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Measurement of a Gaussian laser beam diameter through the
direct inversion of knife-edge data,

John M. Khosrofian and Bruce A. Garetz

developed to analyze the intensity data
h use of simulated intensity data, diam-

e T r A~  An inversion algorithm, involving a linear least-squares method, is
ldngoodraultswbenitisappliedto

obtained by application of the traveling knife-edge method. Throug
eters can be measured to an accuracy of 0.05%. The method also yie

He-Ne laser beam data.

I. Introduction We present here an alternative metl_:od for ana]yzmg
The application of lasers to investigation of many ~knife-edge data. In the course of this paper, we will
chemical and biophysical phenomena requires knowl-  describe the mathematical procedure by which knife-
edge of the diameter of the incident beam or the waist edge data are inverted to yield accurate beam diameter
values as well as presenting an experimental demon-

diameter of a focused beam. Although techniques such > :
as ray tracing,! multiphoton ionization yields,” and stration of the method using a He-Ne laser.
fluorescence corr:%‘aot:'ion spect:‘hosco&y" predicl:'t aice\ér?te Il Theory

h s are either too complica or > ; .
results, such me The cross-sectional spatial profile of a Gaussian laser

; most general applications or they rely on specific ex- tions rofile of a
perimintal procedures not easily adaptable to other beam propagating in the z direction is given by the

experiments. Other more direct methods for deter- function
mination of beam diameters include correlation of the o R e p E:

iameter of spot burned by the laser i)
e et 3 in which r(x.y) = [(x = x0)2+ (v — y0)2]/2, where xo.0

i logarithm of the normalized power ab-
e ogealm by the material that incurs the  define the center of the beam profile. I, is the maxi-

i the
2 imeﬁo?n addition, the intensity profile of the lasgr mum valge of G(x ,y) measured at the center, and -1
beam can be probed directly either by a photoelectric i the radius at which G(x,y) falls to 1/e times its max-
or pyroelectric detector array.’ R lmxlm value Io (~37%). T
Another class of method involves gradual eclipsing though the distribution given in Eq. (1) is radially

laser beam by a sharp knife-edge. As the knife- symmetric, the present procedure involves a linear 1-D

ﬁ:?ntemects theybeam in a direction perpendicular  translation of the knife-edge. If the x axis is chosen as

to the tion axis of the beam, a photodetector the translation axis, the response of the photodetector
-sures the intensity of the unmasked portion of the  to the transmitted portion of the beam is given by

tial profile of the laser beam is de- -
If the spatial p e shape, the signal measured Rixs) = f_ 9 j: * Gleoldzdy, -

d by a Ga -reglizt‘edbyanintegratedGausshn
ik beam diameter can be de- ‘where x;, is the x coordinate of the knife-edge when the

Scinle, th . . ;
In p:;ﬂple etector data. Oneapproach mMeasurement is made. Evaluation of Eq. (2) yields
Roxy) = Io(x/B%)'? f: exp[—f(x — x¢)?dx. 3)

- onicé or numerical” differentiation of the

data, thus reconstructing the original
ile. response can be normalized to the total integrated
al of the full totally unmasked beam (x — =) by

x»
) = Rizg)/Rl=) = B [ expl-z - xoptlds, (4
B represents the normalized response func-




In principle, 3, which determines the ultimate value
for the beam radius, can be deduced from the trans-
formation condition which converts Eq. (4) into the
normal distribution:

N(z) = (2m)12 f: exp(—n?/2)dn. (5)

The salient difference between £ (x) and N(z) is found

in the arguments of the exponents in the integrands.

E‘he two arguments can be made equal if the condi-
ion

n3/2 = 8(x — xo)? (6)
is imposed. Solving Eq. (6) for n yield
n =/20x — \/28x, ()}
or in differential form
dn = /2Bdx. (8)

In 9ddition, Eq. (7) provides a simple linear function
which can be used to determine 3, if the correspondence
bet.;ween the experimentally determined translation
points x and the equivalent points n of the normal dis-
tribution is known. To separate § from xo, Eq. (7) can
be rewritten as

x= _\/% +xq, )
or, evaluated for a particular measurement,
2
=—+ 10
xp e x0 (10)

Since Eq. (9) is a linear equation with two unkngwn
quantities §~! and xo, only two pairs of data points
(z,x») are necessary to uniquely determine the two un-
knowns.®® For example, one could measure the x;
values at which the beam intensity fa}ls to 10 and 90%
of the full value. From a normal distribution table, the
values of z at which the normal distributi(?n_N (z) equals
0.10 and 0.90 are found to be £1.28. This information
provides two simultaneous equations:

xm=-\l7';2£+xo; (11a)
Xg0 = —%4-:0, (11b)

which when solved yields
x0 = (x10 + 190)/2 (12a)
B~ = 0.552(x10 — ¥%0)- .(IZb)
However, such an approach to the p;:l}?::énti‘:ss ‘ila”:‘::n
vantages. Each expenment;algnrggm T or whishil

int contains an inheren hermora il
pg(l);agated to 8 through Eq. (10)- F;lol';l; theail
g;ethod provides no indication of hf;;"e inbl o5 a Gaussi
intensity profile of the laser beam resefe  iion omf the
line shape. The best appg)ac(hl(')s) t?o;:"; {arge number

least squares to ¥q- terminy
n;'ecg,t‘;d ofrseasm%r B and xo have beenbi; fit profile o
?10) canpgle used to generate either th,?mental data with
the degree of correlation of the expé

the theory.

Although the
mentally, the'v :
tabulated normal distrib
however, is often tedious and cum

for a large number of data point§. !
is use of an analytic approximation for the normal dis-

tribution to generate the values of z. S!JCh an approz_ich
also obviates the necessity of either storing or reentering
the tabulated normal distribution into a ]lmfted mem-
ory. As an initial approximation, the function

for z must be calculated from
o ution data. Such a method,
bersome, especially
A better procedure

=— (13)
fla) = 1+ exp(-2)
is a good representation for the extrema of the normal
distribution; as z approaches + or — infinity, f(z) con-
verges to unity and zero, respectively, and f (z) assumes
the value 0.5 for z = 0. However, a better representa-
tion for a wider range of values can be obtained by re-

placement of z by a polynomial expansion in z:
P@) =¥ az (14)
=0
as a result of Eq. (12), Eq. (13) can be modified:
1
=— 15
L A g 48
The values for m, the order of the polynomial, and the
coefficients {a;} can be determined by application of the

method of least squares to the logarithmic transform of
Eq. (15):

P(z) =log[f~1(z) — 1] (16)
and the use of the data from the tabulated normal dis-

tribution function.!® The least-squares analysis gen-
erates a third-order polynomial with coefficients

ao = —6.713687 X 1079,
ay = —1.55115, an
a2 = —5.13306 X 102,
a3 = —5.49164 X 10-2,

which correspond to a maximum correlation
0.999891. The normal distribution data consist 019 evex?;:
tenAtfhie hst}ing in Table V of Ref. 10
T the values of the polynomial coefficients hav

been established, f(z) can be used to determine z tl':'?)xs

(x), the experimentally measured normalized re-
Sponse function, by the method of successive approxi-
m&tlons;_ the value of z is changed by successively
lmtlzlller Increments, and f(z) is compared with R(x;)

un
R(xp) = f(2) (18)
to the desired degree of accuracy.

. Experimental Procedure

The knife-edge translator which was used to probe
beam intensity profile is illustrated in Fig. 1. It
Nqsmtp of a micrometer-driven translation stage, to
18 secured a single-edge razor blade. Beam di-
ameter measurements were performed on a cw He-Ne
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values for x, are determined experi- m
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photodliode

hellym

laser
Fig. 1. Schematic diagram of the experimental configuration.

lasgr with an output power of 2 mW at 632.8 nm. The
knife-edge was advanced through the beam in equal
steps of 25.4 um. The integrated intensity of the une-
clipsed portion of the beam was measured by a PIN
d_iode operating in the photovoltaic mode. The voltage
signal was measured on a Tektronix 7704 oscillo-

scope.

translator

IV. Discussion

A. Computer Program
The computer program which analyzes the experi-
mental data was written in BASIC language for a Com-
modore 8K PET microcomputer. The program is easily
modified for use with other comparable computers.
The experimental response data are entered serially
into the computer memory. " These data are corrected

fi redetermined background and the
n;‘::igmn: response signal, which corresponds to the
signalfromatotallyuneclipe_ed beam. &

A translation axis is set up internally in the computer

so that one translation unit corresponds to a single step

f the micrometer head. Inour experiments, a sing
:tep corresponds to a distance & = 25.4 um of actual

translation. s

The normalization of the response data produces a
set of normalized responses F(x) which range between
zero and unity. To determine the value of z, the
malized translation distance corresponding to e

R(x}) as described in Eg. (18), 2 regression technique

to approximate the numerical inversion of Eq.

The value for z is varied, initially from zero to
Th" ed upper limit by increments of 0.1, until

the largest value for which

fiz) < Rixs).

j".puudthreetimu.boginninc:‘
se of z, with the value for the inc
-tor of 10 for each repetition.

»":S

origin is applied as follows:
Ri-xp) = f Gwds = : Glx)dx
= f" G(x)dx — ﬁ:ﬁ G(x)dx=1- Rixp). (200

Similarly,

fl=2)=1-/f@). (21

In the actual execution of the program, R(—xp) is
replaced by —R(x). The negative sign is used asa label
to indicate that the value for z that is calculated from
the absolute value of —R(xs) should be stored in

memory as —2.

The method of least squares is used to fit the pairs
(x,2) to a straight line, thus determining B and x¢ in
dimensionless units. The corresponding dimensioned
quantities are /6 and xod, where § is the micrometer
calibration factor. The program for the analysis is

available upon request.

B. Analysis of Results

To establish the accuracy of the numerical procedgre
for determination of 3, simulated profiles corresponding
to particular values of 8 were generated from tabulated
normal distribution data through use of Eq. (10).
Best.-fit values of 3 were determined using the described
algorithm and were compared to the exact 8 values.
The fits were excellent, with agreement to 0.05%.

In addition, the calculated f values were used to
generate the best-fit profiles. Comparison of exact and
calc‘::l:xd profiles is shown in Figs. 2 and 3 for two
diffe values of 3.

The results from analysis of experimental data for a
HeTNe laser are presented in Fig. 4, which depicts a
typical profile from a series of eleven measurements.
The beam diameter d with respect to the 1/e2 points of
the G_auss:an line shape is related to 8 through the ex-
pression

d= 2\/_25— 1 (22)

The values of the beam diameter based on eleven in-
dependent measurements were 0.67 £ 0.02 mm. The
variations among the five measurements are probably.
due to a variety of sources, including some instability
in the mounting of the translator and to fluctuations in
the laser beam intensity. The former problem can be
eviated through a more secure mounting of the
nslator. The latter could be surmounted by splitting
a fraction of the laser beam and normalizing all
surements with respect to this reference inten-

The sensitivity of the translation can be increased by
the knife-edge in its mount by an angle 0,
ssured from the initial vertical position of the
e-edge. As aresult, the direction of translation is
otated by the angle #, in the plane perpendicular
tion of propagation of the laser beam. If the
p passes through a distance 0 before the rota-
e corresponding transla.uon distance for the
knife-edge is the projection of & along the new

L1




direction of translation or cosd. Such aw‘i’g:cedme RELATIVE TRANSLATION
eliminates the need fora mictvt_)t!ﬂe"-l’l'fi”ive afiner 10
pitch when higher sensitivity 1S requﬂﬂd- 5

V. Conclusions ”
The results demonstrate that the knife-edge method
used in conjunction with the descri algorithm for the
analysis of the detector data provi arelatively simple
procedure for accurately measuring the diameter of a
B issian laser beam. In particular, the algorithm (Fig,
5) consists of a straightforward numerical technique for
direct analysis of the experimental data rather than first
reconstructing a Gaussian distribution.
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Fig. 4. Integrated Gaussian profile for the He-Ne laser beam. A

single translation step corresponds to 25.4 pm. Solid dots indicate

experimental data points, and the solid line represents the best-fit
'S profile.

tmist

- emmme——y

;
=4 areas <G5 !
- ol

2t is made to the National Science
ant BECS-7908109), the Research Corp.,
ical Society, for support of this re-



RS SUN
2 E H A Grangeman and M. ¥ S
&, 332 (1975). ¥ van der Wiel Rev. Sci lnstrum.
3 § M Sorscher and M. Klein, Qi
e P. Rev. Sci. Instrum. S1, 8
; ;égm-ica& W. Lang, Appl Opt. 22, 1296 (1953).
. G. Edwar R.Gd!antme.md&!\l.Quﬂlﬁ.\mJP
1@, 639 (197TT) i
& J A Arnaed, WM. Hubbard, G.D. M
4 . D. Mandeville, B. de la Clavi
E A Franke, and J. M. Franke, Apol Opt. 10, 2775 Q971
M Mauck. Apel. Opt 18,589 (197 .
3 A. Tachibana, Appl. Opt. 14, 2509 (1975)
:_c;::f Handbook, (Metrologic Instruments, Bellmar, N.J. 1979),
10 H. D. Brunk, An Introduction to Aath ical :
: é C 3 Statistics
(Blaisdell, Waltham, Mass, 1963), p. 3&“. "ok -

0 9 M

For many years to come, energy need not constrain
economic growth in the United States. OTA projects
that over the next two decades, investments in new
manufacturing processes, a shift to less energy-inten-
sive products, and technical innovation will lead to
substantially increased energy efficiency. At the same
time, these improvements will increase industrial prof-
itability and competitiveness. As a result, OTA pro-
j that the rate of industrial production can grow
considerably faster than the rate of energy use needed
for that production.

Corporate investment decisionmaking appears to
ize this link between productivity and energy

efficiency. All corporate projects are evaluated in terms
of product demand. competition, cost of capital, cost
of labor, energy and materials, and Government pol-
icy. Energy-related proj argonlypan ofano
strategy to improve profitability and enhance 2 ﬂa\:—
poration’s competitive position. OTA has found oo
corporate capital projects directe_d solely a.ta] m;pt:us
ing energy efficiency are not given Sp€ ta ~
although energy cost is an important consideration
investment decisions.

i the four most energy

dustries in the U.S. n
petro refining als, an :
kuu:‘e was analyiheceinu n‘;w tech_nologx'es igex;u v
gaetrgZodd improve energy efficiency, mmdm
energy demand proj ed. In melg;zwbut - .
dustry i::h}:r‘:lon mdl:yh - cimt.' ln. 1981, the
pulp and paper industry generated half of its energy
needs from wood residues. . g
From w through 2000, pro;ectfonf r
nonﬁnms‘ industry show 3 decline in pmdud
ement in energy efficien-
will be off-

2 G Rinker and G. Bobannon, IEEE Tracs. Plasma Sci PS.g, ¢ OTA REPORT BR'EF

ane furnaces for the blast furnace/basic oxygen fur-
nace combination of traditional ang.

OTA examined four policy options for their effects
on industrial energy use. Two options were directed
specifically at energy conservation investments, while
themmainingtwowereaimedakstimuhtingaﬂim
vestment.

OTA's findings suggest that the most effective Gov-
m*polidestopromoteﬁtedﬁoe\' t use of energy
are not those specifically targeted to energy use, but
those that improve the economic outlook and invest-
ment climate by lowering interest rates and expanding
demand for goods and services. Specifically, OTA
concludes that:

e Reduction in capital costs would be the most ef-
fective means of stimulating investments that in-
crease energy efficdency. It would also enhance the
effect of the recently enacted accelerated cost re-
covery system (ACRS).

e ACRS deprediation is a positive stimulus te in-
vestment, and thus to energy conservation. But,
this effect is only significant when industry is prof-
itable and growing.

e Energy investment tax credits at a 10-percent level
have little direct influence on capital allocation
decisions in large American firms, and thus have
little or no effect on energy conservation. How-
ever, energy investment tax credits aimed at third-
party financing of energy production, such as co-
generation of steam and electricity, would be ef-
rective.

e A tax on premium fuels would stimulate invest-
ment in energy-efficient processes and products
but would also have negative effects. For example.
a premium fuels tax would increase the chemicals
industry’s vulnerability to foreign competition
and adversely affect product sales of the petro-

refining industry.
1] OTA report. “Industrial Enecgy Use. ™
b S, Government Printing Office. The
& mumber is 052-003-00915-3; the price is $6.00.
for 1 use are avail;bk by
s . Summaries of the report are available at no
. ht Office of Technology Assessment.



