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Problem 1:

A) Use the method of variation of constants to solve the equation

&?
) ) = 1) )
where the function f(t) is given by
fit) = (T —t) for0<t<T 2)
fit)y =0 fort <0 andt>T (3)

and the boundary condition is that (t) = 0 for ¢ < 0. Write the explicit form of the solution
for 0 <t < T. Fort > T the equation reduces to the homogeneous equation and the solution
will be a superposition of the two independent solutions of the homogeneous equation, with
coefficients which can be read out from the integrals in the method of variation of constants.
Since the algebra needed to obtain these coefficients is involved, you do not need to calculate
them.

B) Insert your solution into Eq. 1, with f(¢) as given in Eq. 2, and verify by explicit calcu-
lation that your solution satisfies the equation for 0 < ¢t < T and the boundary condition
f(0) = f(0) = 0.

Please note: This is a problem on the method of variation of constants and for credit you
should use this procedure to obtain the solution.
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Problem 2:

Consider the homogeneous, second order differential equation

Tz -3 (@) — 2z +1
2z(1 — x) yie 222(1 — x)

y"(z) y(z) =0 ()

A) What are the singular points of this equation?
B) What are the solutions of the indicial equation for the singularity at z = 07

C) Write the solutions of the equation as generalized power series expansions of the form
(see Eq. 71 in lecture 3)

n(x) = =% u(z) ®)
pa(z) = =% 2(z) (6)

where s1, $3 are the two solutions of the indicial equation and 2 (z), z2(z) are functions given
by a power series expansion with the first coefficient set equal to 1:

2(z) =14z + e + e+ (7)

and a similar expression for zo(x).
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Note: for this question you are only asked to formally write

y(x) =272 () = 2% (1 + 1z + cpa® + cza® + .. 3)
substituting for s; the first solution of the indicial equation, and do the same for ys(zx).
Nothing more than these two lines is requested for part C.
D) What will be the domain of convergence of the power series expansions in Egs. 5, 67

E) Find the coefficients in the power series expansions of z;(z) and z3(x) and sum the series
expressing z;(z) and z3(z) in closed form. If you cannot obtain analytic expressions for
z1(x), z2(x), find the first four coefficients of the expansions (these include ¢y = 1.) With
this partial solution, the problem will be awarded a maximum of 30 points.
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Problem 3:
A) The function f(t) is the Fourier transform of the function
2 sin(pT') — pT cos(pT)
P -2 : )
7" p
Use the techniques we developed to calculate integrals in the complex plane to find the
explicit expression of

R Pt g — 2 [ [sin(pT) — pT cos(pT)] et
10 == [ royerap-2 [~ - @ (o)

Hint: You will need to consider the three t-ranges t < -7, —T <t < T, and t > T
separately.

B) Solve the equation
d*x(t)
0 2= 100 ()
where f(t) is the function you found in part A) and z(¢t) = 0 for ¢ < —T, by using the
Fourier transform. Precisely, if we write (¢) as the Fourier transform of X (p)

1 00
z(t) = — X(p)e*d, 12
0 == [ X@era (12)
then X (p) will satisfy the equation

—p?’X(p) + X(p) = F(p) (13)
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with solution

_ F
X - 12 (1)
Thus z(t) will formally be given by
1 * F(p) 2 / < [sin(pT) — pT cos(pT)] e**
t) = — Prdp = — d 15
"0 =75 /,mlfpze Per ) P17 ! 19)

3

where the word “formally” refers to the fact that the integral must be regularized to avoid
the divergence on the real axis due to the poles at p = £1.

For this part of problem 3 you must calculate the integral in Eq. 15 regularizing it so that
z(t) = 0 for t < —T and finding the expression of z(t) for t > —T.

Hints: To regularize the integral follow the procedure used in problem 3 of assignment 7.
Also, you should again consider the three t-ranges t < =7, —T <t < T, and t > T
separately.




