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1. (20 pts) Factorization ordering and sparsity. In this problem we investigate the effects
of reordering rows and columns of a matrix A on the sparsity of the matrices L and U
in the factorization A = LU.

To visualize sparsity pattern of a matrix A, you may find command spy(a) useful.
This command displays non-zero entries of the matrix A.

Download the files problem!data.m and mylum from the class website. The command
A = problentdata creates a 100 x 100 matrix A that has the following shape:

(a) What is the sparsity structure of the matrix 4 7

(b) Use command [L,U]=mylu(A) to calculate the factorization of A as A = LU. Are
L and U sparse ?

(c) Suppose we now factorize the input data as

D v
s-[ 7 1]
Provide the MATLAB command that transforms A into B.

(d) Now, factor B using LU factorization. What are the sparsity patterns of the
resultant matrices L and U?

(e) Comment on the qualitative difference between factorization of A and factoriza-
tion of B.
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2. (20 pts) Linear and quadratic interpolation. Tn this problem we will make use of
MATLAB command x=A\b to solve the system Az = b, when possible.

(a) Assume that the experimental data is given by
yt) = [ 342 542 512 899 11.75 12.11 1541 1632 18.12 19.91 ]

for the integer input ¢, 1 < ¢ < 10. Formulate the problem as the linear least-
squares.

(b) Use MATLAB command x=A\b to solve for the parameters of the interpolating
straight line.

(c) Plot the resultant line together with the experimental data. Use 'o’ to plot ex-
perimental data and " to plot interpolation.

(d) Compute the total squared error.

(e) Use MATLAB command polyfit to fit a polynomial to given data. Construct a
polynomial of degree 1. Does your answer agree with part (b) ?

(f) Now construct a polynomial of degree 2 and compute the total squared error.
Plot the resultant curve together with the experimental data. Use o’ to plot
experimental data and " to plot interpolation. Do you get better approximation
under linear or under quadratic approximation (in terms of the overall squared
error) 7
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3. (15 pts) Projection. Now let us consider the underdetermined system Az = b.

(a) Suppose u and v are two points given in RY, u = (2,4,0,—1) and v = (1, ~3,5,6).
The following defines a two-dimensional plane in R*:

P={eeR':ur=land o'z =1}.

Find the projection of point y = (1,2,1,1) on P by formulating a suitable least-
norm problem.
Hint: use MATLAB command x=A’*((A*A’)\ b) to solve the least-norm prob-
lem.

(b) What happens if you attempt to use MATLAB command x=A\b to solve for the
unknowns ?
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4. (15 pts) Stability. Condition number of a matrix A is defined as £(A) = || A[[|A™"].

(a) Provide a lower bound on x(A) for A non-singular. What is (I) for I identity 7
(b) Evaluate the condition number of the matrix

0.998 1.002
o= [om om).

You may want to use MATLAB command cond.
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() Identify a vector b around which the solution to Cz = b is not stable.

5. (30 pts) Iterative methods. Use Newton’s method with and w/o backtracking to solve
problems involving the function

f(x) =log(e” + e ) —az —b.

() Solve the equation f(z) = 0 and specify the exact region of convergence for each
possible solution for the following cases. Consider the domain z € (—50,50).
ia=l5andb=3
ii.a=05andb=4
(b) Now suppose that @ = 0.95 and b = 4. Solve the unconstrained minimization
problem
minimize f(z).
For what initial values of z does Newton’s method converge? For what initial
values of z does Newton’s method not converge? Consider the domain z € (~1,5)
and give empirical intervals, for example, "Newton’s method converges for = €
(<05,06).”
(c) What type of convergence rate do you observe in (a) and (b)?




