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Consider the following potential

V(z) = z(z —2)%
A particle of unit mass moves on a straight line under the action of a force having the above potential.
a) Find the force acting on the particle.
b) Sketch V() clearly labelling zeros, local minima and local maxima. Also mark all stable and unstable equilibria.
c) Assume a particle starts at z = 0 with a velocity vy > 0. What is the largest possible vy, such that the particle will never reach z = 2?
d) Find the period of oscillations near the larger of the two stable equilibria.
&) Consider a particle released with small velocity near z = 0. Without solving the below equation, show that the particle motion will satisfy the approximation

—16z°.
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Part A-2

a) A ball with mass m and coefficient of restitution e is dropped onto the Earth, which has mass M, and which you should assume is initially at rest. If the ball hits the
ground with speed w, find the upwards speed immediately after the collision.

b) Show that if M > m (i.e. M is much bigger than m), then the upwards speed you found in part (a) is approximately ex.

©) If the ball is initially dropped from rest from a height 2, and the only force acting on it is the Earth's gravitational field with gravitational acceleration g, find the maximum
height reached after the nth bounce (assuming the Earth doesn't move). Use the approximation from part (b) here.
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Part A-3

Assume z, for discrete time steps ¢t = 0, 1,2, ... is given by the following map
@ =2} + (e~ Dz,
where ¢ > 0. Note that there is no restriction on whether z; is positive or not.
a) Find all fixed points of the map and determine for which values of ¢ they are stable.

b) Calculate period-2-orbits for the given system and determine for which values of ¢ they exist. You may use the factorisation

28+ 22%c—1)+ex(c—1)+elc—2)=(z+c—2)(a® +cz+c)

c) Define what a bifurcation is. State at which c-values you have found bifurcations and why you have identified those values as bifurcation points.

d)Set ¢ = 1 and derive an explicit solution of the above map, i.e. a formula for z that involves only o and ¢. Use this to determine the behaviour of the solution for
t — 0o depending on zg > 0.
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rFart b-4

In the lecture we have discussed the wave equation. Now we look at another partial differential equation in one space dimension describing how some quantity u(z, t)
changes in time t and space z € [0, L]. The equation is given by

7
Gu _ 20

ot a2’

where a > 0 is some real valued constant. We assume we have boundary conditions 8,u(0,t) = 0, ,u(L, t) = 0 (note that these are different to the boundary
conditions you have seen in class).

a) By searching for solutions of the form u(, t) = F(x)G(t) derive the following solution formula

u(a,t) = 30, con (M22)e ()

p=i
b) Assume the initial profile is given by u(z, 0) = f(z). Write down a formula for C,, in terms of f(z).

c) Assume the inital profile is given by u(z, 0) = f(z) = 2 (1 + cos(Z)). Write down the solution to the equation and sketch it at time ¢ = 0 and at some later
timet > 0.

d) For a general initial profile u(z, 0) = f(z), what will be the value of u(z, t) as t — 00?
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Consider the SIR disease model, but assume the disease outbreak happens over a time scale in which disease-independent birth, death and migration events cannot be
ignored. We assume no one dies because of the disease (i.e. R stands for recovered and immune), however anyone can die a natural death with rate . Additionally we
consider a constant influx of healthy susceptible people of & people per time. This leads to the following model equations:

§=—aSI/N - uS+r,
I =aSI/N—BI—ul,
R=BI-uR,

where all constants a, i1, k, 3 > 0 and N = § + I + R is the total population size. We assume N(0) = Ny > 0.

a) Derive a differential equation for the total population size N () and solve it. Show that for t — oo, N(t) — K/p.

b) Next, assume N(t) is in equilibrium and focus on the equations for S and 1. We call a fixed point disease-free if there are no infected people. We call a fixed
point endemic if some part of the population remains infected. Determine the system's disease free and endemic fixed point and state under which conditions the
endemic fixed point exists (i.e. is physically relevant).

) Again assume N(t) is in equilibrium. Determine the linear stability of both fixed points and state their (in)-stability in dependence on the parameters.

d) Bifurcations for continuous systems are defined analogously as for discrete systems. Draw a bifurcation diagram using your results of part (b) and (c). Use a as
bifurcation parameter on the z-axis and the equilibrium values of I on the y-axis. Include all identified equilibrium values of I and indicate which branches are stable
and which aren't. Mark relevant bifurcations and the behaviour for o — co.




