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ProsLeM 9.4  ANGLE-ANGLE-ANGLE (AAA)

Are two triangles congruent if their corresponding angles are
congruent? Look at plane, spheres, and hyperbolic planes.

Figue 9.9 AAA

Two triangles that have corresponding angles congruent are called
similar triangles. We will discuss similar triangles in Problem 13.4.

As with the three previous problems, make the two AAA triangles
coincide as much as possible. We know that we can line up one of the
angles, but we don’t know the lengths of either of the sides coming from
this angle. So there are two possibilities: (1) Both sides of one are longer
than both sides of the other, as the example in Figure 9.10 shows on the
plane, or (2) one side of the first triangle is longer than the correspond-
ing side of the second triangle and vice versa, as the example in Figure
9.11 shows on a sphere.

Figure 9.10  Is this possible?

As with Problem 9.3, you may think that the example in Figure 9.11
cannot happen on a plane, a sphere, or a hyperbolic plane. The possible
existence of a counterexample relies heavily on parallel transport — you
can identify the parallel transports in each of the examples given. Try
cach counterexample on the plane, on a sphere, and on a hyperbolic
plane and see what happens. If these examples are not possible, explain

why, and if they are possible, see if you can restrict the triangles suffi:
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ciently so that AAA does hold.
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Figure .11 I this possible?

Parallel transport shows up in AAA, similar to how it did in SAA,
‘but here it happens simultaneously in two places. In this case, you will
recognize that parallel transport produces similar triangles that are not
necessarily congruent. Are these constructions (in Figures 9.10 and 9.11)
possible? How? Are the triangles not congruent? Why These construc-
tions and non-congruencies may seem intuitively possible to you, but
you should justify why in each case. Again you may need properties of
angle sums from Problem 7.3 and properties of parallel transport from
Problems 8.1 through 8.4. You may also use the property of parallel
transport on the plane stated in Problem 10.1 — you can assume this
property now as long as you are sure not to use AAA when proving it
“later.

On a sphere or on a hyperbolic plane, is it possible to make the two
parallel transport constructions shown in Figure 9.11 and thus get two
nen-congruent triangles? Try it and see. It is important that you make
such constructions and that you study them on a model of a sphere and
on a model of a hyperbolic plane.
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ProBLeM 11.4 ExampLEs OF PATTERNS

a. Go through all the letters of the alphabet (in normal printing by
hand) and decide which are isomorphic as patterns.

b. Find as many (non-isomorphic) patterns as you can that have
only finitely many symmetries. List all the symmetries of each
pattern you find.

¢. Find as many (non-isomorphic) strip patterns as you can. List
all the symmetries of each strip pattern you find.

The purpose of this problem is to get you looking at and thinking about
patterns. Examples of different strip patterns and many finite patterns
can be found on buildings everywhere: houses of worship, courthouses,
and most older buildings. Also look for other decorations on plates or on
wallpaper edging. In the next two problems we will determine if your list
of strip patterns and finite patterns contains all possible strip and finite
patterns.
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ProBLEM 13.2 EQUIVALENCE OF SQUARES

Prove the following: On the plane, the union of two squares is
equivalent by dissection to another square.

SUGGESTIONS
This is closely related to the Pythagorean Theorem. There are two
general ways to approach this problem: You can use Problem 13.1 or
you can prove it on its own, which will result in a proof of the Pythago-
rean Theorem — hence, you can’t use the Pythagorean Theorem to solve
this problem because you will be proving it!

To see how this problem relates to the Pythagorean Theorem, think
about the following statement of the Pythagorean Theorem:

The square on the hypotenuse is equal to the sum of the
squares on the other two sides.

This is not just an algebraic equation — the squares referred to
are actual geometric squares.
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As in the other dissection problems, make the three squares
coincide as much as possible, and see how you might get the remaining
pieces to overlap. You might start by reflecting the square with side ¢
over the side ¢ on the triangle. Then prove that the construction works as
you say it does.
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Any PoLYGon Can Be DISSECTED INTO A SQUARE
If we put together Problems 12.1, 13,

, and 13.2, we get the surprising

Tueonew 13.2 On the plane, every simple polygon is equivalent by
dissection 10 a square.

By 7.5, the polygon
can b disscted
into rangles.

et 5
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Using 13,2, ransform every pair of s nto
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Figure 1312 Every polygon dissects into a square:
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HisTory oF DIssECTIONS

We have now seen dissection proofs in Chapter 12, Problems 13.1 and
13.2, and we will see more in later chapters (for example, the dissection
proof of the Law of Cosines in 20.2a). In the section History of Dissec-
tions in the Theory of Area of Chapter 12 we outlined how dissection
have been used 1o prove results about area and to develop a rigorous
theaory of arca. In this chapter we have seen more examples of this.

Note that the result in Theorem 13.2a implies, on the plane, that

Tueorem 13.2b Any two polygons with the same area are equivalent
by dissection to each other.

‘This theorem is true not only on the plane but also on spheres (Problem
12.4) and hyperbolic planes (Theorem 12.4). On the plane the theorem is
often called the Bolyai-Gerwien-Wallace Theorem (with sometimes
Wallace’s name left off) because apparently it was first proved by them:
Wallace in 1831, Bolyai in 1832, and Gerwien in 1833.

Note that Theorem 13.2 does not tell us anything about how many
picces would be needed in any particular dissection. In fact, the number
will, in general, be very large. So this leads to the question of making
dissections with the least number of pieces, or with the most symmetry,
or, in some other way, with the most elegance. A large number of
polygonal dissection puzzles and recreations arises from these questions.
There is a surprisingly rich history associated with recreational dissec-
tions. The most recent accounts of dissection puzzles and their history is
in [DI: Frederickson 1997] and [DI: Frederickson 2002]. Refer to these
books for further history and about 1000 dissection pictures. There are
also further references in the Dissection section of the Annotated
Bibliography.

As an example, the dissection in Figure 13.13 is a famous dissec-
tion of a equilateral triangle into a square that requires only four pieces.
‘The discovery of this dissection is usually credited to Henry Dudeney
(English, 1857-1930) in 1902, but [DI: Frederickson 1997), p. 136,
raises some doubts about this attribution.

In this dissection, the segments AD, DB, BE, EC, FG are all equal to
half the side of the triangle; £F is equal to the side of the equivalent
square; DJ and GK are each perpendicular to EF. If the four pieces are
successively hinged to one another at the points, D, E, G, then holding
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piece I fixed and swinging the connected set of picces IV-IIL-I clock-
wise, the equilateral triangle is neatly carried into the square.

/ N
52 NG

Figure 13.13 Four-piece dissection of triangle to square

P

We could build a set of four connected tables based on this fact; swing-
ing the tables in one direction causes the tops to fit together into a single
equilateral triangular table and swinging them in the other dircetion
causes the tops to fit together into a single square table. This is an
example of a hinged dissection. If you go back to your dissections in
Chapter 12 and 13.1 and 13.2, you will probably find that some of them
can also be hinged. The [DI: Frederickson 2002] book is entirely about
hinged dissections and what he calls “twisting dissections.”

The 18" and 19° centuries produced a variety of puzzle books that
contained dissection puzzles. Articles about dissections also appeared in
scientific journals. In the early 19" century the Bolyai-Gerwien-Wallace
Theorem was proved. Dissection puzzles had great popularity during
18805 and 18905, and at the end of 19" century puzzle columns by Sam
Loyd and Henry E. Dudency began to appear in newspapers and
magazines. The 20° century brought an increase in sophistication to
dissections. Atticles and problems appeared in periodicals such as
Mathematical Gazette, American Mathematical Monihly, and Scientific
American. Geometric dissection has become a frequent topic in books on
mathematical recreations, but there are books that focus exclusively on
dissections, [DI: Lindgren 1964 & 1972] and [DI: Boltyanski 1980].

See the references in the Dissections section of the Bibliography for
more about dissections.
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ProBLEM 7.3 SuM OF THE ANGLES OF A TRIANGLE

a. What can you say about the sum of the interior angles of trian-
gles on spheres and hyperbolic planes? Are there maximum
and/or minimum values for the sum?

Look at triangles with non-zero area and use your formulas from Prob-
lems 7.1 and 7.2.

b. What is the sum of the (interior) angles of a planar triangle?
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Let AABC be a triangle on the plane and imagine a sphere of radius p
passing through the points 4, B, C. These three points also determing a
small spherical triangle on the sphere. Now imagine the radius p grow-
ing to infinity and the spherical triangle converging to the planar
triangle.

This result for the plane is normally proved after invoking a parallel
postulate. Here, we are making the assumption that the plane is a sphere
of infinite radius. We will turn to a discussion of the various parallel
postulates in Chapter 10.
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ProBiem 8.4  What Is “ParalLeL"?

Since Chapter 7, you have been dealing with issues of parallelism. Paral-
lel transport gives you a way to check parallelism. Even though parallel
transported lines intersect on the sphere, there is a feeling of local paral-
lelness about them.

You may choose to
avoid definitions of “parallel” that do not give you a direct method of
verification, such as these common definitions for parallel lines in the
plane:

L. Parallel lines are lines that never intersect;

2. Parallel lines are lines such that every transversal cuts them at
congruent angles; or

3. Parallel lines are lines that are everywhere equidistant.

a
ines on a hyperbolic

plane.

This is closely related to Problems 8.2 and 8.3,

congruent angles. That is, the geodesics are parallel (in the

sense of not intersecting) but not parallel transports of each
other.

Use the results of 8.2 and 8.3 and look on your hyperbolic plane for the
boundary between geodesics that intersect and geodesics that are parallel
transports. We call a pair of geodesics that satisfy part b by the name




image4.png
*c. Show that there are pairs of geodesics on any cone with cone
angle greater than 360° that do not intersect and yet there are
no transversals that cut at congruent angles. That is, the geodes-
ics are parallel (in the sense of not intersecting) but not parallel
transports of each other along any straight (in the sense of
symmetry) line.

Experiment with a paper cone with cone angle greater than 360°.

%m You will explore and discuss these various notions.

of parallelism and parallel transport further in Chapters 9-13. Because

we have so many (often unconscious) connotations and assumptions
attached to the word “parallel,” we find it besl to avoid using the term
parallel” as much as possible i

In Chapter 9, we will continue our explorations of triangle congru-
ence theorems, some of which involve parallel transport.

In Chapter 10, we will consider various parallel postulates and
explore how they apply on the plane, spheres, and hyperbolic planes. We
will assume the parallel postulates on the plane and use them to prove
the properties of non-intersecting and parallel transported lines on the
plane. In the process, you may learn something about the history and
philosophy of parallel lines and the postulates that have been used in
attempts to understand parallelism.

In Chapter 11, our understanding of different notions of “parallel”
will help us to explore isometries and patterns.

In Chapter 12, we will study parallelograms and rectangles (and
their analogues on spheres and hyperbolic planes) and in the process
show that, on the plane, non-intersecting lines are equidistant.

In Chapter 13, we will use the results from Chapter 12 to explore
results that are only true on the plane, such as the Pythagorean Theorem
and results about similar triangles.
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ProsLeM 9.3  Sipe-ANGLE-ANGLE (SAA)

lanﬁrhaﬁrhér
triangle? Look at p[ane spherzs and hyperba[u: planes.

SUGGESTIONS

As a general strategy when investigating these problems, start by making
You did this when inves-

tigating SSS and ASS. Let us try it as an initial step in our proof of SAA.
Line up the first sides and the first angles. Because we don’t know the
length of the second side, we might end up with a picture similar to
Figure 9.7.

B,
3 \\
& C

Figure 9.7  Starting SAA

The situation shown in Figure 9.7 may seem to you to be
impossible. You may be asking yourself, “Can this happen?” If your
temptation is to argue that @and /4 cannot be congruent angles and that it
is not possible to construct such a figure, behold Figure 9.8.
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Figure 9.8 A counterexample to SAA

You may be suspicious of this example because it is not a counter-
example on the plane. You may feel certain that it is the only counterex-
ample to SAA on a sphere. In fact, we can find other counterexamples
for SAA on a sphere.

With the help of parallel transport, you can construct many counter-
examples for SAA on a sphere. If you look back to the first counterex-
ample given for SAA, you can see how this problem involves parallel
transport, or similarly how it involves Euclid’s Exterior Angle Theorem,
which we looked at in Problem 8.1.

Can we make restrictions such that SAA is true on a sphere? You
should be able to answer this question by using the fuller understanding
of parallel transport you gained in Problems 8.1 and 8.2.'You may be
tempted to use the result, the sum of the interior angles of a triangle is
180°, in order to prove SAA on the plane. This result will be proven
later (Problem 10.2) for the plane, but we saw in Problem 7.3 that it does
not hold on spheres and hyperbolic planes. Thus,\we encourage you o
avoid using it and to use the concept of parallel transport instead. This
suggestion stems from our desire to see what is common between the
plane and the other two surfaces, as much as possible. In addition, before
we can prove that the sum of the angles of a triangle is 180°, we will
have to make some additional assumptions on the plane that are not
needed for SAA.




