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Problem 1  Consider the following feasible region (the green shaded area) and answer the
questions.

X2

Xy

1) Explicitly formulate the feasible region (i.e., to write down the constraints to algebraically
recover it). (12 points)
2) If the objective function is

max 3x; +x;,
X1.Xz t 2

use the graphical method to solve this LP. Explicitly show the improving direction of the
objective function (you can directly plot it on the above figure), the optimal solution(s), and
the optimal value. (6 points)
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Problem 2 A hospital is trying to find out the optimal strategy for hiring nurses. As a hospital
must be open for 24 hours, it plans to hire five shifts of nurses to work. The following table shows
the time schedule for each shift, daily cost per nurse for each shift, and minimum number of
nurses needed in each time period. For example, nurses in shift 1 must be working from 8 am to
4 pm, and the daily salary is $220 for each nurse (see the 2" column). Each hired nurse must be
assigned to exactly one shift.

. N Shift (with time periods covered) | Minimum number
Time Period

1 2 3 4 5 | of nurses needed
8am-10am X 60
10am-12 pm X X 80
12pm-2pm X X 75
2pm-4pm X X X 70
4 pm-—6pm X X X 100
6 pm-8pm X X 55
8pm~-10pm X X 50
10 pm—12 am X 40
12am-6am X 30
6am—8am X 40

Daily cost per nurse | $220 | $200 | $250 | $260 | $300

1) Formulate the model to minimize the cost of the hospital. Clearly define all your decision
variables at the beginning of your solution. (12 points)
2) Use Excel solver to solve this problem. Name the sheet as “Problem 2.2”. (8 points)
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Problem 3 Consider the following LP.

min  —2x; — 3x; + X3

x1X2X3
s.t.
X, +x, =10
X — 2x; — 10x3 = —30
X, —x321

X <0,x320
Use the big-M method to reformulate this LP, and find a basic feasible solution to the
reformulated LP. You are NOT required to solve the LP. (8 points)
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Problem 4 Consider the following simplex tableau.

[Bvs T =z X1 X, X3 X4 Xs X; | RHS
z 1 0 2 0 0 0 0 0
x3 0 0 2 1 2 1 0 5
x 0 1 1 0 1 1 0 5
Xo 0 0 2 0 2 0 1 2

Which of the following four cases does the corresponding LP belong to: (i) unique optimal
solution, (i) multiple optimal solution, (iii) unbounded, and (iv) infeasible? Clearly show your
reason(s). (15 points)
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Problem 5 Consider the following LP.

xr:'li;nZ 2x, — X3 +3x3
st
X +x,+x323
2%, +2x,+x3 <9
X=X —2x320
xn <5
X 20x<0x3=20
1) Write the standard form of this LP. (6 points)
2) Write the dual of this LP (i.e., the original LP) using the “direct method”. (8 points)
3) It is known that the optimal solution to the primal LP (i.e., the original LP) is (xy, x5, X3) =
(3,0,0). What is the optimal solution to the dual LP? Do NOT use Excel solver or simplex
method (for solving the dual or the primal LP) to answer this question. (10 points)
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Problem 6 A company X¥Z is making its production plan. The following table summarizes the
information of its three products: A, 8, and C. For example, to produce one unit of product A, it
‘costs 10 units of material 1 (M1) and 8 units of material 2 (M2); the unit cost of M1 is $50; the
unit selling price of product Ais $1320; and the supply of M1 s 160 units.

‘Materials consumption (per unit of | Selling Price
product) of Products
ML [ (per unit)
x 0 B $1320
Products [ B s 5 51020
C 5 5 750
Cost of Materials
(per unit of material) 0 s
Supply of Materials 60 50

From the point of view of company XYZ, the following linear model is created to maximize its
total profit, where x;,.x;,and x; indicate the numbers of products A, B, and C to be produced,
respectively.

max 500%, +400x; +300x,

st
10x, + 8y, +5x, < 160
8, + 6%, +5x, < 150
xxnx 20
Itis easy to calculate that the optimal solution of this LP is (xy, Xz, x3) = (0,5,24).

Now, suppose you are the supplier of M1 and you plan to increase the price of selling M1
to company XYZ (currently, it is $50 for one unit of M1). However, if you increase the price too
much, then company XYZ may decrease the number of purchases of M1 or even find another
supplier. Suppose you know that the purchase strategy of company XYZ s that they will always
depend on the above LP model, and that f the optimal solution is not changed, they will make it
a deal. In other words, if you can offer a “proper” price so that (x,, x;,x) = (0,5,24) is again
‘the optimal solution (to the new LP), then company XYZ wil still deal with you. What price should
You make for selling M1 per unit? Use simplex tableau method to answer this question, and steps
are required. (15 points)

(Hint: let the new price be 50 + A and reformulate the LP. Then, run the simplex method and
find the maximum A such that optimal solution is unchanged).

+ For example, for product A, It unit proft can be calculated by 1320 — (10 50 + 8 - 40) = 500, and hence the
coefficientof x, Inthe objectve function s 500.




