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464 CHAPTER 10 Nonlinear Functions

7. Rental Car Cost The cost to rent a mid-size car is $54 per day
or fraction of a day. If the car is picked up in Pittsburgh and
dropped off in Cleveland, there is a fixed $44 drop-off charge.
Let C(x) represent the cost of renting the car for x days, taking
it from Pittsburgh to Cleveland. Find the following.

aC(3/4)  b.C(9M10) e (1) d.C(l%)

e. Find the cost of renting the car for 2.4 days.
f. Graph y = C(x).

g. Is C a function? Explain.

‘f* [@"7”"’

h.Is C a linear function? Explain.
i. What is the independent variable?
j. What is the dependent variable?

an 73. Attorney Fees According to Massachusetts state law, the max-
imum amount of a jury award that attorneys can receive is:

40% of the first $150,000,

33.3% of the next $150,000,

30% of the next $200,000, and

249% of anything over $500,000.

Let f(x) represent the maximum amount of money that an attor-
ney in Massachusetts can receive for a jury award of size x.
Find each of the following, and describe in a sentence what the
answer tells you. Source: The New Yorker.

a. £(250,000) b. f(350,000) c. f(550,000)

d. Sketch a graph of f(x).

an 74. Tax Rates In New York state in 2010, the income tax rates for
a single person were as follows:

V"

Lm‘ s

4% of the first $8000 earned,

4.5% of the next $3000 earned,

5.25% of the next $2000 earned,

5.99% of the next $7000 earned,

6.85% of the next $180,000 earned,

7.85% of the next $300,000 earned, and
8.97% of any amount earned over $500,000.

Let f(x) represent the amount of tax owed on an income of x
dollars. Find each of the following, and explain in a sentence
what the answer tells you. Source: New York State.

o
— a.£(10,000)
%,
— b. £(12,000)

®

= c. £(18,000)
d. Sketch a graph of f(x).

Life Sciences

75. Whales Diving The figure in the next column shows the depth
of a diving sperm whale as a function of time, as recorded by

researchers at the Woods Hole Oceanographic Instifut
Massachusetts. Source: Peter Tyack, Woods Hole Oc
graphic Institution.

Depth (meters)

17:35 17:37 17:39 17:41

Time (hours:minutes)
Find the depth of the whale at the following times.
a. 17 hours and 37 minutes
b. 17 hours and 39 minutes
76. Metabolic Rate The basal metabolic rate (in kcal/day
large anteaters is given by
y = f(x) = 19.7x%,
where x is the anteater’s weight in kilograms.* Soi
Wildlife Feeding and Nutrition.
a. Find the basal metabolic rate for anteaters with the fo
ing weights.
i. 5kg ii. 25 kg

b. Suppose the anteater’s weight is given in pounds rath
kilograms. Given that 11b = 0.454 kg, find a fu
x = g(z) giving the anteater’s weight in kilograms
the animal’s weight in pounds.

¢. Write the basal metabolic rate as a function of the we
pounds in the form y = az” by calculating f(g(2))-

77. Swimming Energy The energy expenditure (in keal/ks
animals swimming at the surface of the water is givenby

y= flx) = 0.01x°%,

where x is the animal’s weight in grams. Source: Wi
Feeding and Nutrition.

a. Find the energy for the following animals swimming¢
surface of the water.

i. A muskrat weighing 800 g
ii. A sea otter weighing 20,000 g

b. Suppose the animal’s weight is given in kilograms!
than grams. Given that 1kg = 1000 g, find a fu
x = g(z) giving the animal’s weight in grams if zis
mal’s weight in kilograms.

¢. Write the energy expenditure as a function of the wei
kilograms in the form y = az” by calculating f(g(2)-

#Technically, kilograms are a measure of mass, not weight. Wei
measure of the force of gravity, which varies with the distance fi
center of Earth. For objects on the surface of Earth, weight and
often used interchangeably, and we will do so in this text.
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CHAPTER 10 Nonlinear Functions
40. ;l‘ast(fmst Find the interest rate re
‘ 00 to grow to $7500 in5
follows. e

10.4  EXERCSES
20. (63)—2)( - e”X+5 “ a. Annually b. Quarte

19, 162 = 647 |
;ll. Inflation Assuming continuous

A ream of 20-1b paper contains 500 sheets and 1S about 2 in.
high. Suppos® you take one sheet, fold it in half, then fold it in . il "
half again, continuing in this way as long as possible. Source: 21. e = (€ g, 2" =&
i N cost to buy a $10 item in 3 ye
23. 5" =2 24,274 = (~> rates?
25 16
g7 b. 4%

The AMATYC Review.
o — x+4 |
26. 8 =2 2. Interest Ali Williams invests a

1. Complete the table.
1 - e, 25, =1
e - 27,27 = gt 28, T =1 a?y'mg 5.59% per year compound
2. After fold'm.g SQ times (if this were possible), what would be Graph each nil following: e amount on deposit after each
the height (in miles) of the folded paper? a. 1 year b.5
x _ X | . D year
For Exercises 3-11, match the correct graph A-F to the func- 29.y=5" " 2 30.y="2¢ " 3 I8, Interest Leigh Jacks lans to i
tion without using your calculator. Notice that there are more 3. y= LA D 32.7= 4 =1 ket account. Find the iﬁt 01]
some of the functions are equivalent. * i ) o . to grow t $1200 i erest I
ing calculator %33, Inour definition of exponenual function, W€ ruled outi 2 00 in 14 years
values of a- The author ofa textbook on mathematical ; quarterly.
. Interest Kristi Perez puts $1(

is plotted on
ics, however, obtained 2 «“graph” of = (—2)* by plo
d drawing 2 smooth curve through!

functions than graphs;
ed all of them, use @ graph

After you have answer
. Each graph in this group
money to buy a car in 12 yea

dreams to cost $30,000 by then.

to check your answers
the window [—2 21by [—4 4
following points an
3= 4.y=3" ,
R __4 - —-—3 “2 "‘1 . 0 1 " 2 eSSary 1fthe t
1 - = ; - interest i
5y = (§> 6.y=3 e s e . ] estis cOnCES
N — a, Compounded quarterly b
1.5~ 3(3)" 8.y~ <’> The graph oscillates very neatly from positive © negid Inflation If money loses valu
9.y=2" 37 10, =Lt g+ ues of - Comment on this approach. (This exercise 9 value of $1 in 7 years is given|
. dangers of point plotting when drawing graphs.)
ny=3 * : . - y = (1 — 0.08
i 34, Explain why the exponeut1a1 equation 4 =6 cannot b :
using the method described in Example 3. Use a calculator to hel
p cor
& =2 when x>0, but 3X<k ) 1 G

*
N 35. Explain why 3~

-2 2 when x < 0.
1 36. A friend claims that as x becomes large, the expression
gets closer and closer t0 1,and 1 raised to any powerb b.Graph y = (0.92)".
Therefore, X Lh g ) ets closer and close
£ ( / ) & ' ¢. Suppose a house costs $1
Use a graphing calculator 10 gl «
part a to estimate the cost ¢

o gets larger
o1=x= 50. How might you us€ this graph to exyl !
oach 1 as x becory d. Find the cost of a $50 text

friend why f (x) does not apP
d Interest On January 1, 200(

4
2
—4
A)
4
u 2 | ) What does it approach? ‘
X to earn interest at the rate
annually. On January 1, 20
. L APFU(.M \ONS Bank Y to earn interest z;t th
Business and Economics ‘glllgr;(e)r% by
) 76. If Jack could h:
d on $10,000 mvestedih annum compounded qua:t\e,

37. Interest Find the interest earne
at 4% interest €O s follows. E vy 1 e
! ’ , his bal:

©)
4
mpoundeda
‘Which of the following I

-2 2 -, 2 a. Annually b. Semiannually (twice @ year) |
¢. Quarterly a4 Monthly & Continuously Society of Actuaries.
- 38. Interest Suppose $26,000 is porrowed for 4 yearsd 8125 b.130 ¢l
- est. Find the interest paid OVer this period if the inttlle S ci
(E) R tence s
pounded as follows. ‘ ]
{Population Growth Since

-2

()
311, there were more formulas for functions .

Explain how this is possible- a. Annually . Semiannually (in millions) closely fits th
¢. Quarterly d. Monthly e. Continuously | Alt) -
39, Interest Ron Hampton needs to choose
One pays 6% compounded annually,

If he plans © {avest $18,000
. World population was

o
12, In Exercises

than there were graphs.
between tWolyhere ¢ is the number o

Solve each equation.
and the othe!Nations.

13..2° = 32 14. 4 = 64

15. % = 1 6 &= 1 compounded monthly.

) 31 e which investment should he choose? How much ext

17. 4 = gutt 18. 25 = 1252 he earn by imaking the bettet choice? " closely does the functi

|
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506 CHAPTER 10 Nonlinear Functions

N IHE=S ' Index of Diversity

One measure of the diversity of the species in an ecological community is given by
index of diversity H, where

H=—[P,InP, + P,lnP, + -+ P,InP,],

and P,, P,, . . . , P, are the proportions of a sample belonging to each of n species found|
sample. Source: Statistical Ecology. For example, in a community with two species, whete
are 90 of one species and 10 of the other, P, = 90/100 = 0.9 and P, = 10/100 = 0.1,%

H=-[09In09 + 0.11n0.1] = 0.325.

Verify that H ~ 0.673 if there are 60 of one species and 40 of the other. As they
tions of n species get closer to 1/n each, the index of diversity increases to a maxin

In n. thou;

= 10.5  Exercses

Write each exponential equation in logarithmic form. Suppose log, 2 = a and log, 3 = ¢. Use the properties of} 3
5 ) rithms to find the following. atio
1.5 =125 2. 77 =49 t whe
3.3 =81 4. 27 =128 © 33. log, 32 34. log, 18
d all
5 32= 1 6 <5>’2 16 35. log,(72b) 36. log,(9b%) {
B 9 i 25 Use natural logarithms to evaluate each logarithm to thel
est thousandth.
Write each logarithmic equation in exponential form.
37. logs 30 38. log;, 210
7. log,32 =5 8. log; 81 = 4
e q 39. log;,0.95 40. log,30.12
P e Sl
9. In_= 1 10. log; o = 3 Solve each equation in Exercises 41-64. Round decimala '
11. log 100,000 = 5 12. log 0.001 = —3 to four decimal places. Prove: 1
41. log, 36 = —2 42. logy27 =m
Evaluate each logarithm without using a calculator. 43. logg 16 = 2 4. log, 8 = % AT
13. logg 64 14. log, 81 .
& = 45. log, 5= = 46. log,(5x + 1) =2 ess
15. log, 64 16. log; 27 2 tior
1 1 47. logs(9x — 4) =1 : .
17. log, — 18. log; — 2s(%x ) fbd ;
16 81 48. log, x — log,(x +3) = —1 ible 2
19. 10g2\3/% 20. logsC/% 49. logym — logo(m — 4) = =2
\ 50. log (x + 5) + log(x +2) =1 Checl
21. Ine 22. Ine st og.( LR 6) =2 72, Wl
. lo = + lo + = o8
23. In ¢’ 24.1n1 - - erest
. 25. Is the “logarithm to the base 3 of 4” written as log, 3 or logs 47 52. logs(x” + 17) — logs(x +5) =1 7% 1
%, 2 - = .
% 26. Write a few sentences describing the relationship between e* 53. logy(x* = 1) — loga(x + 1) =2 a. How |
and In x. 54.1In (5x +4) =2 at leas
Use the properties of logarithmé to write each expression as a 55, 0w+ T 3x = =1 56.In(x +1) — Inx= - each
sum, difference, or product of simpler logarithms. For example, ' 57.2°=6 58. 5 = 12 b.In ho
_1
log,(V3x) = 3 log, 3 + log, x. o g i o= 15 Chec
27 10g5(3k) 28. 10g9(4m) 61. 3x+l =5 62. 2x+1 _ 6x—1 - rulea
3p 15p B R . . Interest
29. log3—5; 30. log7—77 63. 5(0.10)* = 4(0.12) 64. 1.5(1.05)* = 2(1.01 .
3V5 V5 Write each expression using base e rather than base 10. ' "° grow
31. In 32.In—~ ‘tinuousl

N3 /3 65. 10°*! 66. 10
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544 CHAPTER || The Derivative

value.
5. a. lim f(x) b. lim f(x)
x—3 x—0
f&x)
4 = =
3 =3
2 £
o 1
I ALRERRT

6. a. lim F(x) b. lim F(x)
x—2 x—>—1]
F(x)
4
2
e
2 0 1 g 37
7. a. lim f(x) b. lim f(x)
x—0 x—2
| :3 /
3
T T _2| |0 T |2’ T T T x
-3
8. a. lim g(x) b. lim g(x)
x—3 x—5

N

(ii) Jim, f(x), (iif) lim f(x), and (iv) f(a) if it exists.

9. a.a= -2 b.a= -1

Decide whether each limit exists. If a limit exists, estimate its

\ 13. Explain why lim F(x) in Exercise 6 exists, but lim, 10
x> >

% :
—~14. In Exercise 10, why does 11_1;1} F(x) =1, even

In Exercises 9 and 10, use the graph to find (i) xl_i_)rgll_ fx),

10. a.a =1 b.a=2
fx)
24+ e
1__
TN
24+

Decide whether each limit exists. If a limit exists, find itsy
11. lim f(x)
X—®

12. lim g(x)
x—>—®

3+

Exercise 9 does not.

f(1) =27

15. Use the table of values to estimate lim1 f(x).
r—>

o

Complete the tables and use the results to find the indic
limits.

16. If f(x) = 2x*> — 4x + 7, find lim fx).
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554 CHAPTER Il The Derivative

20N Cost Analysis

A trailer rental firm charges a flat $8 to rent a hitch. The trailer itself is rented for
day or fraction of a day. Let C(x) represent the cost of renting a hitch and trailer fo

(a) Graph C.
k) SOLUTION The charge for one day is $8 for the hitch and $22 for the trailer(
In fact, if 0 < x =< 1, then C(x) = 30. To rent the trailer for more than one
not more than two days, the charge is 8 + 2 - 22 = 52 dollars. For any valued
isfying 1 < x = 2, the cost is C(x) = 52. Also, if 2 < x =< 3, then C(x)
These results lead to the graph in Figure 22.

100

[

[= N <]
(=R
i
ISR e e

I

n
=)
1

(b) Find any values of x where C is discontinuous.

SOLUTION As the graph suggests, C is discontinuous at x = 1, 2, 3, 4, and
positive integers.

)
S
it

—_—— I

S

(&}
w
~
W
=

One application of continuity is the Intermediate Value Theorem, which says(l
function is continuous on a closed interval [a, b], the function takes on every valueb
f(a)and £(b). For example, if f(1) = —3and f(2) = 5, then f must take on every
between —3and 5 as x varies over the interval [1, 2]. In particular (in this case), there
a value of x in the interval (1, 2) such that f(x) = 0.If f were discontinuous, howej
conclusion would not necessarily be true. This is important because, if we are searchi
asolution to f(x) = 0in [1, 2], we would like to know that a solution exists.

" FIGURE 22

-

ind all val
ach value o
e sure to n

[ 1.2 exeroses

In Exercises 1-6, find all values x = a where the function is dis-
continuous. For each point of discontinuity, give (a) f(a) if it
exists, (b) lim f (%), Jim_f (x), (@) lim f (x), and (e) identify

which conditions for continuity are not met. Be sure to note 3
when the limit doesn’t exist. : ﬂx)_F
1 fooy g
i 24 e
3 1 /
2"/ B AR
AN X
4.4.:4:‘:_"?075::11 = ~c1/3
+123 * 3T
-2+
34
4 f)
2 Sfx) 4
3 .
2 «
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566 CHAPTER |l The Derivative

| 1.3  exenaises

Find the average rate of change for each function over the given
interval.

1.y=x>+2x betweenx = land x = 3
2.y=—4x>—6 betweenx =2andx = 6
3.y=-3x"+2x>—4x+1 betweenx = —2andx = 1
4.y =2x>— 4x> + 6x betweenx = —land x = 4
5.y=\/J_c between x = l and x = 4

6.y=\/3x——2 between x = land x = 2

7.y =¢" betweenx = —2andx =0

8. y=Inx betweenx = 2andx = 4

Suppose the position of an object moving in a straight line is
given by s(¢) = t* + 5t + 2. Find the instantaneous velocity at
each time.

9.:=6 10. t =1

Suppose the position of an object moving in a straight line is
given by s(¢) = 5t — 2t — 7. Find the instantaneous velocity
at each time.

1M.:=2 12. t =3

Suppose the position of an object moving in a straight line is
given by s(¢) = £ + 2t + 9. Find the instantaneous velocity at
each time.

13. 1 =1 14.r=4

Find the instantaneous rate of change for each function at the
given value.

15. f(x) =x*+2x atx=0
16. s(¢) = —4> — 6 atr =2
17..g(t) = 1= . att = —1
18. F(x) =x>+2 atx=0

'/ Use the formula for instantaneous rate of change, approximating
the limit by using smaller and smaller values of h, to find the
instantaneous rate of change for each function at the given value.

19. f(x) =x" atx=2 20. f(x) =x* atx=3
21, f{x) =22% atx =72 22. flx) =22% ‘atx =13

.v,,
= 23. Explain the difference between the average rate of change of y

as x changes from a to b, and the instantaneous rate of change
ofyatx = a.

24. If the instantaneous rate of change of f(x) with respect to x is
positive when x = 1, is fincreasing or decreasing there?

APPLICATIONS

Business and Economics

25. Profit Suppose that the total profit in hundreds of dollars from
selling x items is given by
P(x) = 2x* = 5x + 6.

Find the average rate of change of profit for the following chi
in x.

a.2to4 b. 2t03

c. Find and interpret the instantaneous rate of change ofp

with respect to the number of items produced whenx
(This number is called the marginal profit at x = 2.)

d. Find the marginal profit at x = 4.
26. Revenue The revenue (in thousands of dollars) from pil
ing x units of an item is
R(x) = 10x — 0.002x%
a. Find the average rate of change of revenue when prod W
is increased from 1000 to 1001 units. '

b. Find and interpret the instantaneous rate of change off
enue with respect to the number of items produced i
1000 units are produced. (This number is called then
ginal revenue at x = 1000.)

J
c. Find the additional revenue if production is increasedli
1000 to 1001 units. '

d. Compare your answers for parts a and c. What do youf
How do these answers compare with your answer to pi

27. Demand Suppose customers in a hardware store are willi
buy N(p) boxes of nails at p dollars per box, as given by
N(p) =80 —5p*, 1=p=4.
a. Find the average rate of change of demand for a charg
price from $2 to $3.

b.Find and interpret the instantaneous rate of chang
demand when the price is $2.

c. Find the instantaneous rate of change of demand when
price is $3.
d. As the price is increased from $2 to $3, how is den
changing? Is the change to be expected? Explain.

28. Interest If $1000 is invested in an account that pays 5%
pounded annually, the total amount, A(t), in the account
t years is

A(t) = 1000(1.05)".

a. Find the average rate of change per year of the totalail
in the account for the first five years of the investmen|
t=0tot=25).

b. Find the average rate of change per year of the total an
in the account for the second five years of the invesl
(fromt = 5tot = 10).

c. Estimate the instantaneous rate of change for t = 3.

29, Interest If $1000 is invested in an account that pays 5%
pounded continuously, the total amount, A(t), in the a
after ¢ years is

A(r) = 1000,

~ a.Fi
~ b.Fi
) in
(fr

c. Est

30. Sales
- aNin
~ rate o

Sales

"‘ a.lto
_\d. Whe
)i of tt

,hk e. Give

. sales

Gasolir
I States
- monthl
gasolin
~ average
- gallon:
- Admin

= a. Fron
- b.Fron

¢. Fron

e

450
400+

350 1
300+
8250+
& 200
150 -
100+ -

A




