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1. (10 points) Consider the multiset S = {1-a,4-b,3-¢,2-d}.

(a) Determine the number of 10-permutations of S.

(b) Determine the number of 9-permutations of S.

2. (10 points) Determine the number of integral solutions of the equation:

1+ 2o+ 23+ 24+ 25 =35, with z1>1, 29 >4, 24> —1 and 25 > 3.

3. (10 points)
(a) In how many ways can 7 indistinguishable rooks be placed on a 7-by-7 chessboard so
that no rook can attack another ?

(b) In how many ways can 3 indistinguishable red and 4 indistinguishable blue rooks be
placed on a 7-by-7 chessboard so that no rook can attack another ?

(c) In how many ways can four indistinguishable rooks be placed on a 7-by-7 chessboard
so that no rook can attack another and the last row is not empty?

4. (10 points)

(a) Explain the meaning of the Ramsey number r(m,n).
(b) Prove that r(3,3) =6.

5. (10 points)

(a) Prove that among any 11 integers there are two whose difference is divisible by 10.

(b) Prove that among any 7 integers there are two whose sum or difference is divisible
by 10.

EXTRA 5 POINTS:
Choose one of the following, circle it, state it and prove it.

e The Chinese Remainder Theorem.

e The Ramsey’s Theorem.
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Solutions

. (10 points) Consider the multiset S ={1-a,4-b,3-¢,2-d}.

(a) Determine the number of 10-permutations of S.

(b) Determine the number of 9-permutations of S.
Solutions. (a) The number of 10 -permutations is given by

10!

1-al-3.2 12600

(b) We consider 4 cases:
!
a is not in the multiset: T3 1,260.

9!
g 040

9!
o ST

!
T 2,520.

By the addition principle, the number of 9-permutations is:

Only 3-b are in the multiset:
Only 2- ¢ are in the multiset:

Only 1- ¢ is in the multiset:

1260 + 5040 + 3780 + 2520 = 12,600 W

. (10 points) Determine the number of integral solutions of the equation:

r1+xo+ 23+ x4 +25=35 with z1>1, 20 >4, 23>0, 4> —1and 25 > 3.

Solutions.

T+ 2otz as+a5=35 < (21— 1)+ (22 —4) + 23+ (24 + 1) + (25 — 3) = 28.
By making the change of variables y1 = z1—1, y2 = 224, y3 = x3, ya = x4+1, y5 = 5-3,
it is enough to compte the number of integral solutions of the equation

yi+y2t+ys+ya+ys =28 with y >0 forall 1<i<5.

28+5—1) 321 32-31-30-29

This is given by the formula ( 28 “wa- 1321 35,960 B

. (10 points)
(a) In how many ways can 7 indistinguishable rooks be placed on a 7-by-7 chessboard so

that no rook can attack another ?

(b) In how many ways can 3 indistinguishable red and 4 indistinguishable blue rooks be
placed on a 7-by-7 chessboard so that no rook can attack another ?
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(c) In how many ways can four indistinguishable rooks be placed on a 7-by-7 chessboard
so that no rook can attack another and the last row is not empty?

Solutions. (a) There are 7 choices to place t the first rook on the first column, 6 choices
to place the second rook on the second column, etc. Thus, there are

7! =5,040

ways to place the rooks on the 7-by-7 chessboard.

(b) At first, making abstraction of the colors, we count in how many ways we can place
the 7 rooks on the 7-by-7 chessboard so that they do not attack each other. Next, for each
positioning of the rooks on the board we choose three out of seven rooks to color them in
red and the rest of them we color in blue. By Multiplication Principle we get

7! x (;) = 176,400

ways to place the colored rooks on the chessboard.

(c) First, we “extract” a 4-by-4 chessboard from the existing chessboard such that the last
row is considered:

7
There are ( 4) ways to choose the columns (no restrictions).

There are (g) ways to choose 3 rows from the all except the last row.

6

7
By the Multiplication Principle there are ( 4) X ( 3

) ways to get the 4-by-4 board.

One can place 4 rooks in a non attacking position on a 4-by-4 board in 4! ways. Thus, by
the Multiplication Principle, there are

1.6!
a () % (8) = -9 _ 16 800
4 3) (313

ways to place the rooks

. (10 points)

(a) Explain the meaning of the Ramsey number r(m,n).
(b) Prove that r(3,3) = 6.

Solutions. (a) See page 79 of the textbook. (b) See page 78 of the textbook W
. (10 points)

(a) Prove that among any 11 integers there are two whose difference is divisible by 10.

(b) Prove that among any 7 integers there are two whose sum or difference is divisible
by 10.

Solutions. (a) We consider 11 integers: ay,..., ay;. For each 1 < i < 11 we write
a; =10-q; +r;, withr; € {0,1,..., 9}. Since there are 11 numbers rq,. .., 711 that belong
to a set with 10 elements, then by Pigeonhole Principle two of them should be equal. If
r; = rj for some 1 <i < j <11, then a; — a; = 10(¢; — ¢;). That is, the difference of two
of the numbers is divisible by 10.
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(b) We consider now 7 integers: a1,...,a7. As above, for each 1 < i < 7 we write
a; = 10-gi+ri, withr; € {0,1,...,9}. If two of them have the same remainder when divided
by 10, then as above, their difference is divisible by 10. We assume that all the remainders
are distinct. These are 7 distinct numbers chosen from the set {0,1,...,9}. There are 4
pairs of distinct numbers whose sum is divisible by 10: {1,9}, {2,8}, {3.7}, {4,6}. The
numbers 0 and 5 cannot be paired up. However, even if 0 and 5 are among the 7 remainders
one can find by Pigeonhole Principle one of four pairs above. Thus, one can find a pair
whose sum is divisible by 10 B

EXTRA 5 POINTS:
Choose one of the following, circle it, state it and prove it.

e The Chinese Remainder Theorem.
Solution. See page 72 of the textbook B

e The Ramsey’s Theorem.
Solution. See page 79 of the textbook B




