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PROMPT:

Doubly Stochastic Matrices

A square matrix s said to be doubly stochastic if the sum of the entries in cach
column is 1 and the sum of the entries in cach row is 1. Some examples of doubly
stochastic matrices are
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1. Give another example of a 2 x 2 doubly stochastic matrix.
(a) s your matrix symmetric; that is, does it cqual its own transpose?

(b) Prove that every 2 x 2 doubly stochastic matrix is symmetric.
(€) Show that the product of your matrix and the matrix
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is doubly stochastic.
A
(d) Show that [;] is a stable distril

2. Give another example of a 3 x 3 doubly stochastic matrix.
(a) Is your matrix symmetric? Are all 3 x 3 doubly stochastic matrices symmetric?
(b) Show that the product of your matrix and the matrix

13 6
6 1 .3
3 6 1

1
3
(€) Show that H is a stable distribution for your matrix.

is doubly stochastic.
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3. Give another example of a 4 x 4 doubly stochastic matrix.
(a) Is your matrix symmetric? Are all 4 x 4 doubly stochastic matrices symmetric?
(b) Show that the product of your matrix and the matrix

1 2 3 4
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is doubly stochastic.

(€) Show that | *| is a stable distribution for your matrix.
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We will now show that the product of any two n x n doubly stochastic matrices
is doubly stochastic, and that any doubly stochastic n x n matrix has

A e

1

as a stable distribution. Let E, be the n x n matrix for which each entry is 1.

4. Show that A is a doubly stochastic n x n matrix if and only if AE, = E, and
E\A=E,.

5. Show that if A and B are doubly stochastic n x n matrices, then AB is also a doubly
stochastic n x n matrix. Hint: Show that (AB)E, = E, and E,(AB) = E,.
6. Show that if A is a doubly stochastic n x n matrix, then
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6. Show that if A is a doubly stochastic n x n matrix, then
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is  stable distribution for A. Hint: First show that A || = “
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7. A collection of n x n matrices is said to be a conver set if whenever A and B are in
the set and ¢ is a number between 0 and 1, then tA+ (1~ )B s also in the set. Show
that the set of all n x n doubly stochastic matrices is a convex set. Note: For a number

r and o matrix A, rA is the matrix obtained by multiplying each entry of A by r.




