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NOTE
As the comer point theorem states
and Example 2 illustrates, the opti-
mal value of a linear programming
problem may oceur at more than
one comer point. When the optimal
solution oceurs a two comer
points, every point on the line seg-
‘ment between the two points s also.
an optimal solution.

@

Solving a Linear Programming Problem

B e o om ol ey commtraics.

PNCo i

B e e

B e e ot cach corce poiet.

e B v b o G ot et opt-
B S ot i

6. For an unbounded region, check that a solution actually exists. If it does, it will
‘oceur at a comer point.

‘When asked to solve a linear programming problem, give the maximum or minimum
value, as well as any points where that value occurs.

[ZZXYME] Maximization and Minimization
Sketch the feasible region for the following set of constraints, and then find the maximum
‘and minimum values of the objective function z = x + 10y.
xtay=12
x-2=0
y-x=6
x=6
SOLUTION The graph in Figure 16 on the next page shows that the feasible region is

bounded. Use the corner points from the graph to find the maximum and minimum values
of the objective function.
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YOUR TURN 1 Find the
‘maximum and minimum values of
the objective function z = 3x + 4y,
on the region bounded by

2k y= s

xSy 16

Nk y=14

-+ dy =20,

=

¥

‘The minimum value of z = x + 10y is 24 at the comer point (4, 2). The maximum value

is 66 at (6,6).

TRY YOUR TURN 1 mamm
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To verify that the minimum or maximun is correet in a linear programming problem,
you might want to add the graph of the line 2 = 0 to the graph of the feasible region. For
instance, in Example 3, the result of adding the line x + 10y = 0 is shown in Figure 17.
Now imagine moving  siraightedge through the feasible region paralel to this line. I
appears that the first. plce the line touches the feasible region is at (4, 2), where we found
the minimum. Similarly, the last place the line touches is at (6, 6), where we found the
‘maximum. In Figure 17, these parallel lines, lsbeled 2 = 24 and z = 66, are also shown.

FIGURE 17

NOTE The graphical method is very difficult for a problem with three variables (where the
feasible region is three dimensional) and impossible with four or more variables. A method
for solving such problems will be shown in the next chaper.
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4x+ Ty
i-y= 1
I4oy=s
=0

y= o
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1. Maximize

105 + 10y
subjecttos e+ 8y =200
25 10y = 250

s+ ys150
= 0
y= 0
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EAPPLY IT

TN Canoe Rentals

‘Thomas Pinedo plans to sart a new business called River Explorers, which will rent canoes
and kayaks to people to travel 10 miles down the Clarion River in Cook Forest State Park.
He has $45.000 to purchase new boats. He can buy the canoes for $600 each and the kayaks
for $750 each. His facility can hold up to 65 boats. The canoes will rent for $25 a day, and
the kayaks will rent for $30 a day. How many canoes and how many kayaks should he buy
to earn the most revenue if all boats can be rented each day?

SOLUTION  Let x represent the number of canoes and let y represent the number of kayaks.
‘Summarize the given information in a table.

Number of Boats [ )
Cost of Each. S600 750 = $45000
Revenue. $25 $30

‘The constraints, imposed by the number of boats and the cost, correspond to the rows in the
table as follows.

Xt y=6s
6005 + 750y = 45000
Dividing both sids of the scond consrgint by 150 gives the equivalnt incqualty
x5y = 300,
Since the number of boats cannot b negaive, x = 0 and y = 0. The objectiv function to

be maximized gives the amount of revenue. If the variable Z represents the total revenue, the
objective function is
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2= 250+ 30y

In summary, the mathematical model for the given linear programming problem is as

follows:

Maximize = 25¢ + 30y
subjectto:  x+ y= 65

4x + 5y = 300
x= 0
y= o

Number o boats
Cost (reduced)

u)
@
@
@
)

Using the methods described in the previous section, graph the feasible region for the
system of inequalities (2)=(5). as in Figure 18, Three of the corner points can be identified
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from the graph as (0,0), (65, 0). and (0. 60). The fourth comer point, labeled © in the fig-
ure, can be found by solving the system of equations

Fr—_—

45y =300,

Solve this system to find that Qs the point (25, 40). Now test these four points in the objec-
{ive function to determine the maximum value of 2. The results are shown i the tabl.
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YOUR TURN 1 Suppose thatin
Example 7in Sec. .1, the company
cams $20 in proit for each batch of
cake cones and $30 or each batch
of sugar cones. How many batches
of cach shoukdthe company milke to
maximize profit?

=

(0,0 25(0) + 30(0)
(65,0) 25(65) + 30(0)
(0,60) 25(0) + 30(60)
(25,40) 25(25) + 30(40) = 1825 Mainum

‘The objective function, which represens revenue, is masimized when x = 25 and y = 40.
He should buy 25 cances and 40 kayaks for 2 maximum revenue of $1825 a day.
TRY YOUR TURN 1

Fortunately, the answer to the linear programming problem in Example 1 is a point with
integer coordinates, as the number of each type of boat must be an integer. Unfortunately,
there s no guarantee that this will always happen at a corner point. When the solution to
linear programming problem i restricted to integers, it is an integer programming problem,
which is more difficult to solve than a linear programming problem. The feasible region for
an integer programming problem consists only of those points with integer coordinates that
satisfy the constraints. In this text, all problems in which fractional solutions are meaning-
less are contrived to have integer solutions.

EXAMPLE 2 F'mAnimlhe

Lisa Abbey, a 4-H member, raises only goats and pigs. She wants to raise no more than 16
animals, including no more than 10 goats. She spends $25 to raise a goat and §75 to raise
2 pig. and she has $900 available for this project. Each goat produces $12 in profit and
‘each pig $40 in profit. How many goats and how many pigs should she raise to maximize
total profit?
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SOLUTION  First, set up a table that shows the information given in the problem.

Number Raised x y = 16
Goat Limit = = 10
Cost to Raise. $25  §75 = $900
Profit (each) $12. sS40
Use the table to write the necessary constraints. Since the total number of animals cannot
exceed 16, the first constraint is
T+y=16
“No more than 10 goats” means
x= 10

‘The cost to raise x goats at $25 per goat is 25x dollars, while the cost for  pigs at $75 each
is 75y dollars. Since only $900 is available,

25x + 75y = %0.
Dividing both sides by 25 gives the equivalent inequality
x+3y=36
‘The mumber of goats and pigs cannot be negative, so
x=0 ad  y=o
‘The 4-H member wants to know how many goats and pigs to raise in order to produce maxi-
‘mum profit. Each goat yields S12 profit and each pig $40. If z represents total profit, then
2= 120+ d0y.
In summary, we have the following linear programming problem:
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12+ 40y

Maximize 2
subjectto:  x+ y =16 Mumberraised
X3y =36 Cost(educed)
x=10 Goatlmit
x= 0
y= 0

A graph of the feasibl region is shown in Figure 19. The comner poiats (0, 12), (0, 0).
and (10,0) can be read dircctly from the graph. The coordinates of each of the other corer
points can be found by solving a system of inear equations.
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YOUR TURN 2 Warren Roberge
raises sheep and chickens. He wants
t0 raise no more than 20 animals and
‘10 more than 16 chickens. He spends
530 to aise a sheep and S15 to raise:
a chicken, and he has $450 available
for this project. Each sheep produces
2835 profit, while each chicken pro-
duces a$20 profit. How many sheep
‘and how many chickens should he.
raise to maximize total profit?

05 015 2025 w0 35 %

FIGURE 20

Test each comer point in the objective function to find the maximum profit.

(0.12) 12(0) + 40(12) = 480 Waximm
(6.10) 12(6) + 40(10) = 472
(10.6) 12(10) + 40(6) = 360
(10.0) 12(10) + 40(0) = 120
(0,0) 12(0) + 40(0) = 0

‘The maximum of 480 occursat (0, 12). Thus, 12 pgs and no goats will prodice a maximum
profit of $480. TRY YOUR TURN 2 Il

In the maximization problem in Example 2, since the profit for a single pig is $40 and
the profit for a single goat is only $12, it is more profitable o raise only pigs and no goats.
However, if the profitfrom raising pigs begins to decrease (or the profi from goats begins
to increase), it will eventually be more profitable to raise both goats and pigs. In fact, if the
profit from raising pigs decreases to a number below $36, then the previous solution is no
longer optimal.

To sce why this is true, in Figure 20 we have graphed the original objective function
(2= 12x + d0y) for various values of z,as we did in Example I of the previous scction.
Notice that each of these objective lines has slope m = —12/40 = ~3/10. When z = 480,
the line touches only one feasible point, (0, 12), which is where the maximum profit
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1f the profit from raising pigs decreases from $40 to Sp. where p is a value slightly below
40, the objective function lines will have the equation z = 12x + py for various values of .
and the slope of the lnes becomes m = —12/p. Eventally, as p becomes smaller.the slope
of these objective lines will be equal to the slope of the line x + 3y = 36 (that is, —1/3).
corresponding to the sccond constraint. This occurs when —12/p = —1/3, or p = 36, as
illustraed by the overlapping blue and dotted lines in Figure 21. In this case, the optimal
Solution occurs a every point on the line segment that joins (0. 12) and (6. 10).

Once the profitfrom raising pigs decreases o below $36, the slopes of the sample objec-
tive function lines become more negative (stceper) and the optimal solution changes. as
indicated in Figure 22. As < increases. the last feasible point that the lnes touch is (6, 10).
For profits from raising pigs that are slightly below $36, the optimal solution will occur

10. In other words, the maimum proft will occur when she raises

2
15 is

.10
0 10NN
N srv=3 E
EEEEEEEEE EREEEEEEEE

FIGURE 21 FIGURE 22
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[STXTINHE] Nutrition

Certain animals in a rescue shelter must have at least 30 g of protein and at least 20 g of fat
per feeding period. These nutrients come from food A, which costs 18 cents per unit and
supplies 2 g of protein and 4 g of fat; and food B, which costs 12 cents per unit and has 6 &
of protein and 2 g of fat. Food B is bought under  long-term contract requiring that at least
2 units of B be used per serving. Another contract requires that the amount of food B used
be no more than 3 times the amount of food A used.

(@) How much of each food must be bought to produce the minimum cost per serving?

SOLUTION  Let x represent the required amount of food A and y the amount of food B.
Use the given information to prepare the following table

Number of Units. x y

Grams of Protein 2 6 = 3
Grams of Fat 4 2 = 20
Long-Term Contract ¥ =

Cost 18¢ 12¢

Since the animals must have af feast 30 & of protein and 20 g of fat, we use = in the
inequality. If the animals needed af most 4 certain amount of some nutrient, we would
use =. The long-term contract requires that y = 2.

In addition to the information in the table, we also have the requirement that the
amount of food B used be no more than 3 times the amount of food A used. We can
\write this as y = 3x.
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YOUR TURN 3 Suppose the
sheler i offeed two new food
products. Food C, which costs 20¢
per unit, supplies 5 g of protein and
5 g of fat. Food D, which costs 8¢
per unit, supplies 10 g of protein
and 5 g of fat. They sill must have:
atleast 30 g of proten and 20 g o
fat per feding period. The contract
‘would require that at least 1 unit of
D be used perserving. How much
of ach food must be bough to ro-
duce the minimum cost per serving?
=

(b) The rescue shelter manager notices that although the long-term contract states that at
least 2 units of food B be used per servng. the solution uses 4 units of food B, which s
2 units more than the minimum amount required. Can a more economical solution be
found that only uses 2 unitsof food B?

SOLUTION The solution found in part (s is the most cconomical soltion,even though
itexceedsthe requirement or using a esst 2 units offood B. Notie from Figure 23 that
the four line representin the four consraints do not meet a  single point, so any solu-
tion in th feasibe region will ave to exceed at least one constrain. The rescue sheler
manager might use this information o negoliate a beter deal with the distibutor of
food B by making a guarantee o use at least 4 unts of food B per serving in the future.
“The notion that some constaints are not met exatly s reated to the concepts of

‘surplus and slack variabies, which will be explored in the next chapter.
TRY YOUR TURN 3 B

The feasible region in Figure 23 is an unbounded feasible region—he region extends
indefinitely to the upper right. With this region it would not be possible to maximize the
objective function, because the total cost of the food could always be increased by encourag-
ing the animals to eat more.
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11. Insurance Premiums A company is considering two insur-
ance plans with the types of coverage and premiums shown in
the following table.

Fire/Thefi 510,000 S15.000
Liability $180,000 $120,000
Premium 50 40

(For example, this means that $30 buys one uni of plan A,
consisting of $10,000 fire and thef nsurance and $150,000 of
liability insurance.)

(@) The company wants ateast $300,000 firefhef nsurance and.
atleast $3,000,000 abilty nsurance from these plans. How
‘many units should be purchased from each plan to minimize:
the cosof the premiums? Whatis the misimum premium?

() Suppose the premium for policy A s reduced t0.$25. Now
how many units should be purchased from cach plan to
minimize the costof the premiums? What is the minimum
premium?
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13. Blending The Mostpure Milk Company gets milk from two
s then blnds the milk 1 g the desied amount of
bttt for the compny’ premiceprodact. Mk frdaiey |
costs 240 per gl and ik from i 1 costsS0.50 per .
‘At ot $144 i avalable for puchasing milk.Dairy I cansup-
Py a most 50 galof milk aeraging 3.7% btterat. Dy I
Ean Supply ot ot 80 gal o milk averaging 3 2% biertt
@) How much il foen cac daiy sboud Mostpre s 10

st most 100 gal of il with the maximum ol amount
of buttrat? What s the maximaum amout of buterfat?

. (b The soluion from part s leaves both diry 1 and dary 11

wilh excess capackty. Calclte the imount of ddiional
il cach daey coukdproduce, s thee any way al this
capacity could be usd whi Sill mecting the the con-
Shmintsy Explain
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23. Nutrition A dietician is planning a snack package of fruit and
nuts. Each ounce of fruit will supply zero units of protein, 2 units
of carbohydate, and 1 unitof fut, and will contain 20 calores.
Each ounce of nuts will supply 3 units of protein, | unit of
‘casbohydrate, and 2 units o fat, and will contain 30 calories.
Every package must provide at least 6 units of protin, a least
10 units of carbohydrates, and o more than 9 units of fat. Find
the number of ounces of fruit and number of ounces of nuts that
will meet the requirement with the least number of calories.
‘Whatis the least number of calories?
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Problems Graphically

‘Many mathematical models designed to solve problems in business, biology. and economics
involve finding an optimum value (maximum or minimum) of a function, subject o certain
restrictions. In 4 linear programming problem, we must find the maximum or minimum
value of a function, called the objective function, and satisfy a set of restrictions, or con-
straints, given by linear inequalities. When only two variables are involved, the solution
to.a linear programming problem can be found by first graphing the set of constraints, then
finding the feasible region as discussed in the previous section. This method is explained in
the following example.

e [SOXIWIEN Maximization

Find the maximum value of the objective function z = 3x + 4y, subject to the following
constraints.

2+ y=4
—+oy=4
x=0
y=0
SOLUTION The feasible region is graphed in Figure 12. We can find the coordinates of
point A, (4/5, 12/5), by solving the system
24 y=4
—toy=4

Every point in the feasible region satisfies all the constraints; however, we want to find
HIGURE 12 those points that produce the maximum possible value of the objective function. To see
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FOR REVIEW-
Recall from Chapter 2

that two.

‘equations in two unknowns can
be solved by using the echelon
or the Gauss-Jordan method. For

‘example, to solve the system
4

2+ y=
—xt2y=
we could take the fist

equa-

tion plus 2 imes the second to
eliminate x. (This s equivalent
{0R, + 2R, Ry n the Gauss-
Jordan method.) The resultis

Sy= 12,50y = 125

We can

then back substitute this value of

 into the frst equation and solve.

for.x. This yields

3.2 Solving Linear Programming Problems Graphically 129

how to find this maximum value, change the graph of Figure 12 by adding lines that rep-
resent the objective function z = 3x + 4y for various sample values of z. By choosing the
values 0,5, 10, and 15 for 2, the objective function becomes (in tum)

0=3r+dy S=3x+dy 10=3r+4y and 15=3x+ 4y,

These four lines (known as isoprofit lines) are graphed in Figure 13. (Why are the lines
parallel?) The fgure shows that = cannot take on the value 15 because the graph for z = 15
i entirely outside the feasible region. The maximum possible value of 2 vl be obtained
from a line paralelto the others and between the lines representing the objective function
when 2 = 10and = = 15. The value of = will be s lrge as possible and allconstrints vill
be satisfied ifths line just touches the feasible region. This oceurs at point A. We find that
Ahas coordinates (415, 12/5). (See the revicosin the margin.) The value of = at this point is
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‘The maximum possible value of z is 12. Of all the points in the feasible region, 4 leads to
the largest possible value of 2. =

“The coordinates of intersection points such as point A can be found using a graphing caleulator. To
use the graphing method on the TI-84 Plus C, fist solve each equation for y. Enter one equation
s ¥, and the other equation as ¥,. Select an appropriate window, and then select GRAPH. Use the
intersect command in the CALC men to find the coordinates of the point of intersection.

To use the Gauss-Jordan method, wrie the system of equations as an augmented matrix and then
enter the matrix into the TI-84 Plus C. Select the e £ command from the MATR 1X menu to com-
plete the entire Gauss-Jordan process. See the Graphing Calculator and Excel Spreadsheet Manual
available with this book.

Points such as A in Example | are called corner points. A corner point is a point in
the feasible region where the boundary lines of two constraints cross. Since comer points
occur where two straight lines cross, the coordinates of a comer point are the solution of a
System of two linear equations. As we saw in Example 1, corner points play a key role in
the solution of linear programming problems. We will make this explici after the following
example.
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STV Minimization
Solie the following linear programming problem.

Minimize 2= 2x+dy

subjectto: x + 2y = 10

S+ y=10

=0

y= o
SOLUTION  Figure 14 shows the feasible region and the lines that result when < in the
objective function is replaced by 0, 10, 20, 40, and 50. The line representing the objective
function touches the region of feasible solutions when z = 20. Two comer points, (2, 4)
and (10, 0), li on this line; both (2, 4) and (10, 0). as well as al the points on the bound-
ary line between them, give the same optimum value of 2. There are infnitely many equally

good values of x and y that will give the same minimum value of the objective function
2= 2 + 4y. This minimum value is 20. =
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FIGURE 14

Aslong as the feasible region is not empty,linear programming problems with bounded
regions always have solutions. On the other hand, the feasible region in Example 2 is
unbounded, and no solution will maximize the value of the objective function because can
be made as large as you like.

Some general conclusions can be drawn from the method of solution used in Exampls 1
and 2. Imagine a line sliding across a region. Figure 15 shows various feasible regions and
the position of the e ax + by = for various values of 2. We assume here that a the line
Slides from the lower left 1o the upper right, the value of 2 increases. In Figure 15(a), the
objective function takes on its minimum value at comer point 0 and its maximum value at P.
‘The minimun i again at Q in part (b), but the maximum occurs at Py o P, o any point on
the line segment connecting the. Finally, in part(c), the minimum value occurs at 0, bat the
objective function has no maximum value because the feasible region is unbounded. As long
25 the objective function increases as x and y increase, the objective function will have no
‘maximum over an unbounded region.

‘The preceding discussion suggests the truth of the corner point theorem.

Corner Point Theorem
1f an optimum value (ither 2 maximum or a minimum) of the objective function exists,
it will occur at one or more of the comer points of the feasible region.
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“This theorem simplifies the job of finding an optimum value. Firs, we graph the feasible
region and find all comer points. Then we test each corner point in the objective func-
tion. Finally, we identify the comer point producing the optimum solution. For unbounded
regions, we must decide whether the required opimum can be found (see Example 2).

‘Wit the theorem, we can solve the problem in Example 1 by first identifying the four
comner points in Figure 12: (0, 0), (0,2), (4/5, 12/5). and (2, 0). Then we substtute each
of the four points into the objective function < = 3x + 4 o identify the comer point that
produces the maximum value of z.

(0,0 3(0) + 4(0)

©.2) 3(0) +4(2) =8

®%) 3 +a(@)=12 wau
@0 3(2) +40) =6

From these results, the comer point (4/5, 12/5) yields the maximum value of 12. This
s the same as the result found carlier

“The following summary gives the steps o use in solving a linar programming problem
by the graphical method.




