An Introduction
to Graph Theory

With this chapter we start to develop another major topic of this text. Unlike other areas
in mathematics, the theory of graphs has a definite starting place, a paper published
in 1736 by the Swiss mathematician Leonhard Euler (1707-1783). The main idea behind
this work grew out of a now-popular problem known as the seven bridges of Konigsberg.
We shall examine the solution of this problem, from which Euler developed some of the
fundamental concepts for the theory of graphs.

Unlike the continuous graphs of early algebra courses, the graphs we examine here are
finite in structure and can be used to analyze relationships and applications in many differ-
ent settings. We have seen some examples of applications of graph theory in earlier
chapters (3, 5-8, and 10). However, the development here is independent of these prior dis-
cussions.

111
Definitions and Examples

When we use a road map, we are often concerned with seeing how to get from one town
to another by means of the roads indicated on the map. Consequently, we are dealing with
two distinct sets of objects: towns and roads. As we have seen many times before, such sets
of objects can be used to define a relation. If V denotes the set of towns and E the set of
roads, we can define a relation R on V by a R b if we can travel from a to b using only the
roads in E. If the roads in E that take us from a to b are all two-way roads, then we also
have b R a. Should all the roads under consideration be two-way, we have a symmetric
relation.

One way to represent a relation is by listing the ordered pairs that are its elements.
Here, however, it is more convenient to use a picture, as shown in Fig. 11.1. This figure
demonstrates the possible ways of traveling among six towns using the eight roads indicated.
It shows that there is at least one set of roads connecting any two towns (identical or distinct).
This pictorial representation is a lot easier to work with than the 36 ordered pairs of the
relation R.

At the same time, Fig. 11.1 would be appropriate for representing six communication
centers, with the eight “roads” interpreted as communication links. If each link provides
two-way communication, we should be quite concerned about the vulnerability of center a
to such hazards as equipment breakdown or enemy attack. Without center a, neither b nor
¢ can communicate with any of d, e, or f.

From these observations we consider the following concepts.
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Definition 11.1

Figure 11.1 Figure 11.2

Let V be a finite nonempty set, andlet E C V X V. The pair (V, E) is then called a directed
graph (on V), or digraph® (on V), where V is the set of vertices, or nodes, and E is its set
of (directed) edges or arcs. We write G = (V, E) to denote such a graph.

When there is no concern about the direction of any edge, we still write G = (V, E). But
now E is a set of unordered pairs of elements taken from V, and G is called an undirected
graph.

Whether G = (V, E) is directed or undirected, we often call V the vertex set of G and
E the edge set of G.

Figure 11.2 provides an example of a directed graph on V = {a, b, ¢, d, e} with E =
{(a, a), (a, b), (a, d), (b, c)}. The direction of an edge is indicated by placing a directed
arrow on the edge, as shown here. For any edge, such as (b, ¢), we say that the edge is
incident with the vertices b, c; b is said to be adjacent to c, whereas c is adjacent from b.
In addition, vertex b is called the origin, or source, of the edge (b, ¢), and vertex c is the
terminus, or terminating vertex. The edge (a, a) is an example of a loop, and the vertex e
that has no incident edges is called an isolated vertex.

An undirected graph is shown in Fig. 11.3(a). This graph is a more compact way of
describing the directed graph given in Fig. 11.3(b). In an undirected graph, there are undi-
rected edges such as {a, b}, {b, c},{a, ¢}, {c, d} inFig. 11.3(a). Anedge such as {a, b} stands
for {(a, b), (b, a)}. Although (a, b) = (b, a) only when a = b, we do have {a, b} = {b, a}

d d
(a (b)

Figure 11.3

*Since the terminology of graph theory is not standard, the reader may find some differences between terms
used here and in other texts.
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for any a, b. We can write {a, a} to denote a loop in an undirected graph, but {a, a} is
considered the same as (a, a).

In general, if a graph G is not specified as directed or undirected, it is assumed to be
undirected. When it contains no loops it is called loop-free.

In the next two definitions we shall not concern ourselves with any loops that may be
present in the undirected graph G.

Definition 11.2 Let x, y be (not necessarily distinct) vertices in an undirected graph G = (V, E). An x-y
walk in G 1is a (loop-free) finite alternating sequence

X =x07 elv-xlv e2v-x2’ 63’ MRS} en—l,xn—l, eru -xrl =y

of vertices and edges from G, starting at vertex x and ending at vertex y and involving the
n edges e; = {x;_1, x;}, where 1 <i <n.

The length of this walk is n, the number of edges in the walk. (When n = 0, there are no
edges, x =y, and the walk is called trivial. These walks are not considered very much in
our work.)

Any x-y walk where x = y (and n > 1) is called a closed walk. Otherwise the walk is
called open.

Note that a walk may repeat both vertices and edges.

For the graph in Fig. 11.4 we find, for example, the following three open walks. We can list

EXAMPLE 11.1

the edges only or the vertices only (if the other is clearly implied).

1) {a, b}, {b, d}, {d, ¢}, {c, €}, {e, d}, {d, b}: This is an a-b walk of length 6 in which
we find the vertices d and b repeated, as well as the edge {b, d} (= {d, b}).

2) b—> ¢ —> d— e —> c— f: Here we have a b-f walk where the length is 5 and the
vertex c is repeated, but no edge appears more than once.

3) {f, ¢}, {c, e}, {e, d}, {d, a}: In this case the given f-a walk has length 4 with no
repetition of either vertices or edges.

Figure 11.4

Since the graph of Fig. 11.4 is undirected, the a-b walk in part (1) is also a b-a walk
(we read the edges, if necessary, as {b, d}, {d, €}, {e, c}, {c, d}, {d, b}, and {b, a}). Similar
remarks hold for the walks in parts (2) and (3).

Finally, the edges {b, ¢}, {c, d}, and {d, b} provide a b-b (closed) walk. These edges
(ordered appropriately) also define (closed) c-c and d-d walks.
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Definition 11.3

Now let us examine special types of walks.

Consider any x-y walk in an undirected graph G = (V, E).
a) If no edge in the x-y walk is repeated, then the walk is called an x-y trail. A closed
x-x trail is called a circuit.

b) If no vertex of the x-y walk occurs more than once, then the walk is called an x-y
path. When x = y, the term cycle is used to describe such a closed path.

EXAMPLE 11.2

Convention: In dealing with circuits, we shall always understand the presence of at least
one edge. When there is only one edge, then the circuit is a loop (and the graph is no longer
loop-free). Circuits with two edges arise in multigraphs, a concept we shall define shortly.

The term cycle will always imply the presence of at least three distinct edges (from the

graph).

a) The b-f walk in part (2) of Example 11.1 is a b-f trail, but it is not a b-f path because
of the repetition of vertex c. However, the f-a walk in part (3) of that example is both
an f-a trail (of length 4) and an f-a path (of length 4).

b) In Fig. 11.4, the edges {a, b}, {b, d}, {d, c}, {c, €}, {e, d}, and {d, a} provide an a-a
circuit. The vertex d is repeated, so the edges do not give us an a-a cycle.

¢) The edges {a, b}, {b, ¢}, {c, d}, and {d, a} provide an a-a cycle (of length 4) in
Fig. 11.4. When ordered appropriately these same edges may also define a b-b, c-c, or
d-d cycle. Each of these cycles is also a circuit.

For a directed graph we shall use the adjective directed, as in, for example, directed
walks, directed paths, and directed cycles.

Before continuing, we summarize (in Table 11.1) for future reference the results of
Definitions 11.2 and 11.3. Each occurrence of “Yes” in the first two columns here should
be interpreted as “Yes, possibly.” Table 11.1 reflects the fact that a path is a trail, which in
turn is an open walk. Furthermore, every cycle is a circuit, and every circuit (with at least
two edges) is a closed walk.

Table 11.1
Repeated Vertex | Repeated
(Vertices) Edge(s) Open | Closed Name
Yes Yes Yes Walk (open)
Yes Yes Yes Walk (closed)
Yes No Yes Trail
Yes No Yes Circuit
No No Yes Path
No No Yes Cycle

Considering how many concepts we have introduced, it is time to prove a first result in
this new theory.
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THEOREM 11.1

Definition 11.4

EXAMPLE 11.3

Definition 11.5

EXAMPLE 11.4

Let G = (V, E) be an undirected graph, with a, b € V, a # b. If there exists a trail (in G)
from a to b, then there is a path (in G) from a to b.

Proof: Since there is a trail from a to b, we select one of shortest length, say {a, x},
{x1, x2}, . .., {xn, b}. If this trail is not a path, we have the situation {a, x1}, {x, x2}, .. .,
{xi—1, xids {2k, Xt s Xkt Xea2ds - o5 (Xm—t, Xm}s (Xms Xm1}, - -5 {xa, b}, where

k <m and x; = x,,, possibly with kK =0 and a (= x9) = x,,, or m =n+1 and x; =
b (= xp41). But then we have a contradiction because {a, x}, {x1, x2}, . .., {xx—1, xx},
{xms Xm+1}s . - -, {xn, b} is a shorter trail from a to b.

The notion of a path is needed in the following graph property.

Let G = (V, E) be an undirected graph. We call G connected if there is a path between
any two distinct vertices of G.

Let G = (V, E) beadirected graph. Its associated undirected graph is the graph obtained
from G by ignoring the directions on the edges. If more than one undirected edge results
for a pair of distinct vertices in G, then only one of these edges is drawn in the associated
undirected graph. When this associated graph is connected, we consider G connected.

A graph that is not connected is called disconnected.

The graphs in Figs. 11.1, 11.3, and 11.4 are connected. In Fig. 11.2 the graph is not
connected because, for example, there is no path from a to e.

In Fig. 11.5 we have an undirected graph on V = {a, b, ¢, d, e, f, g}. This graph is not
connected because, for example, there is no path from a to e. However, the graph is com-
posed of pieces (with vertex sets Vi = {a, b, ¢, d}, Vo, = {e, f, g}, and edge sets E; =
{{a, b}, {a, c}, {a, d}, {b, d}}, E2 = {{e, f}, {f, g}}) that are themselves connected, and
these pieces are called the (connected) components of the graph. Hence an undirected
graph G = (V, E) is disconnected if and only if V can be partitioned into at least two
subsets V;, V, such that there is no edge in E of the form {x, y}, where x € V; and y € V,.
A graph is connected if and only if it has only one component.

a

d f
Figure 11.5

For any graph G = (V, E), the number of components of G is denoted by « (G).

For the graphs in Figs. 11.1, 11.3, and 11.4, « (G) = 1 because these graphs are connected,;
k(G) = 2 for the graphs in Figs. 11.2 and 11.5.
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Before closing this first section, we extend our concept of a graph. Thus far we have
allowed at most one edge between two vertices; we now consider an extension.

Definition 11.6 Let V be a finite nonempty set. We say that the pair (V, E) determines a multigraph G with
vertex set V and edge set ET if, for some x, y € V, there are two or more edges in E of the
form (a) (x, y) (for a directed multigraph), or (b) {x, y} (for an undirected multigraph). In

either case, we write G = (V, E) to designate the multigraph, just as we did for graphs.

Figure 11.6 shows an example of a directed multigraph. There are three edges from a to
b, so we say that the edge (a, b) has multiplicity 3. The edges (b, ¢) and (d, e) both have
multiplicity 2. Also, the edge (e, d) and either one of the edges (d, e) form a (directed)
circuit of length 2 in the multigraph.

(1))

b
Figure 11.6

We shall need the idea of a multigraph later in the chapter when we solve the problem
of the seven bridges of Konigsberg. (Note: Whenever we are dealing with a multigraph G,
we shall state explicitly that G is a multigraph.)

EXERCISES 11.1

1. List three situations, different from those in this section,
where a graph could prove useful.

4. For n>2, let G = (V, E) be the loop-free undirected
graph, where V is the set of binary n-tuples (of 0’s and 1’s)
and E = {{v, w}|v, w € V and v, w differ in (exactly) two
positions}. Find « (G).

2. For the graph in Fig. 11.7, determine (a) a walk from b to 5. Let G = (V, E) be the undirected graph in Fig. 11.8. How

d that is not a trail; (b) a b-d trail that is not a path; (c) a path
from b to d; (d) a closed walk from b to b that is not a circuit;
(e) a circuit from b to b that is not a cycle; and (f) a cycle from
btob.

b e f
a
g
c d
Figure 11.7

3. For the graph in Fig. 11.7, how many paths are there from
bto f?

many paths are there in G from a to 2? How many of these
paths have length 5?

a b e f
c d g h
Figure 11.8

6. If a, b are distinct vertices in a connected undirected graph
G, the distance from a to b is defined to be the length of a short-
est path from a to b (when a = b the distance is defined to be

TWe now allow a set to have repeated elements in order to account for multiple edges. We realize that this is a
change from the way we dealt with sets in Chapter 3. To overcome this the term multiset is often used to describe

E in this case.



0). For the graph in Fig. 11.9, find the distances from d to (each
of) the other vertices in G.

C k ¢
q
a4 g
m
J
«
e f h i

Figure 11.9

7. Seventowns a, b, ¢, d, e, f, and g are connected by a sys-
tem of highways as follows: (1) I-22 goes from a to ¢, passing
through b; (2) I-33 goes from c to d and then passes through b
asitcontinuesto f;(3)I-44 goes from d through e to a; (4) I-55
goes from f to b, passing through g; and (5) I-66 goes from g
tod.

a) Using vertices for towns and directed edges for seg-
ments of highways between towns, draw a directed graph
that models this situation.

b) List the paths from g to a.

¢) What is the smallest number of highway segments that
would have to be closed down in order for travel from b to
d to be disrupted?

d) Is it possible to leave town ¢ and return there, visiting
each of the other towns only once?

e) What is the answer to part (d) if we are not required to
return to ¢?

f) Is it possible to start at some town and drive over each
of these highways exactly once? (You are allowed to visit a
town more than once, and you need not return to the town
from which you started.)

8. Figure 11.10 shows an undirected graph representing a sec-
tion of a department store. The vertices indicate where cashiers
are located; the edges denote unblocked aisles between cashiers.
The department store wants to set up a security system where
(plainclothes) guards are placed at certain cashier locations so
that each cashier either has a guard at his or her location or is
only one aisle away from a cashier who has a guard. What is
the smallest number of guards needed?

a b C

h i i k
Figure 11.10

9. Let G = (V, E) be aloop-free connected undirected graph,
andlet {a, b} be an edge of G. Prove that {a, b}is partof acycle
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if and only if its removal (the vertices a and b are left) does not
disconnect G.

10. Give an example of a connected graph G where removing
any edge of G results in a disconnected graph.

11. Let G be a graph that satisfies the condition in Exercise 10.
(a) Must G be loop-free? (b) Could G be a multigraph? (c) If
G has n vertices, can we determine how many edges it has?

12. a) If G = (V, E) is an undirected graph with |V| = v,
|E| = e, and no loops, prove that 2e < v? — v.
b) State the corresponding inequality for the case when G
is directed.

13. Let G = (V, E) be an undirected graph. Define a relation
RonV byaRbifa = borif there is a path in G froma to b.
Prove that R is an equivalence relation. Describe the partition
of V induced by R.

14. a) Consider the three connected undirected graphs in
Fig. 11.11. The graph in part (a) of the figure consists
of a cycle (on the vertices u;, u,, u3) and a vertex u, with
edges (spokes) drawn from u4 to the other three vertices.
This graph is called the wheel with three spokes and is
denoted by Ws. In part (b) of the figure we find the graph

U
uy us3
(a) Wi
V2
v
V3
Va
(b) W,
X3
X2
X4
K/
Xs
(o} W5

Figure 11.11
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W, — the wheel with four spokes. The wheel W5 with five
spokes appears in Fig. 11.11(c). Determine how many cy-
cles of length 4 there are in each of these graphs.

b) In general, if n € Z* and n > 3, then the wheel with n
spokes is the graph made up of a cycle of length n together
with an additional vertex that is adjacent to the n vertices
of the cycle. The graph is denoted by W,. (i) How many
cycles of length 4 are there in W,,? (ii) How many cycles in
W, have length n?

15. For the undirected graph in Fig. 11.12, find and solve a re-
currence relation for the number of closed v-v Walks of length
n > 1, if we allow such a walk, in this case, to contain or consist
of one or more loops.

( } v w
Figure 11.12

16. Unit-Interval Graphs. For n > 1, we start with n closed in-
tervals of unit length and draw the corresponding unit-interval
graph on n vertices, as shown in Fig. 11.13. In part (a) of the
figure we have one unit interval. This corresponds to the single
vertex u; both the interval and the unit-interval graph can be

represented by the binary sequence 01. In parts (b), (c) of the
figure we have the two unit-interval graphs determined by two
unit intervals. When two unit intervals overlap [as in part (c)] an
edge is drawn in the unit-interval graph joining the vertices cor-
responding to these unit intervals. Hence the unit-interval graph
in part (b) consists of the two isolated vertices vy, v, that corre-
spond with the nonoverlapping unit intervals. In part (c) the unit
intervals overlap so the corresponding unit-interval graph con-
sists of a single edge joining the vertices v;, v, (that correspond
to the given unit intervals). A closer look at the unit intervals in
part (c) reveals how we can represent the positioning of these
intervals and the corresponding unit-interval graph by the bi-
nary sequence 0011. In parts (d)-(f) of the figure we have three
of the unit-interval graphs for three unit intervals — together
with their corresponding binary sequences.

a) How many other unit-interval graphs are there for
three unit intervals? What are the corresponding binary se-
quences for these graphs?

b) How many unit-interval graphs are there for four unit
intervals?

¢) For n > 1, how many unit-interval graphs are there for
n unit intervals?

0 1 0 10 1 0 1
b . ¢ °* o . 0 ] 1 1
SR
| | | |
% %, *, 0 0 1 1
*—
Vi V2
(a) 01 (b) () 0011
0 1 0 1 0 1
0 1 0 0 1
0 1 0 0 1
*r—= *—=e *—=e
W,
W1 *r—=e [ ] [ ] [ e ]
] w3 w3 Wy wr w3
w3
(d) 000111 (e) 001101 f) 010011
Figure 11.13
11.2

Subgraphs, Complements,
and Graph Isomorphism

In this section we shall focus on the following two ideas:

a) What types of substructures are present in a graph?

b) Is it possible to draw two graphs that appear distinct but have the same underlying

structure?
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Definition 11.8
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To answer the question in part (a) we introduce the following definition.

If G = (V, E) is a graph (directed or undirected), then G; = (V, E)) is called a subgraph
of Gif @ # V; C V and E; C E, where each edge in E| is incident with vertices in V;.

Figure 11.14(a) provides us with an undirected graph G and two of its subgraphs, G; and
G),. The vertices a, b are isolated in subgraph G;. Part (b) of the figure provides a directed
example. Here vertex w is isolated in the subgraph G'.

(@) (Gy) (Gy) (G) (G")
b b b s s
°
a [« e a C e
°
t u v t v
°
@ d d d ®) w w

Figure 11.14

Certain special types of subgraphs arise as follows:

Given a (directed or undirected) graph G = (V, E), let G| = (V;, E,) be a subgraph of G.
If V; = V, then G is called a spanning subgraph of G.

In part (a) of Fig. 11.14 neither G nor G, is a spanning subgraph of G. The subgraphs
G3 and G4 —shown in part (a) of Fig. 11.15 —are both spanning subgraphs of G. The
directed graph G’ in part (b) of Fig. 11.14 is a subgraph, but not a spanning subgraph, of
the directed graph G given in that part of the figure. In part (b) of Fig. 11.15 the directed
graphs G” and G are two of the 2* = 16 possible spanning subgraphs.

(G3) (Gy) (G") (G"")
b b s s
a C e a C e
° °
t u v t u v
°
@ d d o) w w

Figure 11.15
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Definition 11.9

EXAMPLE 11.5

Definition 11.10

EXAMPLE 11.6

Let G = (V, E) be a graph (directed or undirected). If @ # U C V, the subgraph of G
induced by U is the subgraph whose vertex set is U and which contains all edges (from G)
of either the form (a) (x, y), for x, y € U (when G is directed), or (b) {x, y}, forx, ye U
(when G is undirected). We denote this subgraph by (U).

A subgraph G’ of a graph G = (V, E) is called an induced subgraph if there exists
@ #UCV,where G' = (U).

For the subgraphs in Fig. 11.14(a), we find that G, is an induced subgraph of G but the
subgraph G is not an induced subgraph because edge {a, d} is missing.

Let G = (V, E) denote the graph in Fig. 11.16(a). The subgraphs in parts (b) and (c) of the
figure are induced subgraphs of G. For the connected subgraph in part (b), G, = (U,) for
U, = {b, c, d, e}. In like manner, the disconnected subgraph in part (c) is G, = (U,) for
U, = {a, b, e, f}. Finally, G3 in part (d) of Fig. 11.16 is a subgraph of G. But it is not an
induced subgraph; the vertices c, e are in G3, but the edge {c, e} (of G) is not present.

@) (Gy) (Gy) (G3)
C C C
b b b b
d e d e ) e e
a a / a /
f f f
(@) (b) (© (d
Figure 11.16

Another special type of subgraph comes about when a certain vertex or edge is deleted
from the given graph. We formalize these ideas in the following definition.

Let v be a vertex in a directed or an undirected graph G = (V, E). The subgraph of G
denoted by G — v has the vertex set V; = V — {v} and the edge set E| C E, where E,;
contains all the edges in E except for those that are incident with the vertex v. (Hence
G — v is the subgraph of G induced by V,.)

In a similar way, if e is an edge of a directed or an undirected graph G = (V, E), we
obtain the subgraph G — e = (V}, E}) of G, where the set of edges E; = E — {e}, and the
vertex set is unchanged (that is, V; = V).

Let G = (V, E) be the undirected graph in Fig. 11.17(a). Part (b) of this figure is the
subgraph G; (of G), where G| = G — c. It is also the subgraph of G induced by the set
of vertices Uy = {a, b, d, f, g, h}, so G; = (V —{c}) = (U,). In part (c) of Fig. 11.17
we find the subgraph G, of G, where G, = G — e for e the edge {c, d}. The result in
Fig. 11.17(d) shows how the ideas in Definition 11.10 can be extended to the deletion of
more than one vertex (edge). We may represent this subgraph of G as Gz = (G — b) — f =
G—-f)—b=G—-1{b, f} = (Us),forUs = {a, c,d, g, h}.
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Definition 11.11

Definition 11.12

(G) (Gy) (Gy) (Gy)
b pe———o2a b T a ea
C C
9 9 g ./ g
d d d d
f f
h h h
@ (b) (© (d)
Figure 1117

The idea of a subgraph gives us a way to develop the complement of an undirected
loop-free graph. Before doing so, however, we define a type of graph that is maximal in
size for a given number of vertices.

Let V be a set of n vertices. The complete graph on V, denoted K ,,, is a loop-free undirected
graph, where for all a, b € V, a # b, there is an edge {a, b}.

Figure 11.18 provides the complete graphs K, for 1 < n < 4. We shall realize, when we
examine the idea of graph isomorphism, that these are the only possible complete graphs
for the given number of vertices.

a a a b
a
[ ]
c
b C b | d
(Ky) (K3) (K3) (Ky)
Figure 11.18

In determining the complement of a set in Chapter 3, we needed to know the universal
set under consideration. The complete graph plays a role similar to a universal set.

Let G be a loop-free undirected graph on n vertices. The complement of G, denoted G, is
the subgraph of K, consisting of the n vertices in G and all edges that are not in G. (If
G = K, G is a graph consisting of n vertices and no edges. Such a graph is called a null
graph.)

Figure 11.19(a) shows an undirected graph on four vertices. Its complement is shown in
part (b) of the figure. In the complement, vertex a is isolated.

Once again we have reached a point where many new ideas have been defined. To
demonstrate why some of these ideas are important, we apply them now to the solution of
an interesting puzzle.
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EXAMPLE 11.7

d c d

(@) (b)
Figure 11.19

Instant Insanity. The game of Instant Insanity is played with four cubes. Each of the six
faces on a cube is painted with one of the colors red (R), white (W), blue (B), or yellow (Y).
The object of the game is to place the cubes in a column of four such that all four (different)
colors appear on each of the four sides of the column.

Consider the cubes in Fig. 11.20 and number them as shown. (These cubes are only one
example of this game. Many others exist.) First we shall estimate the number of arrange-
ments that are possible here. If we wish to place cube 1 at the bottom of the column, there
are at most three different ways in which we can do this. In Fig. 11.20 cube 1 is unfolded,
and we see that it makes no difference whether we place the red face on the table or the
opposite white face on the table. We are concerned only with the other four faces at the
base of our column. With three pairs of opposite faces there will be at most three ways
to place the first cube for the base of the column. Now consider cube 2. Although some
colors are repeated, no pair of opposite faces has the same color. Hence we have six ways
to place the second cube on top of the first. We can then rotate the second cube without
changing either the face on the top of the first cube or the face on the bottom of the second
cube. With four possible rotations we may place the second cube on top of the first in as
many as 24 different ways. Continuing the argument, we find that there can be as many as
(3)(24)(24)(24) = 41,472 possibilities to consider. And there may not even be a solution!

Y R
WIR|Y|W B|B|W|Y
B Y
M ()
R w
R|B|Y]|B W|[R|B]|Y
w w
(©) @)
Figure 11.20 Figure 11.21

In solving this puzzle we realize that it is difficult to keep track of (1) colors on opposite
faces of cubes and (2) columns of colors. A graph (actually a labeled multigraph) helps us
to visualize the situation. In Fig. 11.21 we have a graph on four vertices R, W, B, and Y.
As we consider each cube, we examine its three pairs of opposite faces. For example, cube
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1 has a pair of opposite faces painted yellow and blue, so we draw an edge connecting Y
and B and label it 1 (for cube 1). The other two edges in the figure that are labeled with 1
account for the pairs of opposite faces that are white and yellow, and red and white. Doing
likewise for the other cubes, we arrive at the graph in the figure. A loop, such as the one at
B, with label 3, indicates a pair of opposite faces with the same color (for cube 3).

In the graph we see a total of 12 edges falling into four sets of 3, according to the labels
for the cubes. At each vertex the number of edges incident to (or from) the vertex counts
the number of faces on the four cubes that have that color. (We count a loop twice.) Hence
Fig. 11.21 tells us that for our four cubes we have five red faces, seven white ones, six blue
ones, and six that are yellow.

With the four cubes stacked in a column, we examine two opposite sides of the column.
This arrangement gives us four edges in the graph of Fig. 11.21, where each label appears
once. Since each color is to appear only once on a side of the column, each color must
appear twice as an endpoint of these four edges. If we can accomplish the same result for
the other two sides of the column, we have solved the puzzle. In Fig. 11.22(a) we see that
each side in one pair of opposite sides of our column has the four colors if the cubes are
arranged according to the information provided by the subgraph shown there. However, to
accomplish this for the other two sides of the column also, we need a second such subgraph
that doesn’t use any edge in part (a). In this case a second such subgraph does exist, as
shown in part (b) of the figure.

R w R 1 w
4 2 3 4
Y 1 B Y B
2
(@ (b)
Figure 11.22

Figure 11.23 shows how to arrange the cubes as indicated by the subgraphs in Fig. 11.22.

Y B w R
w R | Y B | R Y | B w
B w R Y
(1 @) ®3) @)
Figure 11.23

In general, for any four cubes we construct a labeled multigraph and try to find two
subgraphs where (1) each subgraph contains all four vertices, and four edges, one for each
label; (2) in each subgraph, each vertex is incident with exactly two edges (a loop is counted
twice); and (3) no (labeled) edge of the labeled multigraph appears in both subgraphs.

Now we turn to the second question posed at the start of the section.
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Definition 11.13

Parts (a) and (b) of Fig. 11.24 show two undirected graphs on four vettices. Since straight
edges and curved edges are considered the same here, each graph represents six adjacent
pairs of vertices. In fact, we probably feel that these graphs are both examples of the graph
K4. We make this feeling mathematically rigorous in the following definition.

a b w X m n r S
[« d y 7 P q t U
(a) (b) () (d
Figure 11.24

Let G; = (V1, Ey) and G, = (V,, E,) be two undirected graphs. A function f: V; — V,
is called a graph isomorphism if (a) f is one-to-one and onto, and (b) for all a, b € V,
{a, b} € E if and only if { f (a), f(b)} € E;. When such a function exists, G, and G, are
called isomorphic graphs.

The vertex correspondence of a graph isomorphism preserves adjacencies. Since which
pairs of vertices are adjacent and which are not is the only essential property of an undirected
graph, in this way the structure of the graphs is preserved.

For the graphs in parts (a) and (b) of Fig. 11.24 the function f defined by

fla)=w, fb)=x, flo=y, fd) =z

provides an isomorphism. [In fact, any one-to-one correspondence between {a, b, ¢, d} and
{w, x, y, z} will be an isomorphism because both of the given graphs are complete graphs.
This would also be true if each of the given graphs had only four isolated vertices (and no
edges).] Consequently, as far as (graph) structure is concerned, these graphs are considered
the same — each is (isomorphic to) the complete graph K.

For the graphs in parts (c) and (d) of Fig. 11.24 we need to be a little more careful. The
function g defined by

gim)=r, g(n) =s, g(p) =1, glg)=u

is one-to-one and onto (for the given vertex sets). However, although {m, ¢} is an edge in the
graph of part (c), {g(m), g(q)} = {r, u}is not an edge in the graph of part (d). Consequently,
the function g does not define a graph isomorphism. To maintain the correspondence of
edges, we consider the one-to-one onto function # where

h(m) =s, h(n) =r, h(p) = u, h(g) =1t.
In this case we have the edge correspondences
{m,n} & {h(m), h(n)} = {s, r}, {n, q} & {h(n), h(g)} = {r, 1},
{m, p} & {h(m), h(p)} = {s, u}, {p,q} < (h(p), h(g)} = {u, 1},
{m, q} & {h(m), h(g)} = {s, 1},
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so h is a graph isomorphism. [We also notice how, for example, thecyclem - n — g - m
corresponds with the cycle s (= h(m)) — r (= h(n)) > t (= h(q)) — s (= h(m)).]

Finally, since the graph in part (a) of Fig. 11.24 has six edges and that in part (c) has
only five edges, these two graphs cannot be isomorphic.

Now let us examine the idea of graph isomorphism in a more difficult situation.

In Fig. 11.25 we have two graphs, each on ten vertices. Unlike the graphs in Fig. 11.24, it
is not immediately apparent whether or not these graphs are isomorphic.

Q
<

=

d c u t
(a) (b)

Figure 11.25

One finds that the correspondence given by

a—q c—>u e—>r g—>x i >z

b—v d—y f—->w h—t j—>s

preserves all adjacencies. For example, { f, &} is an edge in graph (a) with {w, ¢} the cor-
responding edge in graph (b). But how did we come up with the correspondence? The
following discussion provides some clues.

We note that because an isomorphism preserves adjacericies, it preserves graph sub-
structures such as paths and cycles. In graph (a) the edges {a, f}, {f, i}, {i, d}, {d, e},
and {e, a} constitute a cycle of length 5. Hence we must preserve this as we try to find an
isomorphism. One possibility for the corresponding edges in graph (b) is {q, w}, {w, z},
{z, ¥}, {y, r}, and {r, g}, which also provides a cycle of length 5. (A second possible
choice is given by the edges in the cycle y - r — s -t — u — y.) In addition, start-
ing at vertex a in graph (a), we find a path that will “visit” each vertex only once. We
express this pathbya - f - h—>c—> b — g — j — e — d — i. For the graphs to be
isomorphic there must be a corresponding path in graph (b). Here the path described by
q—>w—>t—>u—>v—>x—>s—>r—y—> zisthe counterpart.

These are some of the ideas we can use to try to develop an isomorphism and deter-
mine whether two graphs are isomorphic. Other considerations will be discussed through-
out the chapter. However, there is no simple, foolproof method — especially when we are
confronted with larger graphs G, = (Vi, E;) and G, = (V,, Ej), where |V;| = |V,| and
|Ey| = |Ea|.

We close this section with one more example involving graph isomorphism.



528 Chapter 11 An Introduction to Graph Theory

EXAMPLE 11.9

Each of the two graphs in Fig. 11.26 has six vertices and nine edges. Therefore it is reason-
able to ask whether they are isomorphic.

In graph (a), vertex a is adjacent to two other vertices of the graph. Consequently, if
we try to construct an isomorphism between these graphs, we should associate vertex a
with a comparable vertex in graph (b), say vertex u. A similar situation exists for vertex d
and either vertex x or vertex z. But no matter which of the vertices x or z we use, there
remains one vertex in graph (b) that is adjacent to two other vertices. And there is no other
such vertex in graph (a) to continue our one-to-one structure preserving correspondence.
Consequently, these graphs are not isomorphic.

Furthermore, in graph (b) it is possible to start at any vertex and find a circuit that includes
every edge of the graph. For example, if we start at vertex u, the circuit u - w — v —>
y > w — z - Yy —> x — v —> u exhibits this property. This does not happen in graph (a)
where the only trails that include each edge start at either b or f and then terminate at f or
b, respectively.

u
b C
a d v w
e f
X y z
(a) (b)
Figure 11.26

EXERCISES 11.2

1. Let G be the undirected graph in Fig. 11.27(a).

d) Draw the subgraph of G induced by the set of vertices
U={b,c,d,fi,j})

e) For the graph G, let the edge e = {c, f}. Draw the sub-
graph G —e.

a) How many connected subgraphs of G have four vertices
and include a cycle?

b) Describe the subgraph G, (of G) in part (b) of the fig-
ure first, as an induced subgraph and second, in terms of
deleting a vertex of G.

¢) Describe the subgraph G, (of G) in part (c) of the figure
first, as an induced subgraph and second, in terms of the
deletion of vertices of G.

. a) Let G = (V, E) be an undirected graph, with G, =

(Vi, Ey) a subgraph of G. Under what condition(s) is G,
not an induced subgraph of G?

b) For the graph G in Fig. 11.27(a), find a subgraph that is
not an induced subgraph.

. a) How many spanning subgraphs are there for the graph

G in Fig. 11.27(a)?

(G

(c)

Figure 11.27
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1
R 4 w
12
4(2 32 13
B 3 Y
4
(©

Figure 11.28

b) How many connected spanning subgraphs are there in
part (a)?
¢) How many of the spanning subgraphs in part (a) have
vertex a as an isolated vertex?
4. If G = (V, E) is an undirected graph, how many spanning
subgraphs of G are also induced subgraphs?

5. Let G = (V, E) be an undirected graph, where |V| > 2. If
every induced subgraph of G is connected, can we identify the
graph G?

6. Find all (loop-free) nonisomorphic undirected graphs with
four vertices. How many of these graphs are connected?

7. Each of the labeled multigraphs in Fig. 11.28 arises in the
analysis of a set of four blocks for the game of Instant Insanity.
In each case determine a solution to the puzzle, if possible.

8. a) How many paths of length 4 are there in the complete
graph K,;? (Remember that a path such as vy - v, —
v3 —> vy — Us is considered to be the same as the path
U5—>U4—>U3—>U2—>U1.)

b) Let m, n € Z* with m < n. How many paths of length
m are there in the complete graph K,,?

9. For each pair of graphs in Fig. 11.29, determine whether or
not the graphs are isomorphic.

10. Let G be an undirected (loop-free) graph with v vertices
and e edges. How many edges are there in G?

11. a) If G1, G, are (loop-free) undirected graphs, prove that
G, G, are isomorphic if and only if G, G, are isomor-
phic.

b) Determine whether the graphs in Fig. 11.30 are isomor-
phic.

12. a) Let G be an undirected graph with n vertices. If G isiso-
morphic to its own complement G, how many edges must
G have? (Such a graph is called self-complementary.)

b) Find an example of a self-complementary graph on four
vertices and one on five vertices.

¢) If G is a self-complementary graph on n vertices, where
n > 1, prove thatn = 4k orn = 4k + 1, for some k € Z*.

13. Let G be a cycle on n vertices. Prove that G is self-
complementary if and only if n = 5.

a s
c‘f u‘x
h z

(a

a
f b
e c

d y

(b)

u v
p

X

)
z

Figure 11.29

Figure 11.30

14. a) Find a graph G where both G and G are connected.

b) If G is a graph on n vertices, for n > 2, and G is not
connected, prove that G is connected.
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15. a) Extend Definition 11.13 to directed graphs. >
b) Determine whether the directed graphs in Fig. 11.31 are
isomorphic.

16. a) How many subgraphs H = (V, E) of K satisfy |V| =
37 (If two subgraphs are isomorphic but have different ver- d
tex sets, consider them distinct.)

b) How many subgraphs H = (V, E) of K satisfy y z
V| =47 e

¢) How many subgraphs does K¢ have? Figure 11.31
d) For n > 3, how many subgraphs does K, have?

17. Let v, w be two vertices in K,,, n > 3. How many walks of
length 3 are there from v to w?

1.3
Vertex Degree: Euler Trails and Circuits

In Example 11.9 the number of edges incident with a vertex was used to show that two
undirected graphs were not isomorphic. We now find this idea even more helpful.

Definition 11.14 Let G be an undirected graph or multigraph. For each vertex v of G, the degree of v, written
deg(v), is the number of edges in G that are incident with v. Here a loop at a vertex v is
considered as two incident edges for v.

EXAMPLE 11.10 For the graph in Fig. 11.32, deg(b) = deg(d) = deg(f) = deg(g) = 2, deg(c) =4,
. deg(e) = 0, and deg(h) = 1. For vertex a we have deg(a) = 3 because we count a loop
twice. Since & has degree 1, it is called a pendant vertex.
Figure 11.32
Using the idea of vertex degree, we have the following result.
THEOREM 11.2 If G = (V, E) is an undirected graph or multigraph, then ) ,_,, deg(v) = 2| E|.

Proof: As we consider each edge {a, b} in graph G, we find that the edge contributes a count
of 1 to each of deg(a), deg(b), and consequently a count of 2 to Zvev deg(v). Thus 2|E]|
accounts for deg(v), for all v € V, and Zve\/ deg(v) =2|E|.
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This theorem provides some insight into the number of odd-degree vertices that can exist
in a graph.

COROLLARY 11.1

EXAMPLE 11.11

EXAMPLE 11.12

For any undirected graph or multigraph, the number of vertices of odd degree must be even.
Proof: We leave the proof for the reader.

We apply Theorem 11.2 in the following example.

An undirected graph (or multigraph) where each vertex has the same degree is called a
regular graph. If deg(v) = k for all vertices v, then the graph is called k-regular. Is it
possible to have a 4-regular graph with 10 edges?

From Theorem 11.2, 2| E| = 20 = 4|V, so we have five vertices of degree 4. Figure
11.33 provides two nonisomorphic examples that satisfy the requirements.

@ (b)
Figure 11.33

If we want each vertex to have degree 4, with 15 edges in the graph, we find that
2|E| = 30 = 4|V/|, from which it follows that no such graph is possible.

Our next example introduces a regular graph that arises in the study of computer archi-
tecture.

The Hypercube. In order to build a parallel computer one needs to have multiple CPUs
(central processing units), where each such processor works on part of a problem. But often
we cannot actually decompose a problem completely, so at some point the processors (each
with its own memory) have to be able to communicate with one another.

We envisage this situation as follows. The accumulated data for a given problem are
taken from a central storage location and divided up among the processors. The processors
go through a phase where each computes on its own for a certain period of time and then
some intercommunication takes place. Then the processors return to computing on their
own and continue back and forth between operating individually and communicating with
one another. This situation adequately describes how parallel algorithms work in practice.

To model the communication between the processors we use a loop-free connected
undirected graph where each processor is assigned a vertex. When two processors, say p,
D2, are able to communicate directly with one another we draw the edge {p;, p,} to represent
this (line of) possible communication. How can we decide on a model (that is, a graph) to
speed up the processing time? The complete graph (on all of our processors as vertices)
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would be ideal — but prohibitively expensive because of all the necessary connections. On
the other hand, one can connect n processors along a path with n — 1 edges or on a cycle
with n edges. Another possible model is a grid (or, mesh) graph, examples of which are
shown in Fig. 11.34.

P P2 P3 Pa Ps P1 P2 P3 P4
Ps Py Pg P9 P1o Ps Ps p7 Pg
Pg P1o P11 P12
P11 P12 P13 P1a P1s

P13 P14 P1s P16

(@) Two-by-four grid (b) Three-by-three grid

Figure 11.34

But in these last three models the distances (as measured by the number of edges in
the shortest paths) between pairs of processors get longer and longer as the number of
processors increases. A compromise that weighs the number of edges (direct connections)
against the distance between pairs of vertices (processors) is embodied in the regular graph
called the hypercube.

For n € N, the n-dimensional hypercube (or n-cube) is denoted by Q,,. It is a loop-free
connected undirected graph with 2" vertices. For n > 1, these vertices are labeled by the
2" n-bit sequences representing 0, 1, 2, ..., 2" — 1. For instance, O3 has eight vertices —
labeled 000, 001, 010, 011, 100, 101, 110, and 111. Two vertices v;, v, of Q, are joined
by the edge {v;, v2} when the binary labels for vy, v, differ in exactly one position. Then
for any vertices u, w in Q, there is a shortest path of length d, when d is the number of
positions where the binary labels for u, w differ. [This insures that Q, is connected.]

Figure 11.35 shows Q,, forn =0, 1, 2, 3. In general, forn > 0, 0, can be constructed
recursively from two copies of Q, as follows. Prefix the vertex labels of one copy of Q,
with O (call the result Qg ,) and those of the other copy with 1 (call this result O ,). Forx in
Qo.» and y in Q, , draw the edge {x, y} if the (newly prefixed) binary labels for x, y differ
only in the first (newly prefixed) position. The case forn = 3 (son 4+ 1 = 4) is demonstrated
in Fig. 11.36. The blue edges are the new edges described above for constructing Q4 from
two copies of Q3.

011 111

010 110

S | oo o 000 100

001 101
Qo Q1 Qz QS

Figure 11.35




EXAMPLE 11.13

113 Vertex Degree: Euler Trails and Circuits 533

0011 0111 1011 "

0010 0110 1010 1110

/—7<

0100 1000

0000 1100

0001 0101 1001 1101

Figure 11.36

In summary, we reiterate that for n € N, the hypercube Q, is an n-regular loop-free
undirected graph with 2" vertices. Further, it is connected with the distance between any
two vertices at most 7. From Theorem 11.2 it follows that Q,, has (1/2)n2" = n2"~! edges.
[Referring back to Example 10.33, we find that n2"~! is likewise the number of edges for the
Hasse diagram of the partial order (P(X,), <€), where X, = {1, 2, 3, ..., n} and P(X,)
is the power set of X,,. This is no mere coincidence! If we use the Gray code of Example
3.9 to label the vertices of this Hasse diagram, we find we have the hypercube Q,.]

Finally, note thatin Q, there are 16 vertices (processors) and the longest distance between
vertices is 4. Contrast this with the grids in Fig. 11.34, where there are 15 vertices in part
(a) and 16 in part (b) — yet the longest distance is 6 in both grids.

We turn now to the reason why Euler developed the idea of the degree of a vertex: to
solve the problem dealing with the seven bridges of Konigsberg.

The Seven Bridges of Konigsberg. During the eighteenth century, the city of Konigsberg
(in East Prussia) was divided into four sections (including the island of Kneiphof) by the
Pregel River. Seven bridges connected these regions, as shown in Fig. 11.37(a). It was said
that residents spent their Sunday walks trying to find a way to walk about the city so as to
cross each bridge exactly once and then return to the starting point.

g\
/| /0

©) (b)
Figure 11.37

In order to determine whether or not such a circuit existed, Euler represented the four
sections of the city and the seven bridges by the multigraph shown in Fig. 11.37(b). Here
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Definition 11.15

he found four vertices with deg(a) = deg(c) = deg(d) = 3 and deg(b) = 5. He also found
that the existence of such a circuit depended on the number of vertices of odd degree in the
graph.

Before proving the general result, we give the following definition.

Let G = (V, E) be an undirected graph or multigraph with no isolated vertices. Then G is
said to have an Euler circuit if there is a circuit in G that traverses every edge of the graph
exactly once. If there is an open trail from a to b in G and this trail traverses each edge in
G exactly once, the trail is called an Euler trail.

The problem of the seven bridges is now settled as we characterize the graphs that have
an Euler circuit.

THEOREM 11.3

Let G = (V, E) be an undirected graph or multigraph with no isolated vertices. Then G
has an Euler circuit if and only if G is connected and every vertex in G has even degree.

Proof: If G has an Euler circuit, thenfor alla, b € V there is a trail from a to b — namely, that
part of the circuit that starts at @ and terminates at b. Therefore, it follows from Theorem 11.1
that G is connected.

Let s be the starting vertex of the Euler circuit. For any other vertex v of G, each time
the circuit comes to v it then departs from the vertex. Thus the circuit has traversed either
two (new) edges that are incident with v or a (new) loop at v. In either case a count of
2 is contributed to deg(v). Since v is not the starting point and each edge incident to v
is traversed only once, a count of 2 is obtained each time the circuit passes through v, so
deg(v) is even. As for the starting vertex s, the first edge of the circuit must be distinct from
the last edge, and because any other visit to s results in a count of 2 for deg(s), we have
deg(s) even.

Conversely, let G be connected with every vertex of even degree. If the number of edges
in G is 1 or 2, then G must be as shown in Fig. 11.38. Euler circuits are immediate in these
cases. We proceed now by induction and assume the result true for all situations where there
are fewer than n edges. If G has n edges, select a vertex s in G as a starting point to build an
Euler circuit. The graph (or multigraph) G is connected and each vertex has even degree,
so we can at least construct a circuit C containing s. (Verify this by considering the longest
trail in G that starts at 5.) Should the circuit contain every edge of G, we are finished. If
not, remove the edges of the circuit from G, making sure to remove any vertex that would
become isolated. The remaining subgraph K has all vertices of even degree, but it may not
be connected. However, each component of K is connected and will have an Euler circuit.
(Why?) In addition, each of these Euler circuits has a vertex that is on C. Consequently,
starting at s we travel on C until we arrive at a vertex s; that is on the Euler circuit of a

a a a

Figure 11.38
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component C; of K. Then we traverse this Euler circuit and, returning to s;, continue on
C until we reach a vertex s; that is on the Euler circuit of component C, of K. Since the
graph G is finite, as we continue this process we construct an Euler circuit for G.

Should G be connected and not have too many vertices of odd degree, we can at least
find an Euler trail in G.

COROLLARY 11.2

Definition 11.16

If G is an undirected graph or multigraph with no isolated vertices, then we can construct
an Euler trail in G if and only if G is connected and has exactly two vertices of odd degree.

Proof: If G is connected and a and b are the vertices of G that have odd degree, add an
additional edge {a, b} to G. We now have a graph G that is connected and has every vertex
of even degree. Hence G has an Euler circuit C, and when the edge {a, b} is removed from
C, we obtain an Euler trail for G. (Thus the Euler trail starts at one of the vertices of odd
degree and terminates at the other odd vertex.) We leave the details of the converse for the
reader.

Returning now to the seven bridges of Konigsberg, we realize that Fig. 11.37(b) is a
connected multigraph, but it has four vertices of odd degree. Consequently, it has no Euler
trail or Euler circuit.

Now that we have seen how the solution of an eighteenth-century problem led to the
start of graph theory, is there a somewhat more contemporary context in which we might
be able to apply what we have learned?

To answer this question (in the affirmative), we shall state the directed version of Theo-
rem 11.3. But first we need to refine the concept of the degree of a vertex.

Let G = (V, E) be adirected graph or multigraph. For each v € V,
a) The incoming, or in, degree of v is the number of edges in G that are incident into v,
and this is denoted by id (v).
b) The outgoing, or out, degree of v is the number of edges in G that are incident from
v, and this is denoted by od (v).

For the case where the directed graph or multigraph contains one or more loops, each
loop at a given vertex v contributes a count of 1 to each of id (v) and od (v).

The concepts of the in degree and the out degree for vertices now lead us to the following
theorem.

THEOREM 11.4

Let G = (V, E) be a directed graph or multigraph with no isolated vertices. The graph G
has a directed Euler circuit if and only if G is connected and id (v) = od(v) forallv € V.

Proof: The proof of this theorem is left for the reader.

At this time we consider an application of Theorem 11.4. This example is based on a
telecommunication problem given by C. L. Liu on pages 176178 of reference [23].
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EXAMPLE 11.14

In Fig. 11.39(a) we have the surface of a rotating drum that is divided into eight sectors of
equal area. In part (b) of the figure we have placed conducting (shaded sectors and inner cir-
cle) and nonconducting (unshaded sectors) material on the drum. When the three terminals
(shown in the figure) make contact with the three designated sectors, the nonconducting
material results in no flow of current and a 1 appears on the display of a digital device.
For the sectors with the conducting material, a flow of current takes place and a 0 appears
on the display in each case. If the drum were rotated 45 degrees (clockwise), the screen
would read 110 (from top to bottom). So we can obtain at least two (namely, 100 and 110)
of the eight binary representations from 000 (for 0) to 111 (for 7). But can we represent all
eight of them as the drum continues to rotate? And could we extend the problem to the 16
four-bit binary representations from 0000 through 1111, and perhaps generalize the results
even further?

@ (b)
Figure 11.39

To answer the question for the problem in the figure, we construct a directed graph
G = (V, E),where V = {00, 01, 10, 11} and E is constructed as follows: If b1 b,, bob3 € V,
draw the edge (b1 b3, bab3). Thisresults in the directed graph of Fig. 11.40(a), where | E| = 8.
We see that this graph is connected and that for all v € V, id(v) = od(v). Consequently,
by Theorem 11.4, it has a directed Euler circuit. One such circuit is given by

100 000 001 010 101 011 111
C)IO 00 > 00 > 01 10 01 11 > 11

D)

110

Here the label on each edge e = (a, c), as shown in part (b) of Fig. 11.40, is the three-bit
sequence x;x2x3, where a = xx; and ¢ = x,x3. Since the vertices of G are the four distinct
two-bit sequences 00, 01, 10, and 11, the labels on the eight edges of G determine the eight
distinct three-bit sequences. Also, any two consecutive edge labels in the Euler circuit are
of the form y;y,y3 and y,y3ys.

Starting with the edge label 100, in order to get the next label, 000, we concatenate the
last bit in 000, namely 0, to the string 100. The resulting string 1000 then provides 100
(L@O) and 000 (1@9). The next edge label is 001, so we concatenate the 1 (the last bit in
001) to our present string 1000 and get 10001, which provides the three distinct three-bit
sequences 100 (10001), 000 (10001), and 001 (10@ ). Continuing in this way, we arrive at
the eight-bit sequence 10001011 (where the last 1 is wrapped around), and these eight bits
are then arranged in the sectors of the rotating drum as in Fig. 11.41. It is from this figure
that the result in Fig. 11.39(b) is obtained. And as the drum in Fig. 11.39(b) rotates, all of
the eight three-bit sequences 100, 110, 111, 011, 101, 010, 001, and 000 are obtained.
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In closing this section, we wish to call the reader’s attention to reference [24] by Anthony
Ralston. This article is a good source for more ideas and generalizations related to the
problem discussed in Example 11.14.

EXERCISES 11.3 a b
1. Determine |V| for the following graphs or multigraphs G. ¢
a) G has nine edges and all vertices have degree 3.
b) G is regular with 15 edges. d €
¢) G has 10 edges with two vertices of degree 4 and all
others of degree 3. f
2. If G=(V, E) is a connected graph with |E| =17 and g h
deg(v) > 3 for all v € V, what is the maximum value for |V|? Gy = (V4 Ey)
3. Let G = (V, E) be a connected undirected graph.
a) What is the largest possible value for |V| if |E| = 19 s t
and deg(v) >4 forallv e V? u
b) Draw a graph to demonstrate each possible case in
part (a).
v w
4. a) Let G = (V, E) be aloop-free undirected graph, where
|V| = 6 and deg(v) = 2 for all v € V, Up to isomorphism
how many such graphs G are there? X
b) Answer part (a) for |V| = 7. y z
¢) Let G, = (Vy, E,) be a loop-free undirected 3-regular G, = (V,, Ey)
graph with |V;| = 6. Up to isomorphism how many such -
graphs G, are there? Figure 11.42
d) Answer part (c) for |V;| = 7 and G, 4-regular. b) Find the degree of each vertex in V;. Do likewise for
e) Generalize the results in parts (c) and (d). each vertex in V.
5. Let Gy = (Vi, E)) and G, = (V,, E,) be the loop-free ¢) Are the graphs G and G, isomorphic?
undirected connected graphs in Fig. 11.42. 6. Let V={a,b,c,d,e, f}. Draw three nonisomorphic

a) Determine |V;], |E1|, | Va|, and | E,|. loop-free undirected graphs G, = (V, E), G, = (V, E;), and
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Gs3 = (V, E3), where, in all three graphs, we have deg(a) = 3,
deg(b) = deg(c) = 2, and deg(d) = deg(e) = deg(f) = 1.
7. a) How many different paths of length 2 are there in the
undirected graph G in Fig. 11.43?

b) Let G = (V, E) be aloop-free undirected graph, where
V ={v1, va, ..., v,} and deg(v;) =d,, for all 1 <i <n.
How many different paths of length 2 are there in G?

Figure 11.43

8. a) Find the number of edges in Qs.

b) Find the maximum distance between pairs of vertices
in Qs. Give an example of one such pair that achieves this
distance.

¢) Find the length of a longest path in Qg.

9. a) What is the dimension of the hypercube with 524,288
edges?
b) How many vertices are there for a hypercube with
4,980,736 edges?

10. For n € Z™, how many distinct (though isomorphic) paths
of length 2 are there in the n-dimensional hypercube Q,?

11. Let n € Z*, with n > 9. Prove that if the edges of K, can
be partitioned into subgraphs isomorphic to cycles of length
4 (where any two such cycles share no common edge), then
n = 8k + 1 for some k € Z™.

12. a) Forn > 2, let V denote the vertices in Q,. For 1 <k <
£ < n, define the relation R on V as follows: If w, x € V,
then w R x if w and x have the same bit (0, or 1) in position
k and the same bit (0, or 1) in position £ of their binary la-
bels. [For example,ifn = 7andk = 3,£ = 6, then 1100010
% 0000011.] Show that R is an equivalence relation. How
many blocks are there for this equivalence relation? How
many vertices are there in each block? Describe the sub-
graph of Q, induced by the vertices in each block.

b) Generalize the results of part (a).

13. If G is an undirected graph with n vertices and e edges, let
§ = min,cy{deg(v)} and let A = max,cy{deg(v)}. Prove that
8§ <2(e/n) <A.

14. Let G = (V, E), H = (V’, E’) be undirected graphs with
f:V — V’ establishing an isomorphism between the graphs.
(a) Prove that f~!: V/ — V is also an isomorphism for G and
H.(b)Ifa € V, prove that deg(a) (in G) = deg(f(a)) (in H).

15. For all k € Z" where k > 2, prove that there exists a loop-
free connected undirected graph G = (V, E), where |V| = 2k
and deg(v) = 3 forallv e V.

16. Prove that for each n € Z* there exists a loop-free con-
nected undirected graph G = (V, E), where |V| =2n and
which has two vertices of degree i for every 1 <i <n.

17. Complete the proofs of Corollaries 11.1 and 11.2.

18. Let k be a fixed positive integer and let G = (V, E) be
a loop-free undirected graph, where deg(v) >k forall ve V.
Prove that G contains a path of length k.

19. a) Explain why it is not possible to draw a loop-free con-
nected undirected graph with eight vertices, where the de-
grees of the vertices are 1,1, 1,2, 3,4, 5, and 7.

b) Give an example of a loop-free connected undirected
multigraph with eight vertices, where the degrees of the
vertices are 1,1, 1,2, 3,4, 5, and 7.

20. a) Find an Euler circuit for the graph in Fig. 11.44.
b) If the edge {d, e} is removed from this graph, find an
Euler trail for the resulting subgraph.

h i
Figure 11.44

—.

21. Determine the value(s) of n for which the complete graph
K, has an Euler circuit. For which n does K, have an Euler trail
but not an Euler circuit?

22. For the graph in Fig. 11.37(b), what is the smallest number
of bridges that must be removed so that the resulting subgraph
has an Euler trail but not an Euler circuit? Which bridge(s)
should we remove?

23. When visiting a chamber of horrors, Paul and David try to
figure out whether they can travel through the seven rooms and
surrounding corridor of the attraction without passing through
any door more than once. If they must start from the starred po-
sition in the corridor shown in Fig. 11.45, can they accomplish
their goal?

24. Let G = (V, E) be a directed graph, where |V| = n and
|E| = e. What are the values for ) ., id(v)and ) ., 0d(v)?
25. a) Find the maximum length of a trail in
i) K i) K
iii) Ko iV) K,,,ne VA
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Figure 1145

b) Find the maximum length of a circuit in
i) Ks ii) K3
iii) Ko iv) Ky, neZ*

26. a) Let G = (V, E) be adirected graph or multigraph with
no isolated vertices. Prove that G has a directed Euler cir-
cuit if and only if G is connected and od (v) = id(v) for all
veV.

b) A directed graph is called strongly connected if there
is a directed path from a to b for all vertices a, b, where
a # b. Prove that if a directed graph has a directed Euler
circuit, then it is strongly connected. Is the converse true?

27. Let G be a directed graph on n vertices. If the associ-
ated undirected graph for G is K, prove that ), [od (v)]* =
Zvev[id(v)]2'

28. If G = (V, E)isadirected graph or multigraph with no iso-
lated vertices, prove that G has a directed Euler trail if and only
if (i) G is connected; (ii) od (v) = id(v) for all but two vertices
x, yin V;and (iii) od(x) = id(x) + 1, id(y) = od(y) + 1.
29. Let V = {000, 001, 010, ..., 110, 111}. For each four-bit
sequence bbyb3bs draw an edge from the element b;b,b; to
the element b,b3b, in V. (a) Draw the graph G = (V, E) as
described. (b) Find a directed Euler circuit for G. (c) Equally
space eight 0’s and eight 1’s around the edge of a rotating (clock-
wise) drum so that these 16 bits form a circular sequence where
the (consecutive) subsequences of length 4 provide the binary
representations of 0, 1, 2, ..., 14, 15 in some order.

30. Carolyn and Richard attended a party with three other mar-
ried couples. At this party a good deal of handshaking took
place, but (1) no one shook hands with her or his spouse; (2) no
one shook hands with herself or himself; and (3) no one shook
hands with anyone more than once. Before leaving the party,
Carolyn asked the other seven people how many hands she or
he had shaken. She received a different answer from each of the
seven. How many times did Carolyn shake hands at this party?
How many times did Richard?

31. Let G = (V, E) be a loop-free connected undirected graph
with |V| > 2. Prove that G contains two vertices v, w, where
deg(v) = deg(w).
32. If G = (V, E) is an undirected graph with |V| = n and
|E| = k, the following matrices are used to represent G.

LetV = {vy, vy, . . ., v,}. Define the adjacency matrix A =
(@) )nxn Where a,, = 1if {v,, v,} € E, otherwise a,, = 0.
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If E = {ey, ey, ..., e}, the incidence matrix I isthen X k
matrix (b,,),xx Where b,, = 1if v, is a vertex on the edge ¢,
otherwise b,, = 0.

a) Find the adjacency and incidence matrices associated
with the graph in Fig. 11.46.

b) Calculating A? and using the Boolean operations where
0+0=0,0+1=140=14+1=1,and0-0=0-1=
1-0=0,1-1=1, prove that the entry in row i and col-
umn j of A% is 1 if and only if there is a walk of length 2
between the ith and jth vertices of V.

¢) If we calculate A? using ordinary addition and multipli-
cation, what do the entries in the matrix reveal about G?

d) What is the column sum for each column of A? Why?
e) What is the column sum for each column of 7? Why?

2 €3 vy €
€4
€7
€1 €5 €6 Vs
€9
v
’ Cs Va 10
€1
Figure 11.46

33. Determine whether or not the loop-free undirected graphs
with the following adjacency matrices are isomorphic.

00 170 1 1
alo o 1[,]1 00

1 1 0] [1 00

0 1 0 170 1 1 17
101 1|1 010
Do 1 0 111 0 1
11 1 0] [1 01 0
[0 1 1 170 1 0 17
Jlr o oftiono
911 10 0ol|o0 0 1
(1 00 0] [1 01 0]

34. Determine whether or not the loop-free undirected graphs
with the following incidence matrices are isomorphic.

10 170 1 1
a) |0 1 1|, |1 10

(1 1 0f |1 01

(10 1 171 0 0 1
1100|1100
Dlo 11 0o 110
(000 1][0 0 11



540 Chapter 11 An Introduction to Graph Theory

c)

O = =
O = O
—_— O

1
1
ol

O = = O

0 1
0 0
1 0
1 1

0
1
0
1

0 1 0

35. There are 15 people at a party. Is it possible for each of
these people to shake hands with (exactly) three others?

36. Consider the two-by-four grid in Fig. 11.34. Assign the par-
tial Gray code A = {00, 01, 11} to the three horizontal levels:
top (00), middle (01), and bottom (11). Now assign the par-
tial Gray code B = {000, 001, 011, 010, 110} to the five verti-

cal levels: left, or first (000), second (001), third (011), fourth
(010), and right, or fifth (110). Use the elements of A X B to
label the 15 processors of this grid; for example, p; is labeled
(00,000), p, is labeled (00, 001), pg is labeled (01, 011), py4 is
labeled (11, 010), and p;s is labeled (11, 110). Show that the
two-by-four grid is isomorphic to a subgraph of the hypercube
Qs. (Thus we can consider the two-by-four grid to be embedded
in the hypercube Qs.)

37. Prove that the three-by-three grid of Fig. 11.34 is isomor-
phic to a subgraph of the hypercube Q4.

11.4

Planar Graphs

Definition 11.17

EXAMPLE 11.15

EXAMPLE 11.16

On aroad map the lines indicating the roads and highways usually intersect only at junctions
or towns. But sometimes roads seem to intersect when one road is located above another,
as in the case of an overpass. In this case the two roads are at different levels, or planes.
This type of situation leads us to the following definition.

A graph (or multigraph) G is called planar if G can be drawn in the plane with its edges
intersecting only at vertices of G. Such a drawing of G is called an embedding of G in the
plane.

The graphs in Fig. 11.47 are planar. The first is a 3-regular graph, because each vertex has
degree 3; it is planar because no edges intersect except at the vertices. In graph (b) it appears
that we have a nonplanar graph; the edges {x, z} and {w, y} overlap at a point other than a
vertex. However, we can redraw this graph as shown in part (c) of the figure. Consequently,
K, is planar.

(a (b) ©
Figure 11.47

Just as K} is planar, so are the graphs K, K, and K3.

An attempt to embed Ks in the plane is shown in Fig. 11.48. If K5 were planar, then any
embedding would have to contain the pentagon in part (a) of the figure. Since a complete
graph contains an edge for every pair of distinct vertices, we add edge {a, c} as shown in
part (b). This edge is contained entirely within the interior of the pentagon in part (a). (We
could have drawn the edge in the exterior region determined by the pentagon. The reader
will be asked in the exercises to show that the same conclusion arises in this case.) Moving
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©
Figure 11.48

to part (c), we add in the edges {a, d}, {c, e}, and {b, e}. Now we consider the vertices b and
d. We need the edge {b, d} in order to have K. Vertex d is inside the region formed by the
cycle edges {a, c}, {c, e}, and {e, a}, whereas b is outside the region. Thus in drawing the
edge {b, d}, we must intersect one of the existing edges at least once, as shown by the dotted
edges in part (d). Consequently, K’s is nonplanar. (Since this proof appeals to a diagram, it
definitely lacks rigor. However, later in the section we shall prove that K is nonplanar by
another method.)

Before we can characterize all nonplanar graphs we need to examine another class of
graphs.

A graph G = (V, E) is called bipartite if V =V, U V, with V; NV, = @, and every edge
of G is of the form {a, b} with a € V, and b € V,. If each vertex in V| is joined with every
vertex in V,, we have a complete bipartite graph. In this case, if |Vi| = m, |V,| = n, the
graph is denoted by K, ,.

Figure 11.49 indicates how we may partition the vertices of the hypercubes Q1, Q,, Q3 to
demonstrate that these graphs are bipartite. In general, for each n > 1, partition the vertices
of O, as V| U V,, where V; consists of all vertices whose binary labels have an even number
of 1’s, while V; consists of those whose binary labels have an odd number of 1’s. Could
there exist an edge {x, y} in Q, where x, y € V;? Recall that edges in Q,, connect vertices
that differ in exactly one of the n positions in their binary labels. Suppose that the binary
labels of x, y differ only in position i, for some 1 <i < n. Then the total number of 1’s
in the binary labels for x, y is 2 - [the number of 1’s in x (or y) in all positions other than
position i] + 1, an odd total. But with x, y € Vi, their binary labels each contain an even
number of 1’s — so the total number of 1’s in these binary labels is even! This contradiction
tells us that there is no edge {x, y} in O, where x, y € V. A similar argument can be given



542

Chapter 11 An Introduction to Graph Theory

Definition 11.19

to rule out the possibility of an edge {u, w}, where u, w € V,. Consequently, Q, is bipartite
foralln > 1.

011 11
1 01 11
010 110
0 00 10 000 100
001 101
v, = {0} Vv, = {00, 11} V; = {000, 011, 101, 110}
v, ={1} v, = {01, 10} V, = {001, 010, 100, 111}
Q) Q) (Q3)

Figure 11.49

Figure 11.50 shows two bipartite graphs. The graph in part (a) satisfies the definition
for V| = {a, b} and V, = {c, d, e}. If we add the edges {b, d} and {b, c}, the result is
the complete bipartite graph K, 3, which is planar. Graph (b) of the figure is K3 3. Let
Vi = {hy, ha, h3} and V, = {u,, uz, us}, and interpret V; as a set of houses and V5 as a set
of utilities. Then K3 3 is called the utility graph. Can we hook up each of the houses with
each of the utilities and avoid having overlapping utility lines? In Fig. 11.50(b) it appears
that this is not possible and that K3 3 is nonplanar. (Once again we deduce the nonplanarity
of a graph from a diagram. However, we shall verify that K3 3 is nonplanar by another
method, later in Example 11.21 of this section.)

Uy

@ (b)
Figure 11.50

We shall see that when we are dealing with nonplanar graphs, either Ks or K3 3 will be
the source of the problem. Before stating the general result, however, we need to develop
one final new idea.

Let G = (V, E) be aloop-free undirected graph, where E # (. An elementary subdivision
of G results when an edge e = {u, w} is removed from G and then the edges {u, v}, {v, w}
are added to G — e, where v ¢ V.

The loop-free undirected graphs G| = (Vi, Ey) and G, = (V,, E,) are called homeo-
morphic if they are isomorphic or if they can both be obtained from the same loop-free
undirected graph H by a sequence of elementary subdivisions.
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a) Let G = (V, E) be aloop-free undirected graph with |E| > 1. If G’ is obtained from
G by an elementary subdivision, then the graph G’ = (V’, E’) satisfies |V'| = |V| + 1
and |E’| = |E| + 1.

b) Consider the graphs G, G, G,, and G3 in Fig. 11.51. Here G, is obtained from G
by means of one elementary subdivision: Delete edge {a, b} from G and then add
the edges {a, w} and {w, b}. The graph G, is obtained from G by two elementary
subdivisions. Hence G| and G, are homeomorphic. Also, G3 can be obtained from G
by four elementary subdivisions, so G3 is homeomorphic to both G and G».

(@) (Gy) (Gy) (G3)
a b a b a b a b
y X y X
V4
e d e d e d e d
(a) (b) © (d)
Figure 11.51

However, we cannot obtain G| from G, (or G, from G) by a sequence of elemen-
tary subdivisions. Furthermore, the graph G3 can be obtained from either G, or G,
by a sequence of elementary subdivisions: six (such sequences of three elementary
subdivisions) for G| and two for G,. But neither G| nor G, can be obtained from G;
by a sequence of elementary subdivisions.

One may think of homeomorphic graphs as being isomorphic except, possibly, for ver-
tices of degree 2. In particular, if two graphs are homeomorphic, they are either both planar
or they are both nonplanar.

These preliminaries lead us to the following result.

THEOREM 11.5

EXAMPLE 11.19

Kuratowski’s Theorem. A graph is nonplanar if and only if it contains a subgraph that is
homeomorphic to either K5 or K3 3.

Proof: (This theorem was first proved by the Polish mathematician Kasimir Kuratowski in
1930.) If a graph G has a subgraph homeomorphic to either Ks or K3 3, it is clear that G
is nonplanar. The converse of this theorem, however, is much more difficult to prove. (A
proof can be found in Chapter 8 of C. L. Liu [23] or Chapter 6 of D. B. West [32].)

We demonstrate the use of Kuratowski’s Theorem in the following example.

a) Figure 11.52(a) is a familiar graph called the Petersen graph. Part (b) of the figure
provides a subgraph of the Petersen graph that is homeomorphic to K3 3. (Figure 11.53
shows how the subgraph is obtained from K33 by a sequence of four elementary
subdivisions.) Hence the Petersen graph is nonplanar.

b) In part (a) of Fig. 11.54 we find the 3-regular graph G, which is isomorphic to the 3-

dimensional hypercube Q3. The 4-regular complement of G is shown in Fig. 11.54(b),
where the edges {a, g} and {d, f} suggest that G may be nonplanar. Figure 11.54(c)
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depicts a subgraph H of G that is homeomorphic to Ks, so by Kuratowski’s Theorem
it follows that G is nonplanar.

a J

o f

ey

b
d C g9
(a) (b)
Figure 11.52
J J J
d d
C
b b
g
0] () ()
]
d d
C C
b b
g g9
(v) )
Figure 11.53
a b a C 2

1 | 2 | By

@ G(Q3) (b) G(Qs) © H
Figure 11.54

When a graph or multigraph is planar and connected, we find the following relation,
which was discovered by Euler. For this relation we need to be able to count the number
of regions determined by a planar connected graph or multigraph — the number (of these
regions) being defined only when we have a planar embedding of the graph. For instance,
the planar embedding of K, in part (a) of Fig. 11.55 demonstrates how this depiction of K4
determines four regions in the plane: three of finite area— namely, R, R,, and R3 —and
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the infinite region R4. When we look at Fig. 11.55(b) we might think that here K4 determines
five regions, but this depiction does not present a planar embedding of K4. So the result in
Fig. 11.55(a) is the only one we actually want to deal with here.

a b a b
R4 R3
Rz
d [« d [«
(a) R4 (b)
Figure 11.55

THEOREM 11.6

Let G = (V, E) be a connected planar graph or multigraph with |V| = v and |E| = e. Letr
be the number of regions in the plane determined by a planar embedding (or, depiction) of
G ; one of these regions has infinite area and is called the infinite region. Thenv — e +r = 2.
Proof: The proof is by inductionone. If e = O or 1, then G is isomorphic to one of the graphs in
Fig. 11.56. The graphinpart (a)hasv = 1,e = 0,andr = I;s0,v —e+r=1-04+1=2.
For graph (b),v = 1,e = 1,and r = 2. Graph (c) hasv = 2,e = 1,and r = 1. In both cases,
v—e+r=2.

Le

(@ b b ©
Figure 11.56

Now let k € N and assume that the result is true for every connected planar graph or
multigraph with e edges, where 0 < e <k. If G = (V, E) is a connected planar graph or
multigraph with v vertices, r regions, and e = k + 1 edges, let a, b € V with {a, b} € E.
Consider the subgraph H of G obtained by deleting the edge {a, b} from G. (If G is a
multigraph and {a, b} is one of a set of edges between a and b, then we remove it only
once.) Consequently, we may write H = G — {a, b} or G = H + {a, b}. We consider the
following two cases, depending on whether H is connected or disconnected.

Case 1: The results in parts (a), (b), (c), and (d) of Fig. 11.57 show us how a graph G may be
obtained from a connected graph H when the (new) loop {a, a} is drawn as in parts (a) and
(b) or when the (new) edge {a, b} joins two distinct vertices in H as in parts (c) and (d). In all
of these situations, H has v vertices, k edges, and r — 1 regions because one of the regions
for H is split into two regions for G. The induction hypothesis applied to graph H tells us
that v — k + (r — 1) = 2, and from this it follows that 2 =v —(k+ 1) +r =v —e+r.
So Euler’s Theorem is true for G in this case.
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Figure 11.57

© ()

Case 2: Now we consider the case where G — {a, b} = H is a disconnected graph [as
demonstrated in Fig. 11.57(e) and (f)]. Here H has v vertices, k edges, and r regions. Also,
H has two components H; and H,, where H; has v; vertices, e; edges, and r; regions,
for i = 1, 2. [Part (e) of Fig. 11.57 indicates that one component could consist of just
an isolated vertex.] Furthermore, vi + v, = v,e;1 +e2 =k (=e—1),andr; +ro =r +1
because each of H; and H, determines an infinite region. When we apply the induction
hypothesis to each of H; and H, we learn that

vi—e+r =2 and vy —ex+r, =2.

Consequently, (vi +v2) — (e1+e2)+(r1+r2) =v—(e—1)+ (r+1) =4, and from
this it follows that v — e + r = 2, thus establishing Euler’s Theorem for G in this case.

The following corollary for Theorem 11.6 provides two inequalities relating the number
of edges in a loop-free connected planar graph G with (1) the number of regions determined
by a planar embedding of G; and (2) the number of vertices in G. Before we examine this
corollary, however, let us look at the following helpful idea. For each region R in a planar
embedding of a (planar) graph or multigraph, the degree of R, denoted deg(R), is the number
of edges traversed in a (shortest) closed walk about (the edges in) the boundary of R. If
G = (V, E) is the graph of Fig. 11.58(a), then this planar embedding of G has four regions
where

deg(R;) =5, deg(R,) =3, deg(R3) = 3, deg(Rs) =17.

[Here deg(R4) = 7, as determined by the closed walk:a > b —>g—>h—>g—> f—>d—
a.] Part (b) of the figure shows a second planar embedding of G — again with four regions —
and here

deg(Rs) = 4, deg(Rs) = 3, deg(R7) =5, deg(Rg) = 6.

[The closed walk b — g — h — g — f — b gives us deg(R7) = 5.)]

Weseethat ) ¢_, deg(R;) = 18 = Y ¥ s deg(R;) =2 -9 = 2|E|. This s true in general
because each edge of the planar embedding is either part of the boundary of two regions
[like {b, c} in parts (a) and (b)] or occurs twice in the closed walk about the edges in the
boundary for one region [like {g, 4} in parts (a) and (b)].
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d f d f
@) (b)
Figure 11.58

Now let us consider the following.

COROLLARY 11.3

EXAMPLE 11.20

EXAMPLE 11.21

EXAMPLE 11.22

Let G = (V, E) be a loop-free connected planar graph with |V| =v, |E| =e > 2, and r
regions. Then 3r <2e and e < 3v — 6.

Proof: Since G is loop-free and is not a multigraph, the boundary of each region (includ-
ing the infinite region) contains at least three edges — hence, each region has degree > 3.
Consequently, 2¢ = 2| E| = the sum of the degrees of the r regions determined by G and
2¢ > 3r. From Euler’s Theorem, 2=v—e+r<v—e+(2/3)e=v —(1/3)e, so
6<3v—e,o0ore<3v—06.

We now consider what this corollary does and does not imply. If G = (V, E) is a loop-
free connected graph with |E| > 2, then if e > 3v — 6, it follows that G is not planar.
However, if e < 3v — 6, we cannot conclude that G is planar.

The graph K5 is loop-free and connected with ten edges and five vertices. Consequently,
3v—6=15—-6 =9 < 10 = e. Therefore, by Corollary 11.3, we find that K5 is nonplanar.

The graph K3 3 is loop-free and connected with nine edges and six vertices. Here 3v — 6 =
18 —6 =12 >9 =e. It would be a mistake to conclude from this that K3 3 is planar. It
would be the mistake of arguing by the converse.

However, K3 3 is nonplanar. If K3 3 were planar, then since each region in the graph is
bounded by at least four edges, we have 4r < 2e. (We found a similar situation in the proof of
Corollary 11.3.) From Euler’s Theorem,v —e+r =2,orr =e—v+2=9—-6+2=35,
s0 20 = 4r < 2e = 18. From this contradiction we have K3 3 being nonplanar.

We use Euler’s Theorem to characterize the Platonic solids. [For these solids all faces are
congruent and all (interior) solid angles are equal.] In Fig. 11.59 we have two of these
solids. Part (a) of the figure shows the regular tetrahedron, which has four faces, each an
equilateral triangle. Concentrating on the edges of the tetrahedron, we focus on its underlying
framework. As we view this framework from a point directly above the center of one of the
faces, we picture the planar representation in part (b). This planar graph determines four
regions (corresponding to the four faces); three regions meet at each of the four vertices.
Part (c) of the figure provides another Platonic solid, the cube. Its associated planar graph
is given in part (d). In this graph there are six regions with three regions meeting at each
vertex.
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() (b) (© (d)
Figure 11.59

On the basis of our observations for the regular tetrahedron and the cube, we shall
determine the other Platonic solids by means of their associated planar graphs. In these
graphs G = (V, E) wehavev = |V|;e = | E|; r = the number of planar regions determined
by G; m = the number of edges in the boundary of each region; and n = the number of
regions that meet at each vertex. Thus the constants m, n > 3. Since each edge is used in the
boundary of two regions and there are r regions, each with m edges, it follows that 2e = mr.
Counting the endpoints of the edges, we get 2e. But all these endpoints can also be counted
by considering what happens at each vertex. Since n regions meet at each vertex, n edges
meet there, so there are n endpoints of edges to count at each of the v vertices. This totals
nv endpoints of edges, so 2e = nv. From Euler’s Theorem we have

°<2=v—e+r=——e+—e=e(w).
n m mn

With e, m, n > 0, we find that
2m —mn+2n>0=>mn —2m —2n <0
=>mn-2m-2n+4<4=>m-2)n-2)<4.

Since m, n > 3, we have (m — 2), (n — 2) € Z*, and there are only five cases to consider:
Dm-2)=mn-2)=1,m=n=3 (The regular tetrahedron)
2)(m—2)=2,(n—2)=1;m=4,n=3 (The cube)

Iy m—-—2)=1,(n—2)=2;m =3,n=4 (The octahedron)
49 m—-2)=3,n—2)=1;m=5,n=3 (The dodecahedron)
S Ym—-2)=1,(n—2)=3;m=3,n=15 (Theicosahedron)
The planar graphs for cases 3—5 are shown in Fig. 11.60.

Octahedron Dodecahedron Icosahedron

Figure 11.60
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The last idea we shall discuss for planar graphs is the notion of a dual graph. This
concept is also valid for planar graphs with loops and for planar multigraphs. To construct
a dual (relative to a particular embedding) for a planar graph or multigraph G with V =
{a, b, c,d, e, f}, place a point (vertex) inside each region, including the infinite region,
determined by the graph, as in Fig. 11.61(a). For each edge shared by two regions, draw
an edge connecting the vertices inside these regions. For an edge that is traversed twice in
the closed walk about the edges of one region, draw a loop at the vertex for this region.
In Fig. 11.61(b), G? is a dual for the graph G = (V, E). From this example we make the
following observations:

1) An edge in G corresponds with an edge in G¢, and conversely.

2) A vertex of degree 2 in G yields a pair of edges in G¢ that connect the same two
vertices. Hence G¢ may be a multigraph. (Here vertex e provides the edges {a, e},
{e, f}in G that brought about the two edges connecting v and z in G¢.)

3) Given a loop in G, if the interior of the (finite area) region determined by the loop
contains no other vertex or edge of G, then the loop yields a pendant vertex in G.
(It is also true that a pendant vertex in G yields a loop in G¢.)

4) The degree of a vertex in G? is the number of edges in the boundary of the closed
walk about the region in G that contains that vertex.

® ), b
®
®
® K ®
®
e f
() G=(V.E)
Figure 11.61

(Why is G¢ called a dual of G instead of the dual of G? The Section Exercises will show
that it is possible to have isomorphic graphs G| and G, with respective duals G‘l", G‘Z" that
are not isomorphic.)

In order to examine further the relationship between a graph G and a dual G? of G, we
introduce the following idea. [Here we recall (from Definition 11.5) that x (G) counts the
number of components of G.]

Let G = (V, E) be an undirected graph or multigraph. A subset E’ of E is called a cut-set
of G if by removing the edges (but not the vertices) in E’ from G, we have « (G) < «(G'),
where G’ = (V, E — E’); but when we remove (from E) any proper subset E” of E’, we
have k (G) = k(G”), for G" = (V, E — E").
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EXAMPLE 11.23

For a given connected graph, a cut-set is a minimal disconnecting set of edges. In the graph
in Fig. 11.62(a), note that each of the sets {{a, b}, {a, c}}, {{a, b}, {c, d}}, {{e, h}, {f, h},
{g, h}}, and {{d, f}} is a cut-set. For the graph in part (b) of the figure, the edge set {{n, p},
{r, p}, {r, s}} is a cut-set. Note that the edges in this cut-set are not all incident to some
single vertex. Here the cut-set separates the vertices m, n, r from the vertices p, s, t. The
edge set {{s, t}} is also a cut-set for this graph — the removal of the edge {s, ¢} from this
connected graph results in a subgraph with two components, one of which is the isolated
vertex t.

Figure 11.62

Whenever a cut-set for a connected graph consists of only one edge, that edge is called
a bridge for the graph. For the graph in Fig. 11.62(a), the edge {d, f} is the only bridge;
the edge {s, ¢} is the only bridge in part (b) of the figure.

We return now to the graphs in Fig. 11.61, redrawing them as shown in Fig. 11.63 in
order to emphasize the correspondence between their edges.

1
a 2 b
6
3 d 8|7

9
e 10 f

(a) G=(V,E)

Figure 11.63
Here the edges in G are labeled 1, 2, . . ., 10. The numbering scheme for G is obtained

as follows: The edge labeled 4*, for example, connects the vertices w and z in G¢. We drew
this edge because edge 4 in G was a common edge of the regions containing these vertices.
Likewise, edge 7 is common to the region containing x and the infinite region containing
v. Hence we label the edge in G¢ that connects x and v with 7*.

In graph G the set of edges labeled 6, 7, 8 constitutes a cycle. What about the edges
labeled 6*, 7%, 8* in G¢? If they are removed from G, then vertex x becomes isolated
and G is disconnected. Since we cannot disconnect G¢ by removing any proper subset
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of {6*, 7*, 8}, these edges form a cut-set in G4. In similar fashion, edges 2, 4, 10 form a
cut-set in G, whereas in G¢ the edges 2*, 4*, 10* yield a cycle.

We also have the two-edge cut-set {3, 10} in G, and we find that the edges 3*, 10* provide
atwo-edge circuit in G¢. Another observation: The one-edge cut set {1*} in G¢ comes about
from edge 1, aloop in G.

In general, there is a one-to-one correspondence between the following sets of edges in
a planar graph G and a dual G¢ of G.

1) Cycles (cut-sets) of n (> 3) edges in G correspond with cut-sets (cycles) of n edges
in G4.

2) Aloop in G corresponds with a one-edge cut-set in G¢.

3) A one-edge cut-set in G corresponds with a loop in G¢.

4) A two-edge cut-set in G corresponds with a two-edge circuit in G¢.

5) If G is a planar multigraph, then each two-edge circuit in G determines a two-edge
cut-set of G.

All these theoretical observations are interesting, but let us stop here and see how we
might apply the idea of a dual.

If we consider the five finite regions in Fig. 11.64(a) as countries on a map, and we construct
the subgraph (because we do not use the infinite region) of a dual as shown in part (b), then
we find the following relationship.

Suppose we are confronted with the “mapmaker’s problem” whereby we want to color
the five regions of the map in part (a) so that two countries that share a common border are
colored with different colors. This type of coloring can be translated into the dual notion of
coloring the vertices in part (b) so that adjacent vertices are colored with different colors.
(Such coloring problems will be examined further in Section 11.6.)

0“

(@ (b)
Figure 11.64

The final result for this section provides us with an application for an electrical network.
This material is based on Example 8.6 on pp. 227-230 of the text by C. L. Liu [23].

In Fig. 11.65 we see an electrical network with nine contacts (switches) that control the
excitation of a light. We want to construct a dual network where a second light will go on
(off) whenever the light in our given network is off (on).

The contacts (switches) are of two types: normally open (as shown in Fig. 11.65) and
normally closed. We use a and a’ as in Fig. 11.66 to represent the normally open and
normally closed contacts, respectively.
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1 AT i S|

Figure 11.65 Figure 11.66

In Fig. 11.67(a) a one-terminal-pair-graph represents the network in Fig. 11.65. Here
the special pair of vertices is labeled 1 and 2. These vertices are called the terminals of the
graph. Also each edge is labeled according to its corresponding contact in Fig. 11.65.

(©
Figure 11.67

A one-terminal-pair-graph G is called a planar-one-terminal-pair-graph if G is planar,
and the resulting graph is also planar when an edge connecting the terminals is added to G.
Figure 11.67(b) shows this situation. Constructing a dual of part (b), we obtain the graph in
part (c) of the figure. Removal of the dotted edge results in the terminals 1*, 2* for this dual,
which is a one-terminal-pair-graph. This graph provides the dual network in Fig. 11.67(d).

We make two observations in closing.

1) When the contacts at a, b, ¢ are closed in the original network (Fig. 11.65), the light
is on. In Fig. 11.67(b) the edges a, b, ¢, j form a cycle that includes the terminals.
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In part (c) of the figure, the edges a*, b*, ¢*, j* form a cut-set disconnecting the
terminals 1*, 2*. Finally, with a’, b’, ¢’ open in part (d) of the figure, no current gets
past the first level of contacts (switches) and the light is off.

2) In like manner, the edges c, d, e, g, j form a cut-set that separates the terminals in
Fig. 11.67(b). (When the contacts at ¢, d, e, g are open in Fig. 11.65, the light is off.)
Figure 11.67(c) shows how c*, d*, e*, g*, j* form a cycle that includes 1*, 2*. If ¢/,
d’, ¢, g’ are closed in part (d), current flows through the dual network and the light

is on.

EXERCISES 11.4

1. Verify that the conclusion in Example 11.16 is unchanged
if Fig. 11.48(b) has edge {a, ¢} drawn in the exterior of the
pentagon.

2. Show that when any edge is removed from K, the resulting
subgraph is planar. Is this true for the graph K3 3?

3. a) How many vertices and how many edges are there in
the complete bipartite graphs K47, K711, and K,, ,, where
m,n, € Z*?

b) If the graph K,, 1, has 72 edges, what is m?
4. Prove that any subgraph of a bipartite graph is bipartite.

5. For each graph in Fig. 11.68 determine whether or not the
graph is bipartite.

6. Let n € Z* with n > 4. How many subgraphs of K, are
isomorphic to the complete bipartite graph K 3?

7. Let m, n € Z* with m > n > 2. (a) Determine how many
distinct cycles of length 4 there are in K,, ,. (b) How many
different paths of length 2 are there in K,,,? (c) How many
different paths of length 3 are there in K, ,?

8. What s the length of a longest path in each of the following
graphs?
a) K 1.4 b) K 3,7

d) K., where m, n € Z* with m < n.

¢) K712

9. How many paths of longest length are there in each of the
following graphs? (Remember that a path suchas vy — v, — vs3
is considered to be the same as the path v3 — v, — v;.)

a) K4 b) K3, ©) K712
d) K,.., where m, n € Z* with m < n.
10. Cana bipartite graph contain a cycle of odd length? Explain.
11. Let G = (V, E) be aloop-free connected graph with |V | =
v. If |E| > (v/2)?, prove that G cannot be bipartite.
12. a) Find all the nonisomorphic complete bipartite graphs
G = (V, E), where |V| = 6.
b) How many nonisomorphic complete bipartite graphs
G = (V, E) satisfy |V| =n > 2?
13. a) Let X = {1, 2, 3, 4, 5}. Construct the loop-free undi-
rected graph G = (V, E) as follows:
® (V): Let each two-element subset of X represent a ver-
tex in G.
e (E): If vy, v, €V correspond to subsets {a, b} and
{c, d}, respectively, of X, then draw the edge {v;, v,}
in G if {a, b} N{c,d} = 0.
b) To what graph is G isomorphic?
14. Determine which of the graphs in Fig. 11.69 are planar. If
a graph is planar, redraw it with no edges overlapping. If it is
nonplanar, find a subgraph homeomorphic to either K5 or K3 3.
15. Let m, n € Z" with m < n. Under what condition(s) on
m, n willevery edgein K,, , be in exactly one of two isomorphic
subgraphs of K, ,?

g h
(a) (G)

© ()

Figure 11.68
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Figure 11.69

16. Prove that the Petersen graph is isomorphic to the graph in
Fig. 11.70

-
AN

y z
Figure 11.70

17. Determine the number of vertices, the number of edges, and
the number of regions for each of the planar graphs in Fig. 11.71.
Then show that your answers satisfy Euler’s Theorem for con-
nected planar graphs.

(@ (b)
Figure 11.71

18. Let G = (V, E) be an undirected connected loop-free
graph. Suppose further that G is planar and determines 53 re-

gions. If, for some planar embedding of G, each region has at
least five edges in its boundary, prove that |V| > 82.

19. Let G = (V, E) be a loop-free connected 4-regular planar
graph. If |E| = 16, how many regions are there in a planar de-
piction of G?

20. Suppose that G = (V, E) is a loop-free planar graph with
V| = v, |E| = e, and k (G) = the number of components of G.
(a) State and prove an extension of Euler’s Theorem for such
a graph. (b) Prove that Corollary 11.3 remains valid if G is
loop-free and planar but not connected.

21. Prove that every loop-free connected planar graph has a
vertex v with deg(v) < 6.

22. a) Let G = (V, E) be a loop-free connected glaph with
|V| > 11. Prove that either G or its complement G must be
nonplanar.

b) The result in part (a) is actually true for |V| > 9, but the
proof for |V| = 9, 10, is much harder. Find a counterexam-
ple to part (a) for |V| = 8.

23. a) Letk € Z*, k > 3.If G = (V, E) is a connected planar
graph with |V| = v, |E| = e, and each cycle of length at
least k, prove that e < (£5) (v — 2).

b) What is the minimal cycle length in K3 3?
¢) Use parts (a) and (b) to conclude that K3 3 is nonplanar.

d) Use part (a) to prove that the Petersen graph is non-
planar.

24. a) Find a dual graph for each of the two planar graphs and
the one planar multigraph in Fig. 11.72.



25.

26.

a b
e
d
f g
(a) h
t u
X
v w \
m ‘
y V4
(b) ()
Figure 11.72

b) Does the dual for the multigraph in part (c) have any
pendant vertices? If not, does this contradict the third ob-
servation made prior to Definition 11.20?

a) Find duals for the planar graphs that correspond with
the five Platonic solids.

b) Find the dual of the graph W,,, the wheel with n spokes
(as defined in Exercise 14 of Section 11.1).

a) Show that the graphs in Fig. 11.73 are isomorphic.

b) Draw a dual for each graph.

¢) Show that the duals obtained in part (b) are not isomor-
phic.

d) Two graphs G and H are called 2-isomorphic if one can

be obtained from the other by applying either or both of the
following procedures a finite number of times.
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C d y z

@ € (b)

Figure 11.73

1) In Fig. 11.74 we split a vertex, namely r, of G and
obtain the graph H, which is disconnected.
2) InFig. 11.75 we obtain graph (d) from graph (a) by
i) first splitting the two distinct vertices j and
q —disconnecting the graph,
ii) thenreflecting one subgraph about the horizon-
tal axis, and
then identifying vertex j(g) in one subgraph
with vertex ¢ (j) in the other subgraph.

iii)

Prove that the dual graphs obtained in part (c) are 2-
isomorphic.
p s p s
—>
q r t q ror
(G) (H)

Figure 11.74

e) For the cut-set {{a, b}, {c, b}, {d, b}} in part (a) of
Fig. 11.73, find the corresponding cycle in its dual. In the

i J kK m i
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J
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Figure 11.75
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dual of the graph in Fig. 11.73(b), find the cut-set that cor-
responds with the cycle {w, z}, {z, x}, {x, ¥}, {y, w} in the
given graph.
27. Find the dual network for the electrical network shown in
Fig. 11.76.

28. Let G = (V, E) be a loop-free connected planar graph. If
G is isomorphic to its dual and |V| = n, what is | E|?

29. Let G, G, be two loop-free connected undirected graphs.
If G,, G, are homeomorphic, prove that (a) G, G, have the
same number of vertices of odd degree; (b) G, has an Euler
trail if and only if G, has an Euler trail; and (c) G, has an Euler
circuit if and only if G, has an Euler circuit.

11.5

I—

Figure 11.76

7

vt
&

Hamilton Paths and Cycles

Definition 11.21

In 1859 the Irish mathematician Sir William Rowan Hamilton (1805-1865) developed a
game that he sold to a Dublin toy manufacturer. The game consisted of a wooden regular
dodecahedron with the 20 corner points (vertices) labeled with the names of prominent
cities. The objective of the game was to find a cycle along the edges of the solid so that each
city was on the cycle (exactly once). Figure 11.77 is the planar graph for this Platonic solid;
such a cycle is designated by the darkened edges. This illustration leads us to the following
definition.

Figure 11.77

If G = (V, E) is a graph or multigraph with |V| > 3, we say that G has a Hamilton cycle
if there is a cycle in G that contains every vertex in V. A Hamilton path is a path (and not
acycle) in G that contains each vertex.

Given a graph with a Hamilton cycle, we find that the deletion of any edge in the cycle
results in a Hamilton path. It is possible, however, for a graph to have a Hamilton path
without having a Hamilton cycle.

It may seem that the existence of a Hamilton cycle (path) and the existence of an Euler
circuit (trail) for a graph are similar problems. The Hamilton cycle (path) is designed to
visit each vertex in a graph only once; the Euler circuit (trail) traverses the graph so that
each edge is traveled exactly once. Unfortunately, there is no helpful connection between
the two ideas, and unlike the situation for Euler circuits (trails), there do not exist necessary
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and sufficient conditions on a graph G that guarantee the existence of a Hamilton cycle
(path). If a graph has a Hamilton cycle, then it will at least be connected. Many theorems
exist that establish either necessary or sufficient conditions for a connected graph to have a
Hamilton cycle or path. We shall investigate several of these results later. When confronted
with particular graphs, however, we shall often resort to trial and error, with a few helpful
observations.

Referring back to the hypercubes in Fig. 11.35 we find in Q5 the cycle
00— 10— 11 — 01 — 00
and in Q3 the cycle
000 — 100 — 110 — 010 — 011 — 111 — 101 — 001 — 000.

Hence O, and Q3 have Hamilton cycles (and paths). In fact, for all n > 2, we find that Q,
has a Hamilton cycle. (The reader is asked to establish this in the Section Exercises.) [Note,
in addition, that the listings: 00, 10, 11, 01 and 000, 100, 110, 010, 011, 111, 101, 001 are
examples of Gray codes (which were introduced in Example 3.9).]

If G is the graph in Fig. 11.78, the edges {a, b}, {b, ¢}, {c, f}, {[, e}, {e, d}, {d, g}, {g, h},
{h, i} yield a Hamilton path for G. But does G have a Hamilton cycle?

a b C
e
d * f
g h i
Figure 11.78

Since G has nine vertices, if there is a Hamilton cycle in G it must contain nine edges.
Let us start at vertex b and try to build a Hamilton cycle. Because of the symmetry in the
graph, it doesn’t matter whether we go from b to ¢ or to a. We’ll go to c. At ¢ we can go
either to f or to i. Using symmetry again, we go to f. Then we delete edge {c, i} from
further consideration because we cannot return to vertex c. In order to include vertex i in
our cycle, we must now go from f to i (to & to g). With edges {c, f} and {f, i} in the
cycle, we cannot have edge {e, f} in the cycle. [Otherwise, in the cycle we would have
deg(f) > 2.] But then once we get to e we are stuck. Hence there is no Hamilton cycle for
the graph.

Example 11.27 indicates a few helpful hints for trying to find a Hamilton cycle in a graph
G = (V,E).
1) If G has a Hamilton cycle, then for all v € V, deg(v) > 2.

2) If a € V and deg(a) = 2, then the two edges incident with vertex a must appear in
every Hamilton cycle for G.
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EXAMPLE 11.28

EXAMPLE 11.29

3) If a € V and deg(a) > 2, then as we try to build a Hamilton cycle, once we pass
through vertex a, any unused edges incident with a are deleted from further consid-
eration.

4) In building a Hamilton cycle for G, we cannot obtain a cycle for a subgraph of G
unless it contains all the vertices of G.

Our next example provides an interesting technique for showing that a special type of
graph has no Hamilton path.

In Fig. 11.79(a) we have a connected graph G, and we wish to know whether G contains
a Hamilton path. Part (b) of the figure provides the same graph with a set of labels x, y.
This labeling is accomplished as follows: First we label vertex a with the letter x. Those
vertices adjacent to a (namely, b, ¢, and d) are then labeled with the letter y. Then we label
the unlabeled vertices adjacent to b, ¢, or d with x. This results in the label x on the vertices
e, g, and i. Finally, we label the unlabeled vertices adjacent to e, g, or i with the label y. At
this point, all the vertices in G are labeled. Now, since |V | = 10, if G is to have a Hamilton
path there must be an alternating sequence of five x’s and five y’s. Only four vertices are
labeled with x, so this is impossible. Hence G has no Hamilton path (or cycle).

Figure 11.79

But why does this argument work here? In part (c) of Fig. 11.79 we have redrawn the
given graph, and we see that it is bipartite. From Exercise 10 in the previous section we
know that a bipartite graph cannot have a cycle of odd length. It is also true that if a graph
has no cycle of odd length, then it is bipartite. (The proof is requested of the reader in
Exercise 9 of this section.) Consequently, whenever a connected graph has no odd cycle
(and is bipartite), the method described above may be helpful in determining when the graph
does not have a Hamilton path. (Exercise 10 in this section examines this idea further.)

Our next example provides an application that calls for Hamilton cycles in a complete
graph.

At Professor Alfred’s science camp, 17 students have lunch together each day at a circular
table. They are trying to get to know one another better, so they make an effort to sit next to
two different colleagues each afternoon. For how many afternoons can they do this? How
can they arrange themselves on these occasions?

To solve this problem we consider the graph K, where n > 3 and is odd. This graph
has n vertices (one for each student) and (’5) = n(n — 1)/2 edges. A Hamilton cycle in K,
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corresponds to a seating arrangement. Each of these cycles has n edges, so we can have at
most (1/n) (’2‘) = (n — 1)/2 Hamilton cycles with no two having an edge in common.

Consider the circle in Fig. 11.80 and the subgraph of K,, consisting of the n vertices and
the n edges {1, 2}, {2, 3}, ..., {n — 1, n}, {n, 1}. Keep the vertices on the circumference
fixed and rotate this Hamilton cycle clockwise through the angle [1/(n — 1)](27). This
gives us the Hamilton cycle (Fig. 11.81) made up of edges {1, 3}, {3, 5}, {5, 2}, {2, 7}, . . .,
{n,n =3}, {n —3,n—1}, {n — 1, 1}. This Hamilton cycle has no edge in common with
the first cycle. When n > 7 and we continue to rotate the cycle in Fig. 11.80 in this way
through angles [k/(n — 1)](27), where 2 <k < (n — 3)/2, we obtain a total of (n — 1)/2
Hamilton cycles, no two of which have an edge in common.

Figure 11.80 Figure 11.81

Therefore the 17 students at the science camp can dine for [(17 — 1)/2] = 8 days before
some student will have to sit next to another student for a second time. Using Fig. 11.80
with n = 17, we can obtain eight such possible arrangements.

We turn now to some further results on Hamilton paths and cycles. Our first result was
established in 1934 by L. Redei.

THEOREM 11.7

EXAMPLE 11.30

Let K’ be a complete directed graph —that is, K;' has n vertices and for each distinct pair
x, y of vertices, exactly one of the edges (x, y) or (y, x) is in K. Such a graph (called a
tournament) always contains a (directed) Hamilton path.

Proof: Let m >2 with p, a path containing the m — 1 edges (vi, v3), (v2, v3), ...,
(Vm—1, Um)- If m = n, we’re finished. If not, let v be a vertex that doesn’t appear in p,,.

If (v, vy) is an edge in K/, we can extend p,, by adjoining this edge. If not, then (v, v)
must be an edge. Now suppose that (v, v3) is in the graph. Then we have the larger path:
(v1, v), (v, v2), (V2, V3), ..., (Um—1, Um). If (v, V) is not an edge in K}, then (v, v) must
be. As we continue this process there are only two possibilities: (a) Forsome | <k <m — 1
the edges (vg, v), (v, vk41) are in K, and we replace (vg, vg41) with this pair of edges; or
(b) (v, v) is in K; and we add this edge to p,,. Either case results in a path p,,; that
includes m + 1 vertices and has m edges. This process can be repeated until we have such
a path p, on n vertices.

In a round-robin tournament each player plays every other player exactly once. We want to
somehow rank the players according to the results of the tournament. Since we could have
players a, b, and ¢ where a beats b and b beats c, but ¢ beats a, it is not always possible
to have a ranking where a player in a certain position has beaten all of the opponents in
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later positions. Representing the players by vertices, construct a directed graph G on these
vertices by drawing edge (x, y) if x beats y. Then by Theorem 11.7, it is possible to list the
players such that each has beaten the next player on the list.

THEOREM 11.8

Figure 11.82

Let G = (V, E) be aloop-free graph with |V| = n > 2. If deg(x) + deg(y) > n — 1 forall
x,y €V, x #y, then G has a Hamilton path.

Proof: First we prove that G is connected. If not, let C;, C, be two components of G and
let x, y € V with x a vertex in C; and y a vertex in C,. Let C; have n; vertices, i = 1, 2.
Then deg(x) <n; — 1, deg(y) <n; — 1, and deg(x) +deg(y) < (ny +nz) —2<n-2,
contradicting the condition given in the theorem. Consequently, G is connected.

Now we build a Hamilton path for G. For m > 2, let p,, be the path {v;, v2}, {v2, v},
.o, {m—1, v} of length m — 1. (We relabel vertices if necessary.) Such a path exists,
because for m = 2 all that is needed is one edge. If v; is adjacent to any vertex v other
than vy, v3, ..., vy, we add the edge {v, v;} to p,, to get p,+1. The same type of pro-
cedure is carried out if v,, is adjacent to a vertex other than vy, va, ..., Up—;. If we
are able to enlarge p,, to p, in this way, we get a Hamilton path. Otherwise the path
DPm: {v1, v2}, ..., {Um=1, vy} has vy, v, adjacent only to vertices in p,,, and m < n. When
this happens we claim that G contains a cycle on these vertices. If v; and v,, are adja-
cent, then the cycle is {vy, v2}, {v2, v3}, ..., {(Vm=1, Vm}, {Um, v1}. If v; and v,, are not
adjacent, then v, is adjacent to a subset S of the vertices in {v2, v3, ..., vy—1}. If there
is a vertex v, € S such that v, is adjacent to v,_;, then we can get the cycle by adding
{v1, v}, {vi=1, Um} to p,, and deleting {v,_;, v,;} as shown in Fig. 11.82. If not, let |S| =
k <m — 1. Then deg(vy) = k and deg(v,,) < (m — 1) — k, and we have the contradiction
deg(vy) + deg(v,,) <m — 1 < n — 1. Hence there is a cycle connecting vy, va, . . ., Up.

(b)
Figure 11.83

Now consider a vertex v € V that is not found on this cycle. The graph G is connected,
so there is a path from v to a first vertex v, in the cycle, as shown in Fig. 11.83(a). Removing
the edge {v,_1, v,} (or {vy, v,} if r = t), we get the path (longer than the original p,,) shown
in Fig. 11.83(b). Repeating this process (applied to p,,) for the path in Fig. 11.83(b), we
continue to increase the length of the path until it includes every vertex of G.
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COROLLARY 11.4

Let G = (V, E) be a loop-free graph with n (> 2) vertices. If deg(v) > (n — 1)/2 for all
v € V, then G has a Hamilton path.
Proof: The proof is left as an exercise for the reader.

Our last theorem for this section provides a sufficient condition for the existence of a
Hamilton cycle in a loop-free graph. This was first proved by Oystein Ore in 1960.

THEOREM 11.9

Let G = (V, E) be aloop-free undirected graph with |V| = n > 3. If deg(x) + deg(y) > n
for all nonadjacent x, y € V, then G contains a Hamilton cycle.
Proof: Assume that G does not contain a Hamilton cycle. We add edges to G until we arrive
at a subgraph H of K,,, where H has no Hamilton cycle, but, for any edge e (of K,) not in
H, H + e does have a Hamilton cycle.

Since H # K, there are vertices a, b € V, where {a, b} is not an edge of H but H +
{a, b} has a Hamilton cycle C. The graph H has no such cycle, so the edge {a, b} is a part
of cycle C. Let us list the vertices of H (and G) on cycle C as follows:

Ca(=v,)—>b(=v2)—>v3—>v4—>~~—>v,,_,—>v,,)

Foreach3 <i <n,iftheedge {b, v;} isin the graph H, then we claim that the edge {a, v,—}
cannot be an edge of H. For if both of these edges are in H, for some 3 <i < n, then we
get the Hamilton cycle

Cb——)vi—evi+,—>-~-—>v,,_l—>v,,—>a—>v,._l—>v,_2——>~-~v4—>v3>

for the graph H (which has no Hamilton cycle). Therefore, for each 3 <i < n, at most one
of the edges {b, v;}, {a, v;—} is in H. Consequently,

degy (a) + degy (b) <n,

where degy (v) denotes the degree of vertex v in graph H. For all v € V, degy (v) >
deg; (v) = deg(v), so we have nonadjacent (in G) vertices a, b, where

deg(a) + deg(b) < n.

This contradicts the hypothesis that deg(x) + deg(y) > n for all nonadjacent x, y € V,
so we reject our assumption and find that G contains a Hamilton cycle.

Now we shall obtain the following two results from Theorem 11.9. Each will give us a
sufficient condition for a loop-free undirected graph G = (V, E) to have a Hamilton cycle.
The first result is similar to Corollary 11.4 and is concerned with the degree of each vertex
v in V. The second result examines the size of the edge set E.

COROLLARY 11.5

If G = (V, E) is a loop-free undirected graph with |V| = n > 3, and if deg(v) > n/2 for
all v € V, then G has a Hamilton cycle.
Proof: We shall leave the proof of this result for the Section Exercises.
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COROLLARY 11.6

If G = (V, E) is a loop-free undirected graph with |[V|=n >3, and if |[E| > (" l) +2,
then G has a Hamilton cycle.

Proof: Let a, b € V, where {a, b} ¢ E. [Since a, b are nonadjacent, we want to show that
deg(a) + deg(b) > n.] Remove the following from the graph G: (i) all edges of the form
{a, x}, where x € V; (ii) all edges of the form {y, b}, where y € V; and (iii) the vertices a
andb.Let H = (V’, E’) denote the resulting subgraph. Then | E| = |E’| + deg(a) + deg(b)
because {a, b} ¢ E.

Since |V’| =n — 2, H is a subgraph of the complete graph K,_, so |E'| < (";2).
Consequently, ("5 ') +2 < |E| = |E’| + deg(a) + deg(b) < ("3?) + deg(a) + deg(b),
and we find that

deg(a) + deg(b) > (n ; 1) +2 - (n ;2)

= (%) (n—1n-2)+2- (%) (n=2)(n-=3)

1
= (5) (n=2)[(n—1) = (n = 3)] +2

=<%> n-2)2Q)+2=Mn-2)+2=n.

Therefore it follows from Theorem 11.9 that the given graph G has a Hamilton cycle.

A problem that is related to the search for Hamilton cycles in a graph is the traveling
salesman problem. (An article dealing with this problem was published by Thomas P. Kirk-
man in 1855.) Here a traveling salesperson leaves his or her home and must visit certain
locations before returning. The objective is to find an order in which to visit the locations
that is most efficient (perhaps in terms of total distance traveled or total cost). The problem
can be mo/c{eled with a labeled (edges have distances or costs associated with them) graph
where the most efficient Hamilton cycle is sought.

The references by R. Bellman, K. L. Cooke, and J. A. Lockett [7]; M. Bellmore and
G.L.Nemhauser [8]; E. A. Elsayed [15]; E. A. Elsayed and R. G. Stern [16]; and L. R. Foulds
[17] should prove interesting to the reader who wants to learn more about this important
optimization problem. Also, the text edited by E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy
Kan, and D. B. Shmoys [22] presents 12 papers on various facets of this problem.

Even more on the traveling salesman problem and its applications can be found in the
handbooks edited by M. O. Ball, T. L. Magnanti, C. L. Monma, and G. L. Nemhauser —in
particular, the articles by R. K. Ahuja, T. L. Magnanti, J. B. Orlin, and M. R. Reddy [2],
and by M. Jiinger, G. Reinelt, and G. Rinaldi [21].

3. Find a Hamilton cycle, if one exists, for each of the graphs
EXERCISES 11.5 or multigraphs in Fig. 11.84. If the graph has no Hamilton cycle,

determine whether it has a Hamilton path.

1. Give an example of a connected graph that has (a) Neither

an Euler circuit nor a Hamilton cycle. (b) An Euler circuit but 4. a) Show that the Petersen graph [Fig. 11.52(a)] has no
no Hamilton cycle. (c) A Hamilton cycle but no Euler circuit. Hamilton cycle but that it has a Hamilton path.

(d) Both a Hamilton cycle and an Euler circuit.

b) Show that if any vertex (and the edges incident to it) is

2. Characterize the type of graph in which an Euler trail (cir- removed from the Petersen graph, then the resulting sub-
cuit) is also a Hamilton path (cycle). graph has a Hamilton cycle.
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Figure 11.84

5. Consider the graphs in parts (d) and (e) of Fig. 11.84. Is it
possible to remove one vertex from each of these graphs so that
each of the resulting subgraphs has a Hamilton cycle?

6. If n > 3, how many different Hamilton cycles are there in
the wheel graph W, ? (The graph W,, was defined in Exercise 14
of Section 11.1.)

7. a) Forn > 3, how many different Hamilton cycles are there
in the complete graph K, ?
b) How many edge-disjoint Hamilton cycles are there in
¢) Nineteen students in a nursery school play a game each
day where they hold hands to form a circle. For how many
days can they do this with no student holding hands with
the same playmate twice?

8. a) For n € Z", n > 2, show that the number of distinct
Hamilton cycles in the graph K, ,, is (1/2)(n — 1)! n!
b) How many different Hamilton paths are there for K,, ,,
n>1?
9. Let G = (V, E) be aloop-free undirected graph. Prove that
if G contains no cycle of odd length, then G is bipartite.

10. a) Let G = (V, E) be a connected bipartite undirected
graph with V partitioned as V; U V,. Prove that if |V;| #
| V2], then G cannot have a Hamilton cycle.

b) Prove that if the graph G in part (a) has a Hamilton path,
then |V1| - |V2| ==+1.

¢) Give an example of a connected bipartite undirected
graph G = (V, E), where V is partitioned as V; U V, and
[Vi] = | V2| — 1, but G has no Hamilton path.

11. a) Determine all nonisomorphic tournaments with three
vertices.

b) Find all of the nonisomorphic tournaments with four
vertices. List the in degree and the out degree for each ver-
tex, in each of these tournaments.

12. Prove that for n > 2, the hypercube Q, has a Hamilton
cycle.

13. Let T = (V, E) be a tournament with v € V of maximum
outdegree. If w € V and w # v, prove that either (v, w) € E or
thereis a vertex yin V where y # v, w,and (v, y), (y, w) € E.
(Such a vertex v is called a king for the tournament.)

14. Find a counterexample to the converse of Theorem 11.8.

15. Give an example of a loop-free connected undirected multi-
graph G = (V, E) such that |V| = n and deg(x) + deg(y) >
n —1forall x, y € V, but G has no Hamilton path.

16. Prove Corollaries 11.4 and 11.5.

17. Give anexample to show that the converse of Corollary 11.5
need not be true.

18. Helen and Dominic invite 10 friends to dinner. In this group
of 12 people everyone knows at least 6 others. Prove that the
12 can be seated around a circular table in such a way that each
person is acquainted with the persons sitting on either side.

19. Let G = (V, E) be a loop-free undirected graph that is 6-
regular. Prove that if |V| = 11, then G contains a Hamilton
cycle.

20. Let G = (V, E) be a loop-free undirected n-regular graph
with |V| > 2n + 2. Prove that G (the complement of G) has a
Hamilton cycle.
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21. For n >3, let C, denote the undirected cycle on n ver-
tices. The graph C,, the complement of C,, is often call_ed the
cocycle on n vertices. Prove that for n > 5 the cocycle C, has
a Hamilton cycle.
22. Letn € Z" with n > 4, and let the vertex set V' for the com-
plete graph K,,_; be {vy, va, v3, ..., v,—1}. Now construct the
loop-free undirected graph G, = (V, E) from K,,_, as follows:
V = V' U {v}, and E consists of all the edges in K,,_, except for
the edge {v;, v,}, which is replaced by the pair of edges {v;, v}
and {v, v,}.

a) Determine deg(x) + deg(y) for all nonadjacent vertices

xand yin V.

b) Does G, have a Hamilton cycle?

¢) How large is the edge set E?

d) Do the results in parts (b) and (c) contradict Corol-

lary 11.6?
23. For n € Z+ where n >4, let V' = {v;, v3, v3, ..., Up_1}
be the vertex set for the complete graph K,_;. Construct the
loop-free undirected graph H,, = (V, E) from K,,_; as follows:
V = V' U {v}, and E consists of all the edges in K,,_, together
with the new edge {v, v;}.

a) Show that H, has a Hamilton path but no Hamilton

cycle.

b) How large is the edge set E?
24. Letn = 2* for k € Z™. We use the n k-bit sequences (of 0’s
and 1’s) to represent 1, 2, 3, ..., n, so that for two consecu-
tive integers i, i + 1, the corresponding k-bit sequences differ
in exactly one component. This representation is called a Gray
code (comparable to what we saw in Example 3.9).

a) For k =3, use a graph model with V = {000, 001,

010, ..., 111} to find such a code for 1,2,3,...,8.

How is this related to the concept of a Hamilton path?

b) Answer part (a) for k = 4.

25. If G = (V, E) is an undirected graph, a subset I of V is
called independent if no two vertices in / are adjacent. An in-
dependent set / is called maximal if no vertex v can be added
to I with I U {v} independent. The independence number of G,
denoted B(G), is the size of a largest independent set in G.

a) For each graph in Fig. 11.85 find two maximal indepen-
dent sets with different sizes.

11.6
Graph Coloring
and Chromatic Polynomials

b) Find B(G) for each graph in part (a).

¢) Determine B(G) for each of the following graphs:
(i) K3 (i) Kz3; (i) Kip; (v) Kag; (V) Kas;
i) Kppp,m,n € Z+.

d) Let / be an independent set in G = (V, E). What type
of subgraph does / induce in G?

b " u
X w
() d (i

Figure 11.85

26. Let G = (V, E) be an undirected graph with subset / of
V an independent set. For each a € I and each Hamilton cy-
cle C for G, there will be deg(a) — 2 edges in E that are
incident with a and not in C. Therefore there are at least
Y .cildeg(a) —21 =Y., deg(a) — 2|1| edges in E that do
not appear in C.

a) Why are these ), deg(a) — 2|I| edges distinct?

b) Let v = |V|, e = | E|. Prove that if

e— Y deg(a)+2|I| <v,

ael

then G has no Hamilton cycle.

¢) Select a suitable independent set / and use part (b) to
show that the graph in Fig. 11.86 (known as the Herschel
graph) has no Hamilton cycle.

Figure 11.86

At the J. & J. Chemical Company, Jeannette is in charge of the storage of chemical com-
pounds in the company warehouse. Since certain types of compounds (such as acids and
bases) should not be kept in the same vicinity, she decides to have her partner Jack par-
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tition the warehouse into separate storage areas so that incompatible chemical reagents
can be stored in separate compartments. How can she determine the number of storage
compartments that Jack will have to build?

If this company sells 25 chemical compounds, let {cy, c3, . . ., ¢25} = V,asetof vertices.
For all 1 <i < j <25, we draw the edge {c;, c;} if ¢, and ¢, must be stored in separate
compartments. This gives us an undirected graph G = (V, E).

We now introduce the following concept.

If G = (V, E) is an undirected graph, a proper coloring of G occurs when we color the
vertices of G so that if {a, b} is an edge in G, then a and b are colored with different colors.
(Hence adjacent vertices have different colors.) The minimum number of colors needed to
properly color G is called the chromatic number of G and is written x (G).

Returning to assist Jeannette at the warehouse, we find that the number of storage
compartments Jack must build is equal to x (G) for the graph we constructed on V =
{c1, c2, ..., c25}. But how do we compute x (G)? Before we present any work on how to
determine the chromatic number of a graph, we turn to the following related idea.

In Example 11.24 we mentioned the connection between coloring the regions in a planar
map (with neighboring regions having different colors) and properly coloring the vertices
in an associated graph. Determining the smallest number of colors needed to color planar
maps in this way has been a problem of interest for over a century.

In about 1850, Francis Guthrie (1831-1899) became interested in the general problem
after showing how to color the counties on a map of England with only four colors. Shortly
thereafter, he showed the “Four-color Problem” to his younger brother Frederick (1833-
1866), who was then a student of Augustus DeMorgan (1806-1871). DeMorgan communi-
cated the problem (in 1852) to William Hamilton (1805-1865). The problem did not interest
Hamilton and lay dormant for about 25 years. Then, in 1878, the scientific community was
made aware of the problem through an announcement by Arthur Cayley (1821-1895) at a
meeting of the London Mathematical Society. In 1879 Cayley stated the problem in the first
volume of the Proceedings of the Royal Geographical Society. Shortly thereafter, the British
barrister (and keen amateur mathematician) Sir Alfred Kempe (1849-1922) devised a proof
that remained unquestioned for over a decade. In 1890, however, the British mathematician
Percy John Heawood (1861-1955) found a mistake in Kempe’s work.

The problem remained unsolved until 1976, when it was finally settled by Kenneth
Appel and Wolfgang Haken. Their proof employs a very intricate computer analysis of
1936 (reducible) configurations.

Although only four colors are needed to properly color the regions in a planar map, we
need more than four colors to properly color the vertices of some nonplanar graphs.

We start with some small examples. Then we shall find a way to determine x (G) from
smaller subgraphs of G —in certain situations. [In general, computing x (G) is a very
difficult problem.] We shall also obtain what is called the chromatic polynomial for G and
see how it can be used in computing x (G).

For the graph G in Fig. 11.87, we start at vertex a and next to each vertex write the number
of a color needed to properly color the vertices of G that have been considered up to that
point. Going to vertex b, the 2 indicates the need for a second color because vertices a
and b are adjacent. Proceeding alphabetically to f, we find that two colors are needed to
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properly color {a, b, c, d, e, f}. For vertex g a third color is needed; this third color can
also be used for vertex h because {g, h} is not an edge in G. Thus this sequential coloring
(labeling) method gives us a proper coloring for G, so x(G) < 3. Since K3 is a subgraph
of G [for example, the subgraph induced by a, b and g is (isomorphic to) K3], we have

x(G) = 3,50 x(G) =3.
Y
£2 ’

a2
Figure 11.87

e

a) Foralln > 1, x(K,) = n.
b) The chromatic number of the Herschel graph (Fig. 11.86) is 2.
¢) If G is the Petersen graph [see Fig. 11.52 (a)], then x (G) = 3.

Let G be the graph shown in Fig. 11.88. For U = {b, f, h, i}, the induced subgraph (U)
of G is isomorphic to K4, so x (G) > x (K4) = 4. Therefore, if we can determine a way to
properly color the vertices of G with four colors, then we shall know that x (G) = 4. One
way to accomplish this is to color the vertices e, f, g blue; the vertices b, j red; the vertices
¢, h white; and the vertices a, d, i green.

AN

Figure 11.88

We turn now to a method for determining x (G). Our coverage follows the development
in the survey article [25] by R. C. Read.

Let G be an undirected graph, and let A be the number of colors that we have available
for properly coloring the vertices of G. Our objective is to find a polynomial function
P(G, 1), in the variable A, called the chromatic polynomial of G, that will tell us in how
many different ways we can properly color the vertices of G, using at most A colors.

Throughout this discussion, the vertices in an undirected graph G = (V, E) are distin-
guished by labels. Consequently, two proper colorings of such a graph will be considered
different in the following sense: A proper coloring (of the vertices of G) that uses at most A
colors is a function f, with domain V and codomain {1, 2, 3, ..., A}, where f (1) # f(v),
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for adjacent vertices u, v € V. Proper colorings are then different in the same way that these
functions are different.

EXAMPLE 11.34 a) If G = (V, E) with |V| =n and E = @, then G consists of n isolated points, and by

the rule of product, P(G, 1) = A".

b) If G = K,,, then at least n colors must be available for us to color G properly. Here,
by the rule of product, P(G, A) = A(A — 1)(A —2)--- (A —n+ 1), which we de-
note by A™, For A <n, P(G, A) =0 and there are no ways to properly color K,,.
P(G, A) > 0O for the first time when A = n = x(G).

¢) For each path in Fig. 11.89, we consider the number of choices (of the A colors) at
each successive vertex. Proceeding alphabetically, we find that P(G, 1) = A(A — 1)°
and P(Gy, 1) = A(A — 1)*. Since P(G;, 1) =0= P(G, 1), but P(G,2) =2=
P(Ga,, 2), it follows that x (G) = x(G,) = 2. If five colors are available we can
properly color G, in 5(4)> = 320 ways; G can be so colored in 5(4)* = 1280 ways.

a, A\
dA—1 a, \
en—1 b,x—1
A1 b,x—=1 dA—=1 ¢A—1
(G1) (Gz)
Figure 11.89

In general, if G is a path on 7 vertices, then P(G, 1) = A(A — 1)1,

d) If G is made up of components G, G2, . . ., G, then again by the rule of product, it
follows that P(G, A) = P(Gy, A) - P(G2, X) - - - P(Gy, M).

As a result of Example 11.34(d), we shall concentrate on connected graphs. In many
instances in discrete mathematics, methods have been employed to solve problems in large
cases by breaking these down into two or more smaller cases. Once again we use this method
of attack. To do so, we need the following ideas and notation.

Let G = (V, E) be an undirected graph. For e = {a, b} € E, let G, denote the subgraph
of G obtained by deleting e from G, without removing vertices a and b; thatis, G, = G — e
as defined in Section 11.2. From G, a second subgraph of G is obtained by coalescing (or,
identifying) the vertices a and b. This second subgraph is denoted by G.,.

EXAMPLE 11.35 Figure 11.90 shows G, and G/, for graph G with the edge e as specified. Note how the
. coalescing of a and b in G/, results in the coalescing of the two pairs of edges {d, b}, {d, a}

and {a, c}, {b, c}.
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a C a C a(=b) 4
e
d b d b d
G Ge Gg
Figure 11.90

Using these special subgraphs, we turn now to the main result.

THEOREM 11.10

EXAMPLE 11.36

Decomposition Theorem for Chromatic Polynomials. If G = (V, E) is a connected graph
and e € E, then

P(G., ) = P(G, M) + P(G,, }).

Proof: Let e = {a, b}. The number of ways to properly color the vertices in G, with (at
most) A colors is P(G,, A). Those colorings where a and b have different colors are proper
colorings of G. The colorings of G, that are not proper colorings of G occur when a and
b have the same color. But each of these colorings corresponds with a proper coloring for
G',. This partition of the P(G,, A) proper colorings of G, into two disjoint subsets results
in the formula P(G,, A) = P(G, 1) + P(G., A).

When calculating chromatic polynomials, we shall place brackets about a graph to indi-
cate its chromatic polynomial.

The following calculations yield P(G, 1) for G a cycle of length 4.

a b a b a b (=d)
e
e = J—
*r—
C d C d C
P(G,N) P(Ge, N) P(G,, N)

From Example 11.34(c) it follows that P(G,, 1) = A(A — 1)3. With G/ = K3 we have
P(G., ») = 1. Therefore,

PG, AMN=2A-1 =20 -DA-2)=2k - D[K - D=1 -2)]
=Ah — D[A? =31 +3] =A% —4A3 + 612 — 34,

Since P(G, 1) = 0 while P(G, 2) =2 > 0, we know that x (G) = 2.




EXAMPLE 11.37

Here we find a second application of Theorem 11.10.

11.6  Graph Coloring and Chromatic Polynomials

w

x(

v)

o<

<

z y z

<
N
<
N
<
N

= MNA®) = 20@ = A = 20® = A\ = D\ = 2)2(\ = 3)

For the disconnected graph
with the components K;, K4

Foreachl <X <3, P(G, ) = 0,but P(G, A) > Oforall > > 4. Consequently, the given
graph has chromatic number 4.

The chromatic polynomials given in Examples 11.36 and 11.37 suggest the following
results.

THEOREM 11.11

For each graph G, the constant term in P(G, 1) is O.

Proof: For each graph G, x (G) > 0 because V # @. If P(G, 1) has constant term a, then
P(G, 0) = a # 0. This implies that there are a ways to color G properly with O colors, a
contradiction.

THEOREM 11.12

Let G = (V, E) with |E| > 0. Then the sum of the coefficients in P (G, A) is 0.

Proof: Since |E| > 1, we have x (G) > 2, so we cannot properly color G with only one color.
Consequently, P(G, 1) = 0 = the sum of the coefficients in P(G, 1).

Since the chromatic polynomial of a complete graph is easy to determine, an alternative
method for finding P (G, )) can be obtained. Theorem 11.10 reduced the problem to smaller
graphs. Here we add edges to a given graph until we reach complete graphs.

THEOREM 11.13

Let G = (V, E), witha, b € V but {a, b} = e ¢ E. We write G/ for the graph we obtain
from G by adding the edge e = {a, b}. Coalescing the vertices a and b in G gives us the
subgraph G} of G. Under these circumstances P(G, 1) = P(G}, 1) + P(G}, }).

Proof: This result follows as in Theorem 11.10 because P(G}, A) = P(G, L) — P(G}*, ).
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EXAMPLE 11.38

Let us now apply Theorem 11.13.

b d b d b (=a) d

P(G, N) P(G#, N) P(GF*, N)

Here P(G, 1) =A@ + 1@ = A1 — 1)(A —2)?, so x (G) = 3. In addition, if six colors
are available, the vertices in G can be properly colored in 6(5)(4)> = 480 ways.

Our next result again uses complete graphs — along with the following concepts.
For all graphs G| = (Vi, E;) and G, = (V3, E»).

i) the union of G| and G, denoted G; U G, is the graph with vertex set V; U V, and
edge set E; U E»; and

ii) when V| NV, # @, the intersection of G| and G,, denoted G; N Gy, is the graph
with vertex set V; N V, and edge set E1 N E5.

THEOREM 11.14

EXAMPLE 11.39

Let G be an undirected graph with subgraphs G, G,. If G = G U Gy and G; N G, = K,,,
for some n € Z*, then
P(G1,2) - P(Gy, A)

A
Proof: Since G; N G, = K, it follows that K, is a subgraph of both G; and G, and that
x(G1), x(G2) = n. Given A colors, there are A™ proper colorings of K,,. For each of these
A colorings there are P (G, A)/A™ ways to properly color the remaining vertices in G .
Likewise, there are P(G,, »)/A™ ways to properly color the remaining vertices in G;. By
the rule of product,

P(G, A =

P(Gi,A) P(Gy,A) _ P(Gi, 1) - P(Ga, A
P(G,A) = P(K,, 7) - )\("l) . )\(i) = 1 l(,,) 2, M)

Consider the graph in Example 11.37. Let G; be the subgraph induced by the vertices
w, x, y, z. Let G, be the complete graph K3 — with vertices v, w, and x. Then G| N G, is
the edge {w, x},s0 G| N G, = K.

Therefore

P(Gy,A) - P(Gp, A) _ A@ A0

P(G,X») =

Ne) YY)
A2 = DX —-2)2(A = 3)
B A= 1)

=A(A — DL —2)2(x —3),

agreeing with the answer obtained in Example 11.37.




11.6 Graph Coloring and Chromatic Polynomials 5N

Much more can be said about chromatic polynomials —in particular, there are many
unanswered questions. For example, no one has found a set of conditions that indicate
whether a given polynomial in A is the chromatic polynomial for some graph. More about
this topic is introduced in the article by R. C. Read [25].

EXERCISES 11.6

1. A pet-shop owner receives a shipment of tropical fish.
Among the different species in the shipment are certain pairs
where one species feeds on the other. These pairs must conse-
quently be kept in different aquaria. Model this problem as a
graph-coloring problem, and tell how to determine the smallest
number of aquaria needed to preserve all the fish in the ship-
ment.

2. As the chair for church committees, Mrs. Blasi is faced with
scheduling the meeting times for 15 committees. Each commit-
tee meets for one hour each week. Two committees having a
common member must be scheduled at different times. Model
this problem as a graph-coloring problem, and tell how to de-
termine the least number of meeting times Mrs. Blasi has to
consider for scheduling the 15 committee meetings.

3. a) AtthelJ. & J. Chemical Company, Jeannette has received
three shipments that contain a total of seven different chem-
icals. Furthermore, the nature of these chemicals is such
that for all 1 <i <5, chemical i cannot be stored in the
same storage compartment as chemical i + 1 or chemical
i + 2. Determine the smallest number of separate storage
compartments that Jeannette will need to safely store these
seven chemicals.

b) Suppose that in addition to the conditions in part (a),
the following four pairs of these same seven chemicals also
require separate storage compartments: 1 and 4, 2 and 5, 2
and 6, and 3 and 6. What is the smallest number of storage
compartments that Jeannette now needs to safely store the
seven chemicals?

4. Giveanexample of anundirected graph G = (V, E), where
x(G) = 3 but no subgraph of G is isomorphic to Kj.
S. a) Determine P(G, ) for G = K 3.

b) Forn € Z*, what is the chromatic polynomial for K ,,?
What is its chromatic number?

6. a) Consider the graph K53 shown in Fig. 11.91, and let
) € Z* denote the number of colors available to properly
color the vertices of K5 3. (i) How many proper colorings
of K3 3 have vertices a, b colored the same? (ii) How many
proper colorings of K3 have vertices a, b colored with
different colors?

b) What is the chromatic polynomial for K,3? What is
X(K23)?

¢) Forn € Z*, what is the chromatic polynomial for K ,,?
What is x (K3,,)?

X
a

y
b

z
Figure 11.91

7. Find the chromatic number of the following graphs.
a) The complete bipartite graphs K, ,.
b) A cycle on n vertices, n > 3.
¢) The graphs in Figs. 11.59(d), 11.62(a), and 11.85.
d) The n-cube Q,, n > 1.

8. If G is a loop-free undirected graph with at least one edge,
prove that G is bipartite if an only if x (G) = 2.

9. a) Determine the chromatic polynomials for the graphs in
Fig. 11.92

b) Find x (G) for each graph.

¢) If five colors are available, in how many ways can the
vertices of each graph be properly colored?

(@) (b)

()

Figure 11.92
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10. a) Determine whether the graphs in Fig. 11.93 are isomor-
phic.
b) Find P(G, A) for each graph.
¢) Comment on the results found in parts (a) and (b).

;
g j
k
u
v y
z

Figure 11.93

11. For n >3, let G, = (V, E) be the undirected graph ob-
tained from the complete graph K,, upon deletion of one edge.
Determine P(G,, A) and x (G,).

12. Consider the complete graph K, for n > 3. Color r of the
vertices in K, red and the remainingn — r (= g) vertices green.
For any two vertices v, w in K, color the edge {v, w} (1) red if
v, w are both red; (2) green if v, w are both green; or (3) blue
if v, w have different colors. Assume that r > g.

a) Show that for r =6 and g = 3 (and n = 9) the total
number of red and green edges in Ky equals the number of
blue edges in Kj.

b) Show that the total number of red and green edges in
K, equals the number of blue edges in K, if and only if
=r + g, where g, r are consecutive triangular numbers.
[The triangular numbers are defined recursively by ¢, =
Lty =ta+m+1),n>1;s0t, =n(n+ 1)/2. Hence
131 =1,t2=3,t3:6,....]
13. Let G = (V, E) be the undirected connected “ladder
graph” shown in Fig. 11.94.

a) Determine |V| and |E]|.
b) Prove that P(G, A) = A(A — 1)(A% — 31 + 3)*L.
14. Let G be a loop-free undirected graph, where A =

max,cy {deg(v)}. (a) Prove that x(G) < A + 1. (b) Find two
types of graphs G, where x(G) = A + 1.

X1 X2 X3 Xn-1 Xp

i Y2 ¥3 Yn-1 Y
Figure 11.94

15. For n > 3, let C, denote the cycle of length n.
a) Whatis P(C3, A)?
b) If n > 4, show that
P(Cy, 1) = P(Pyo1, A) — P(Cyy, 2),
where P,_, denotes the path of length n — 1.
¢) Verify that P(P,_;, A) = A(A — 1)""!, foralln > 2.
d) Establish the relations
P(Co, )= =1)"=G =1 =P(Cpo1, A), n=4,
P(Cp, M) — (A= 1)" = P(Cp_z, M) — (A — 1)"2, n>>5.
e) Prove that for all n > 3,
PCo, )= —=D"+ (D" =1).

16. Forn > 3, recall that the wheel graph, W,,, is obtained from
acycle of length n by placing a new vertex within the cycle and
adding edges (spokes) from this new vertex to each vertex of
the cycle.

a) What relationship is there between x (C,) and x (W,)?
b) Use part (e) of Exercise 15 to show that
P(W,, %) =A(h —2)" + (=1)"A(A — 2).

¢) i) If wehave k different colors available, in how many
ways can we paint the walls and ceiling of a pen-
tagonal room if adjacent walls, and any wall and the
ceiling, are to be painted with different colors?
ii) What is the smallest value of k for which such a
coloring is possible?
17. Let G = (V, E) be aloop-free undirected graph with chro-
matic polynomial P(G, 1) and |V| = n. Use Theorem 11.13 to
prove that P(G, A) has degree n and leading coefficient 1 (that
is, the coefficient of A" is 1).

18. Let G = (V, E) be a loop-free undirected graph.

a) For each such graph, where |V| <3, find P(G, ) and
show that in it the terms contain consecutive powers of A.
Also show that the coefficients of these consecutive powers
alternate in sign.

b) Now consider G = (V, E), where |V|=n>4 and
|E| = k. Prove by mathematical induction that the terms
in P(G, 1) contain consecutive powers of A and that the
coefficients of these consecutive powers alternate in sign.
[For the induction hypothesis, assume that the result is
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true for all loop-free undirected graphs G = (V, E), where b) Forn € Z*, n > 2, which of the complete graph K, are
either i) |V|=n—1lor(ii) |V|=n,but |[E| =k — 1.] color-critical?

¢) Prove that if |V| = n, then the coefficient of A"~! in ¢) Prove that a color-critical graph must be connected.
P(G, 1) is the negative of | E|. d) Prove that if G is color-critical with x(G) = k, then

19. Let G = (V, E) be aloop-free undirected graph. We call G deg(v) >k —1forallveV.
color-critical if x(G) > x(G —v) forallve V.

a) Explain why cycles with an odd number of vertices are
color-critical while cycles with an even number of vertices
are not color-critical.

1.7
Summary and Historical Review

Unlike other areas in mathematics, graph theory traces its beginnings to a definite time
and place: the problem of the seven bridges of Konigsberg, which was solved in 1736 by
Leonhard Euler (1707-1783). And in 1752 we find Euler’s Theorem for planar graphs. (This
result was originally presented in terms of polyhedra.) However, after these developments,
little was accomplished in this area for almost a century.

Then, in 1847, Gustav Kirchhoff (1824-1887) examined a special type of graph called
a tree. (A tree is a loop-free undirected graph that is connected but contains no cycles.)
Kirchhoff used this concept in applications dealing with electrical networks in his extension
of Ohm’s laws for electrical flow. Ten years later Arthur Cayley (1821-1895) developed
this same type of graph in order to count the distinct isomers of the saturated hydrocarbons
C,,H2n+2, neZt.

This period also saw two other major ideas come to light. The four-color conjecture was
first investigated by Francis Guthrie (1831-1899) in about 1850. In Section 11.6 we related
some of the history of this problem, which was solved via an intricate computer analysis in
1976 by Kenneth Appel and Wolfgang Haken.

The second major idea was the Hamilton cycle. This cycle is named for Sir William
Rowan Hamilton (1805-1865), who used the idea in 1859 for an intriguing puzzle that used
the edges on a regular dodecahedron. A solution to this puzzle is not very difficult to find,
but mathematicians still search for necessary and sufficient conditions to characterize those
undirected graphs that possess a Hamilton path or cycle.

Following these developments, we find little activity until after 1920. The characteriza-
tion of planar graphs was solved by the Polish mathematician Kasimir Kuratowski (1896~
1980) in 1930. In 1936 we find the publication of the first book on graph theory, written
by the Hungarian mathematician Dénes Konig (1884—1944), a prominent researcher in the
field. Since then there has been a great deal of activity in the area, the computer providing
assistance in the last five decades. Among the many contemporary researchers (not men-
tioned in the chapter references) in this and related fields one finds the names Claude Berge,
V. Chvétal, Paul Erdos, Laszlo Lovasz, W. T. Tutte, and Hassler Whitney.

Comparable coverage of the material presented in this chapter is contained in Chapters
6, 8, and 9 of C. L. Liu [23]. More advanced work is found in the works by J. A. Bondy
and U. S. R. Murty [10], N. Hartsfield and G. Ringel [20], and D. B. West [32]. The book
by F. Buckley and F. Harary [11] revises the classic work of F. Harary [18] and brings the
reader up to date on the topics covered in the original 1969 work. The text by G. Chartrand
and L. Lesniak [12] provides a more algorithmic approach in its presentation. A proof of
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Kuratowski’s Theorem appears in Chapter 8 of C. L. Liu [23] and Chapter 6 of D. B. West
[32]. The article by G. Chartrand and R. J. Wilson [13] develops many important concepts in
graph theory by focusing on one particular graph — the Petersen graph. This graph (which
we mentioned in Section 11.4) is named for the Danish mathematician Julius Peter Christian
Petersen (1839-1910), who discussed the graph in a paper in 1898.

Applications of graph theory in electrical networks can be found in S. Seshu and M. B.
Reed [30]. In the text by N. Deo [14], applications in coding theory, electrical networks, op-
erations research, computer programming, and chemistry occupy Chapters 12-15. The text
by F. S. Roberts [26] applies the methods of graph theory to the social sciences. Applications
of graph theory in chemistry are given in the article by D. H. Rouvray [29].

More on chromatic polynomials can be found in the survey article by R. C. Read [25].
The role of Polya’s theory” in graphical enumeration is examined in Chapter 10 of N. Deo
[14]. A thorough coverage of this topic is found in the text by F. Harary and E. M. Palmer
[19].

Additional coverage on the historical development of graph theory is given in N. Biggs,
E. K. Lloyd, and R. J. Wilson [9].

Many applications in graph theory involve large graphs that require the computationally
intensive talents of a computer in conjunction with the ingenuity of mathematical methods.
Chapter 11 of N. Deo [14] presents computer algorithms dealing with several of the graph-
theoretic properties we have studied here. Along the same line, the text by A. V. Aho, J. E.
Hopcroft, and J. D. Ullman [1] provides even more for the reader interested in computer
science.

As mentioned at the end of Section 11.5, the traveling salesman problem is closely related
to the search for a Hamilton cycle in a graph. This is a graph-theoretic problem of interest
in both operations research and computer science. The article by M. Bellmore and G. L.

"We shall introduce the basic ideas behind this method of enumeration in Chapter 16.
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Nembhauser [8] provides a good introductory survey of results on this problem. The text
by R. Bellman, K. L. Cooke, and J. A. Lockett [7] includes an algorithmic treatment of
this problem along with other graph problems. A number of heuristics for obtaining an
approximate solution to the problem are given in Chapter 4 of the text by L. R. Foulds [17].
The text edited by E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan, and D. B. Shmoys
[22] contains 12 papers dealing with various aspects of this problem, including historical
considerations as well as some results on computational complexity. Applications, where a
robot visits different locations in an automated warehouse in order to fill a given order, are
examined in the articles by E. A. Elsayed [15] and by E. A. Elsayed and R. G. Stern [16].

The solution of the four-color problem can be examined further by starting with the
paper by K. Appel and W. Haken [3]. The problem, together with its history and solution, is
examined in the text by D. Barnette [6] and in the Scientific American article by K. Appel
and W. Haken [4]. The proof uses a computer analysis to handle a large number of cases; the
article by T. Tymoczko [31] examines the role of such techniques in pure mathematics. In
[5]1 K. Appel and W. Haken further examine their proof in the light of the computer analysis
that was used. The articles by N. Robertson, D. P. Sanders, P. D. Seymour, and R. Thomas
[27, 28] provide a simplified proof. In 1997 their computer code was made available on the
Internet. This code could prove the four-color problem on a desktop workstation in roughly
three hours.

Finally, the article by A. Ralston [24] demonstrates some of the connections among
coding theory, combinatorics, graph theory, and computer science.

REFERENCES

1. Aho, Alfred V., Hopcroft, John E., and Ullman, Jeffrey D. Data Structures and Algorithms.
Reading, Mass.: Addison-Wesley, 1983.

2. Ahuja, Ravindra K., Magnanti, Thomas L., Orlin, James B., and Reddy, M. R.“Applications
of Network Optimization.” In M. O. Ball, Thomas L. Magnanti, C. L. Monma, and G. L.
Nembhauser, eds., Handbooks in Operations Research and Management Science, Vol. 7, Net-
work Models. Amsterdam, Holland: Elsevier, 1995, pp. 1-83.

3. Appel, Kenneth, and Haken, Wolfgang. “Every Planar Map Is Four Colorable.” Bulletin of the
American Mathematical Society 82 (1976): pp. 711-712.

4. Appel, Kenneth, and Haken, Wolfgang.“The Solution of the Four-Color-Map Problem. ” Sci-
entific American 237 (October 1977): pp. 108-121.

5. Appel, Kenneth, and Haken, Wolfgang.*The Four Color Proof Suffices.” Mathematical Intel-
ligencer 8, no. 1 (1986): pp. 10- 20.

6. Barnette, David. Map Coloring, Polyhedra, and the Four-Color Problem. Washington, D.C.:
The Mathematical Association of America, 1983.

7. Bellman, R., Cooke, K. L., and Lockett, J. A. Algorithms, Graphs, and Computers. New York:
Academic Press, 1970.

8. Bellmore, M., and Nemhauser, G. L.“The Traveling Salesman Problem: A Survey.” Operations
Research 16 (1968): pp. 538-558.

9. Biggs, N., Lloyd, E. K., and Wilson, R. J. Graph Theory (1736-1936). Oxford, England:
Clarendon Press, 1976.

10. Bondy, J. A., and Murty, U. S. R. Graph Theory with Applications. New York: Elsevier North-
Holland, 1976.

11. Buckley, Fred, and Harary, Frank. Distance in Graphs. Reading, Mass.: Addison-Wesley, 1990.

12. Chartrand, Gary, and Lesniak. Linda. Graphs and Digraphs, 3rd ed. Boca Raton, Fla.: CRC
Press, 1996.

13. Chartrand, Gary, and Wilson, Robin J.“The Petersen Graph.” In Frank Harary and John S.
Maybee, eds., Graphs and Applications. New York: Wiley, 1985.



576

Chapter 11 An Introduction to Graph Theory

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

Deo, Narsingh. Graph Theory with Applications to Engineering and Computer Science. En-
glewood Cliffs, N. J.: Prentice-Hall, 1974.

Elsayed, E. A.“Algorithms for Optimal Material Handling in Automatic Warehousing Sys-
tems.” Int. J. Prod. Res. 19 (1981): pp. 525-535.

Elsayed, E. A., and Stern, R. G.“Computerized Algorithms for Order Processing in Automated
Warehousing Systems.” Int. J. Prod. Res. 21 (1983): pp. 579-586.

Foulds, L. R. Combinatorial Optimization for Undergraduates. New York: Springer-Verlag,
1984.

Harary, Frank. Graph Theory. Reading, Mass.: Addison-Wesley, 1969.

Harary, Frank, and Palmer, Edgar M. Graphical Enumeration. New York: Academic Press,
1973.

Hartsfield, Nora, and Ringel, Gerhard. Pearls in Graph Theory: A Comprehensive Introduction.
Boston, Mass.: Harcourt/Academic Press, 1994.

Jiinger, M., Reinelt, G., and Rinaldi, G.“The Traveling Salesman Problem.” In M. O. Ball,
Thomas L. Magnanti, C. L. Monma, and G. L. Nemhauser, eds., Handbooks in Operations
Research and Management Science, Vol. 7, Network Models. Amsterdam, Holland: Elsevier,
1995, pp. 225-330.

Lawler, E. L., Lenstra, J. K., Rinnooy Kan, A. H. G., and Shmoys, D. B., eds. The Traveling
Salesman Problem. New York: Wiley, 1986.

Liu, C. L. Introduction to Combinatorial Mathematics. New York: McGraw-Hill, 1968.
Ralston, Anthony. “De Bruijn Sequences — A Model Example of the Interaction of Discrete
Mathematics and Computer Science.” Mathematics Magazine 55, no. 3 (May 1982): pp. 131-
143.

Read, R. C.“An Introduction to Chromatic Polynomials.” Journal of Combinatorial Theory 4
(1968): pp. 52-71.

Roberts, Fred S. Discrete Mathematical Models. Englewood Cliffs, N. J.: Prentice-Hall, 1976.
Robertson, N., Sanders, D. P., Seymour, P. D., and Thomas, R. “Efficiently Four-coloring
Planar Graphs.” Proceedings of the 28th ACM Symposium on the Theory of Computation.
ACM Press (1996): pp. 571-575.

Robertson, N., Sanders, D. P., Seymour, P. D., and Thomas, R. “The Four-color Theorem.”
Journal of Combinatorial Theory Series B 70 (1997): pp. 166-183.

Rouvray, Dennis H. “Predicting Chemistry from Topology.” Scientific American 255, no. 3
(September 1986): pp. 40—47.

Seshu, S., and Reed, M. B. Linear Graphs and Electrical Networks. Reading, Mass.: Addison-
Wesley, 1961.

Tymoczko, Thomas. “Computers, Proofs and Mathematicians: A Philosophical Investigation
of the Four-Color Proof.” Mathematics Magazine 53, no. 3 (May 1980): pp. 131-138.

West, Douglas B. Introduction to Graph Theory, 2nd ed. Upper Saddle River, N.J.: Prentice-
Hall, 2001.

b) Prove that in any group of six people there must be three

SUPPLE“ENTARY EXERC'SES who are total strangers to one another or three who are mu-
L L

1. Let G be a loop-free undirected graph on n vertices. If G
has 56 edges and G has 80 edges, what is n?

tual friends.

4. a) Let G = (V, E) be aloop-free undirected gragh. Recall
that G is called self-complementary if G and G are iso-
morphic. If G is self-complementary (i) determine |E| if

2. Determine the number of cycles of length 4 in the hyper- [V = n; (ii) prove that G is connected.

cube Q,.

3. a) If the edges of K are painted either red or blue, prove
that there is a red triangle or a blue triangle that is a sub-

graph.

b) Let n € Z*, where n =4k (k€ Z%) or n =4k + 1
(k € N). Prove that there exists a self-complementary graph
G = (V, E), where |V| = n.



5. a) Show that the graphs G, and G, in Fig. 11.95, are iso-
morphic.
b) How many different isomorphisms f: G; — G, are
possible here?

u
1 2 3
z v
y w
4 5 6
X
(Gy) (Gy)

Figure 11.95

6. Are any of the planar graphs for the five Platonic solids
bipartite?

7. a) How many paths of length 5 are there in the com-
plete bipartite graph K3;? (Remember that a path such
as v; — vy —> V3 —> Uy —> Vs —> Vg is considered to be the
same as the path ve — vs — v4 = v3 = vV, = v;.)

b) How many paths of length 4 are there in K3 ;?

¢) Let m, n, p e Z* with 2m <n and 1 < p <2m. How
many paths of length p are there in the complete bipartite
graph K, ,?

8 LetX ={1,2,3,...,n},wheren > 2. Construct the loop-

free undirected graph G = (V, E) as follows:

e (V): Each two-element subset of X determines a vertex
of G.

® (E): If vy, v; € V correspond to subsets {a, b} and {c, d},
respectively, of X, draw the edge {v;, v;} in G when
{a,b}N{c,d} = 0.

a) Show that G is an isolated vertex when n = 2 and that
G is disconnected for n = 3, 4.

b) Show that for n > 5, G is connected. (In fact, for all
vy, v € V, either {v;, vy} € E or there is a path of length 2
connecting v; and v,.)

¢) Prove that G is nonplanar for n > 5.

d) Prove that for n > 8, G has a Hamilton cycle.

9. If G = (V, E) is an undirected graph, a subset K of V is
called a covering of G if for every edge {a, b} of G either a or
bisin K. The set K is a minimal covering if K — {x} fails to
cover G for each x € K. The number of vertices in a smallest
covering is called the covering number of G.

a) Prove thatif / C V, then [ is an independent set in G if
and only if V — I is a covering of G.
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b) Verify that | V| is the sum of the independence number
of G (as defined in Exercise 25 for Section 11.5) and its
covering number.

10. If G = (V, E) is an undirected graph, a subset D of V is
called a dominating set if for all v € V, either v € D or v is
adjacent to a vertex in D. If D is a dominating set and no proper
subset of D has this property, then D is called minimal. The size
of any smallest dominating set in G is denoted by y (G) and is
called the domination number of G.

a) If G hasnoisolated vertices, prove thatif D is a minimal
dominating set, then V — D is a dominating set.

b) If I C V is independent, prove that / is a dominating
set if and only if / is maximal independent.

¢) Show that y(G) < B(G), and that |V| < B(G)x(G).
[Here B(G) is the independence number of G — first given
in Exercise 25 of Section 11.5.]

11. Let G = (V, E) be the undirected connected “ladder
graph” shown in Fig. 11.94. For n > 0, let a,, denote the number
of ways one can select n of the edges in G so that no two edges
share a common vertex. Find and solve a recurrence relation
for a,,.

12. Consider the four comb graphs in parts (i), (ii), (iii), and
(iv) of Fig. 11.96. These graphs have 1 tooth, 2 teeth, 3 teeth,
and n teeth, respectively. For n > 1, let a, count the number of
independent subsets in {xy, x2, ..., X4, Y1, Y2, - - ., Yn}. Find
and solve a recurrence relation for a,.

X1 X1 X X1 X3 X3
Y1 Yi. ¥ Yi Y2 ¥3
(i) (i) (iif)
X1 X2 X3 Xn—1 Xp
Yi Y2 ¥ Yn-1 Yn
(iv)

Figure 11.96

13. Consider the four graphs in parts (i), (ii), (iii), and (iv) of
Fig. 11.97. If a, counts the number of independent subsets of
{x1, X2, ..., Xn, Y1, Y25 - - - » Yu}, Where n > 1, find and solve a
recurrence relation for a,,.
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X1 X1 X X1 X3 X3
Y1 Yi. ¥ Yi Y2 V3
(i) (in) (in)
X1 X3 X3 Xn—1 Xn
Yyio. Y2 ¥3 Yn-1 Yn
(iv)

Figure 11.97

14. Forn > 1, leta, = (3), the number of edges in K,,, and let
ap = 0. Find the generating function f(x) = Z:io apx".

15. For the graph G in Fig. 11.98, answer the following ques-
tions.

a) What are y (G), B(G), and x(G)?
b) Does G have an Euler circuit or a Hamilton cycle?

¢) Is G bipartite? Is it planar?

Figure 11.98

16. a) Suppose that the complete bipartite graph K,,, con-
tains 16 edges and satisfies m < n. Determine m, n so that
K » possesses (i) an Euler circuit but not a Hamilton cycle;
(ii) both a Hamilton cycle and an Euler circuit.

b) Generalize the results of part (a).
17. If G = (V, E) is an undirected graph, any subgraph of G
that is a complete graph is called a cligue in G. The number of
vertices in a largest clique in G is called the cliqgue number for
G and is denoted by w(G).

a) How are x(G) and w(G) related?

b) Is there any relationship between w(G) and 8(G)?
18. If G = (V, E) is an undirected loop-free graph, the line
graph of G, denoted L(G), is a graph with the set E as vertices,

where we join two vertices e, e, in L(G) if and only if e}, e,
are adjacent edges in G.

19.

a) Find L(G) for each of the graphs in Fig. 11.99.
b) Assuming that |V| =n and |E| = e, show that L(G)
has e vertices and (1/2) Zvev deg(v)[deg(v) — 1] =

(172 Y oy [deg)Pl—e =Y ., ("eg;”)) edges.

a b w X

(@ (b)
Figure 11.99

¢) Prove that if G has an Euler circuit, then L(G) has both
an Euler circuit and a Hamilton cycle.

d) If G = K4, examine L(G) to show that the converse of
part (c) is false.

e) Prove thatif G has a Hamilton cycle, then so does L(G).

f) Examine L(G) for the graph in Fig. 11.99(b) to show
that the converse of part (e) is false.

g) Verify that L(G) isnonplanarforG = Ksand G = K3 3.

h) Give an example of a graph G, where G is planar but
L(G) is not.
Explain why each of the following polynomials in A cannot

be a chromatic polynomial.

20.

21.

a) MY =53 4+ 702 —604+3

b) 313 —4x2 41

c) A* —3A3 4502 —4x

a) Forall x, y € Z*, prove that x>y — xy3 is even.

b) Let V ={1,2,3,...,8,9}. Construct the loop-free
undirected graph G = (V, E) as follows: For m, n eV,
m # n, draw the edge {m, n} in G if 5 divides m + n or
m — n.

¢) Given any three distinct positive integers, prove that
there are two of these, say x and y, where 10 divides
x}y —xy3.

a) For n > 1, let P,_; denote the path made up of n ver-
tices and n — 1 edges. Let a, be the number of independent
subsets of vertices in P,_;. (The empty subset is consid-
ered one of these independent subsets.) Find and solve a
recurrence relation for a,,.



b) Determine the number of independent subsets (of ver-
tices) in each of the graphs G|, G,, and G3, of Fig. 11.100.

¢) For each of the graphs H,, H,, and Hi, of Fig. 11.101,
find the number of independent subsets of vertices.

d) Let G = (V, E) be a loop-free undirected graph with
V ={v;, va, ..., v} and where there are m independent
subsets of vertices. The graph G’ = (V’, E’) is constructed
from G as follows: V' = V U {xy, x2, . .., X}, with no x,
inV,forall 1 <i<s;and E' = EU{{x;, v;}|1 <i <s,
1 < j <r}. How many subsets of V' are independent?

1 1 1
2 2 2
5 6 3 |n+1
3 4 n-—1
4 5
Gy) (Gy) (G3) n
Figure 11.100
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(Hy) 4 (Hy)
1
n+1 & n+2
\( -1
(Hs) n
Figure 11.101

22. Suppose that G = (V, E) is a loop-free undirected graph.

If G is 5-regular and |V| = 10, prove that G is nonplanar.






