of study are the
theorems in the title of this section, the Sylow theorems. Broadly speaking, these
provide information about the existence and number of subgroups of prime-power
order.

i We begin with a survey of facts, some previously encountered in the exercises,
arranged rather haphazardly around the notion of conjugacy. Despite the familiarity
of the ground covered, the relevant definitions and results are collected here for the
reader’s convenience.

Starting with any subgroup H of the group G and an arbitrary element a e G,
consider the following subset of G:

aHa™! = {aha~'|he H}.

If x and y are members of aHa™", then there exist certain hy, h, € H for which
x = ah;a”' and y = ah,a~'. Thus

xy~! = (ahya™")(aha= 1)~ = alhphy Yo

where, since H is a subgroup of G, the product ;5 ! lies in H. But this means that
xy~'eaHa™!,so that aHa ! is itself a subgroup of G.- We are therefore led to the
theorem below.

Theorem 2-77 IfH isa subgroup of the group G and if a e G, then aHa ™! is
also a subgroup of G, called the conjugate subgroup of H induced by the element a.

Not all the subgroups conjugate to H are necessarily distinct from H or, for
that matter, distinct from each other. If aHa™' = H for some a e G, we séy that
the subgroup H is self-conjugate under a. Any subgroup is, for example, self-
conjugate under each one of its own elernents. In terms of this definition, the con-
cept of a normal subgroup can be arrived at in an alternative way: The subgroup H
isnormal in G if and only if H is self-conjugate under every element of G.

Another point of interest is that the conjugate subgroups of H are all isomorphic
to H, hence isomorphic to each other. Given a conjugate aHa™* of H, define the
mapping /:H — aHa™! by taking f(h) = aha™*; there is no particular trouble in
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