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. (5 points) How many odd numbers between 200 and 800 have distinct digits?
. Consider the numerals: 0, 1,..., 9 and the vowels: a,e,i,o,u.

(a) (5 points) How many words can be formed using all the numerals and all the vowels?

(b) (5 points) How many of the words in (a) have the five vowels at the begining of the
word?

(¢) (5 points) How many of the words in (a) have no vowels next to each other?
. At a party there are 10 couples.

(a) (5 points) In how many ways can the people sit at a round table?

(b) (5 points) What if it is required that each couple stays together?
. A necklace contains 15 beads. There are 20 differently colored beads available.

(a) (5 points) How many distinct necklaces can be made using the available beads?

(b) (5 points) If among the 20 beads there are exactly one red and one blue, how many
distinct necklaces can be made using the available beads such that the red and the
blue are not next to each other?

. There are 120 different books to be put in 3 boxes such that the first box has 30 books,
the second has 40 books, and the third has 50 books.

(a) (5 points) In how many ways can one put the books in the three boxes?

(b) (5 points) Assume there are 60 science and 60 literature books. In how many ways
one can put the books in the three boxes if each box should contain at least 10 science
books and at least 15 literature books?

EXTRA 5 POINTS:

Choose one of the following, circle it, and prove it using a combinatorial proof.

e For all integers n and k£ with 1 <k <n-—1
n\ (n-1 n n—1
k) k k—1)"

e Forn >0,
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1. (5 points) How many odd numbers between 200 and 800 have distinct digits?
Solution.
The numbers are of the type abe with a, b, ¢ distinct.
Since 200 < abe < 800, we have a € {2,...,7}, b€ {0,...,9} and c € {1,3,5,7,9}.
We consider two cases and for each case we apply the Multiplication Principle:
1. ce{1,9};
2. ce {3,5,7}

Case 1: there are 2 choices for ¢, 6 choices for a and 8 choices for b. Thus, there are

2 x 6 x 8 numbers.

Case 2: there are 3 choices for ¢, 5 choices for a and 8 choices for b. Thus, there are

3 x 5 x 8 numbers.

By the Addition Principle, in total there are 2 x 6 x 8 +3 x 5 x 8 = 216 numbers B
2. Consider the numerals: 0, 1,..., 9 and the vowels: a,e,i,o,u.

(a) (5 points) How many words can be formed using all the numerals and all the vowels?

(b) (5 points) How many of the words in (a) have the five vowels at the begining of the
word?

(¢) (5 points) How many of the words in (a) have no vowels next to each other?
Solution.

(a) The number of permutations of the 10+5=15 characters is: 15!

(b) There are 5! ways of permuting the vowels at the beginning of the word and 10!
ways of permuting the vowels at the end of the word. Thus, there are 5! x 10! words.

(c) There are 10 numerals, thus 11 spaces: between the numbers, at the beginning
and at the end. We need to arrange the 5 vowels into the 11 spaces. Thus, there are

| |
P(11,5) x 10! = —11'; 10!
words with no vowels next to each other W
3. At a party there are 10 couples.

(a) (5 points) In how many ways can the people sit at a round table?

(b) (5 points) What if it is required that each couple stays together?

Solution.
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(a) Since there are 10 couples, there are 20 people. Thus, there are

20!
=19!
20 19!

ways of sitting them at a round table.

10!
(b) First, we consider each couple to be a group. There are 0= 9! ways to put the

10 groups at a round table. Since in each group one can arrange the couple in two
ways, by the Multiplication Principle we get

9! x 210
ways to sit the couples together at a round table B

4. A necklace contains 15 beads. There are 20 differently colored beads available.

(a) (5 points) How many distinct necklaces can be made using the available beads?
(b) (5 points) If among the 20 beads there are exactly one red and one blue, how many

distinct necklaces can be made using the available beads such that the red and the
blue are not next to each other?

Solution.

(a) There are P(20, 15) ways to arrange 15 beads out of 20 beads. Since each rotation
gives the same necklace, we divide by 15, using the Division Principle. Since each
necklace can be turned around, one divides by two applying again the Multiplication
Principle. Thus the total number of necklaces is:

20! 20!
15%x2 x5 30 x5!

(b) We consider 3 cases:
1. The read and blue beads are not used at all.
2. Only the red or only the blue are used.
3. Both read and blue are used, but there are not next to each other.

Case 1: There are 18 beads to choose from:

P(18,15) 18!
15%x2  3!x30

Case 2: Put either red or blue aside and fix the other on the necklace:
2x P(18,14) 18!
2 T

Case 3: Choose red to fix on the necklace. Then blue can be placed in 12 places and
we arrange the other 13 beads out of the rest of 18 :

12 x P(18,13) 6x 18! 18!x3
2 5 3k 10

In all cases above we divided by 2 since clockwise and counterclockwise arrangements
give the same necklace.
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The total number is

T3 T

18! n 18! +18!><37178! L+l+i w7 187
31x30  3lx4  3x10 31 \30 4 10

5. There are 120 different books to be put in 3 boxes such that the first box has 30 books,
the second has 40 books, and the third has 50 books.

(a) (5 points) In how many ways can one put the books in the three boxes?

(b) (5 points) Assume there are 60 science and 60 literature books. In how many ways
one can put the books in the three boxes if each box should contain at least 10 science
books and at least 15 literature books?

Solution.

(a)

(b)

120)A

The number of ways to place books in the first box is: (30

There are 90 books left.

The number of ways to place them in the second box is: (Zg)

‘We place the rest of 50 books in the last box.

By the Multiplication Principle the total number of ways to place the books is:

120\ (90 _ 120!
30 40/~ 30!-40! 50!

30 of the science books and 45 of the literature books should be divided into the
3 boxes. Thus, there are 30 science and 15 literature books to fill in the boxes.

In the first box we need to place 10 science books and 15 literature books, so
there is room for 5 more books. Let’s denote by i the number of extra science
books that could be placed in the first box. Clearly 0 < i < 5.

The number of ways to do this is:

60 « 60
10+ 20—1i)"
‘We are left with a total of 50 — i science books and 40 + i literature books.

In the second box, after placing 10 science books and 15 literature books, there
is room for 15 more books. Let’s denote by j the number of extra science books
to be placed in the second box. Clearly 0 < j < 15.

The number of ways to do this is:
50 —i « 40+
10+ 4 30 -3
In the third box we put what is left.

The total number of ways to place the books in the three boxes with the given
requirements is:
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EXTRA 5 POINTS:
Choose one of the following, circle it, and prove it using a combinatorial proof.
e For all integers n and k with 1 < k<n-—1
n\ _(n-1 " n—1
k) \ k k—1)"

Solution. See Theorem 2.3.3. on page 44 of the textbook W

() () () ()=

Solution. See Theorem 2.3.4. on page 45 of the textbook W

e Forn >0,




