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where V(= [v? + v}1'/%) is the magnitude of V. Because p, v,, and V are all

uniform,
N mD?
x-momentum flow = ipv,V i
Similarly, the y-component is
s wD?
y-momentum flow = jov,V -

In both components, we recognize that pVarD?/4 is m, the mass flow rate
through the area A, and from the geometry, that

v, = Vcos 8,

v, = Vsind.

QOur final result is, thus,

x-momentum flow = myv, = mVcos 0,

y-momentum flow = rirv, = mVsin6,

with numerical values

x-direction: 2.05¢cos 20°N = 1.93 N,
y-direction: 2.05sin 20°N = 0.70 N.

Comments From this example, we see that the momentum flux vector is
simply mV or m(iv, + jv, + kv,) when the velocity and density are
uniform over the region of interest.

A 5-cm-diameter horizontal jet of water with velocity of 25 m/s strikes a curved
deflector, which diverts the stream 90° upward. Determine the horizontal and vertical
momentum flow through a control volume surrounding the deflector.

(Answer: x-momentum flow = —1227.2 N, y-momentum flow = 12272 N)

Self Test
6.5

|Example 6.9 =

As shown in Fig. 6.16c, water enters a long tube with a uniform velocity
profile. At the tube exit, the velocity profile is parabolic and is expressed as |

2
V() = ",\»,o{l - (%) }

where v, is the centerline velocity and R is the tube radius. The flow rate
through the tube is 8.3 X 107* kg/s and the water density is 997 kg/m’.
The tube diameter is 25 mm. Determine the momentum flow at the inlet
and outlet of the tube.

Solution /,
Known vd{r), m, p, D {
Find Inlet and exit momentum flows

A

2y

| e
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Sketch  See Fig. 6.16c.

Assumptions

i. Constant p
ii. Steady state

Analysis At the inlet, the flow is essentially the same as in Example 6.8,
except now the velocity vector and control surface normal vector are in
opposite directions; thus,

o = o —
Ven = v,c0s 180° = — v 0

The inlet momentum flow is then

inlet

JVP(V'ﬁ)dA = lA.vinlet(_pVinletA) = —fn’w-
A
Since the inlet velocity is not given, we apply the definition of mass flow
rate (Eq. 3.15) to obtain this quantity:
il

Vintet = vavg = A
PAx sec

5

where we recognize that the uniform inlet velocity equals the average
velocity. The value of v; s

L 83107 o
e = Gorm.02s4 | OO M/

and the inlet momentum flow is

va(v- n)dA = —1(8.3 X 1070.017 = —i1.41 X 10 *N.
A

At the outlet, the situation is more complex because the velocity is no
longer uniform. Recognizing that V = fvx(r) and that V-h = +v.(r), we
apply the definition of momentum flow (Eq. 6.50) as follows:

R
J Vp(V-h)dA = va\.(r)pv,\(r)zmﬂdr,
0

A

where dA = 2mrrdr for the axisymmetric geometry. Substituting the given
expression for v, (r) and removing constant quantities from the integrand

yield
r 272 -
v ()

12mpvi,

%x
L— —

ij(V - R)dA
A

= 2mpvi,

~
o
[\
~
i
e
=N

=i2mpV2,

M oY% o

o | |

TN

= i2mwpvi,
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B
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The only remaining task is to relate the centerline velocity v, to known
quantities. We do this by applying mass conservation to the cylindrical control
volume (Fig. 6.16¢). With the assumption of steady state, Eq. 3.18a applies:

Mintet = Moutlet

or
pvinletA . pvavg,outA'

Thus, we find that

Va\'g,ou! = Vinlet:

In Chapter 3, we determined that the centerline velocity v, o is twice the
average velocity for a parabolic velocity distribution. Thus,

V,\‘,O = 2Vavg,out = 2Vinlet’

and the outlet momentum flux is easily evaluated as

va(v YA = 1277 p(2V g o) R /6

. ; % pvivg. ()utw-R2
_ 24
=1 5 HVave out>
recognizing that pva\,g,omﬂ'R2 = rir. Numerically evaluating the exit momentum
flow yields
24 24 e
lgmvavg,(,ur =1 58.3 X 107°(0.017)

.4 B
=1 5(1.41 X 107N
={1.88 X 107*N.
The reader should verify the units here.

Comments We see that the magnitude of the outlet momentum flux
exceeds that of the inlet by the factor 4/3. This result requires that the
contribution of the higher velocity in the central portion of the tube to the
momentum flow more than compensates for the less-than-average velocity
toward the tube walls. This observation also suggests that a correction
factor (B) for nonuniform velocity distributions can be used to relate the
actual momentum flow to that based on the average velocity, that is,

va(v- AYdA = BV,

This is similar to the kinetic energy correction factors defined in Chapter 5.

See Table 5.5 in Chapter 5. . : :
We explore momentum flow correction factors later in this chapter.
Sdf Test Redo Self Test 6.5 if the curved deflector turns the jet a full 180°, (i.e., opposite to the
6.6 direction from which it came).

(Answer: x-momentum flow = —2454.4 N, y-momentum flow = ON)

Y

To maintain steady, level flight, the drag force
is balanced by a net horizontal momentum
flow from the aircraft's engines.

See Eq. 3.19 for mass
conservation and Eq. 5.69 for
energy conservation.

FIGURE 6.17

Control volume schematically
showing momentum flowing in,
momentum flowing out, and surface
and body forces that act as sources
(or sinks) of momentum on a time-
rate basis. The rate at which
Momentum is stored in the control
volume is represented with a squiggly
arrow inside the control volume.
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6.5 LINEAR MOMENTUM CONSERVATION
FOR CONTROL VOLUMES

In this section, we restrict our analysis to nonaccelerating control volumes.
This is equivalent to the requirement that we work with an inertial coordinate
system, that is, a coordinate system that is fixed or moves at a constant
velocity with respect to a stationary coordinate system. This restriction
prevents us from analyzing a whole class of problems such as accelerating
rockets; however, many interesting and challenging problems can still be
treated with our restricted analysis. For the interested reader, the appendix to
this chapter presents conservation of momentum expressions for noninertial
(accelerating) coordinate systems.

6.5a Simplified General View

With the knowledge of how to express and calculate momentum flows, we are
now able to write explicit momentum conservation statements for control
volumes. In the following subsections, we develop the simplest statements
and then add complexity. In all cases, we carefully define the restrictions that
apply and state the momentum conservation principle with mathematical
rigor. Before doing so, however, it is instructive to transform the generic
statement of the control-volume conservation principles presented in Chapter
1 to a general statement of momentum conservation. Although lacking in
detailed definition and rigor, this general statement is very useful for
developing an understanding of the concept of momentum conservation
applied to control volumes. Our subsequent developments will add the
necessary rigor.

The transformation of the generic conservation principle to the specific
case of momentum conservation parallels the development of the mass and
energy conservation principles presented in Chapters 3 and 5, respectively.
Applying the conservation of momentum principle to a control volume,
however, is inherently more complex than applying either the conservation
of mass or energy principles because forces and momentum flows are
vectors. We begin with Eq. 1.2, the rate form of the generic conservation
principle:

Xip = Xow T Xgenerated

=X

stored*

Identifying the conserved quantity as momentum, we recognize that Xin and

X, are the respective momentum flows in and out of the control volume (see
Fig. 6.17), that is,

X, = V), (6.51a)

Xoul = (mv)out- (651b)

Forces acting on the control volume generate momentum on a time-rate basis;
thus,

Xgeneraled = E FCV' (651C)

Depending on the direction of application, a force can also act as a sink for
momentum. The time rate of change of momentum within the control volume
is simply

y d(MV)cv
Xstored = 7 (651(1)
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Using these definitions (Egs. 6.51a—6.51d), we write the conservation of
momentum principle for a control volume as

dMV)ey

V) — V) +  DFe = = (6.52)
Rate of Rate of Rate at which Time rate of
momentum momentum momentum is generated change of
flowing into flowing out of by forces acting on momentum within
control volume control volume control volume control volume

6.5b Integral Control Volumes with Steady Flow

We begin by considering steady flow for an integral control volume having a
single inlet and a single outlet. For this simplified situation, conservation of
momentum can be stated as follows:

In steady state, the vector momentum flow in minus the vector
momentum flow out plus the vector sum of all forces acting
on the control volume must equal zero.

Assuming that the velocity is uniform over the inlet and the outlet, this is
expressed symbolically as

mv; - Ve, + 2 F, = 0 (uiformV) (653
Vector Vector Vector sum of
momentum flow momentum flow forces acting
into control out of control on control
volume volume volume

If the velocity is not uniformly distributed at the inlet or outlet, then

The horizontal reaction force exerted by the
test stand on this jet engine equals the
difference between the momentum flow out
and the momentum flow in.

mBinVavg.in i mﬁoutvavg,out + EFCV =0 (diStributed V), (654)
where the momentum flow correction factor B is defined by the following:
JVp](V- n)|dA

g=t———— (6.552)

MV avp

Here we assume that the velocity vector is everywhere perpendicular to the
control surface where the flow enters or exits the control volume. If the
density is constant, this expression simplifies to

2

i J Y ia, (6.55b)
A V%,

A

where V is the magnitude of the local velocity, and V., is the magnitude’ﬂ'l
the average velocity over A (see Eq. 3.13). Values for B associated with
common velocity distributions for circular flow areas are given in Table 6_.1-

The forces acting on the control volume are the surface forces resulting
from pressure or viscous stress, the gravitational body force, and other forces
exposed where a control surface cuts through a solid, as discussed at the
beginning of this chapter.

B

Appendix 6A presents the
extension of momentum
conservation to noninertial
(accelerating) control volumes.

Example 6.10

Converging-diverging nozzles are
treated in detail in Chapter 11—
see Examples 11.10 and 11. 11.
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Table 6.1 Linear Momentum Correction Factors for Parabolic and
Power-Law* Velocity Distributions over Circular Flow Areas

Velocity Distribution Correction Factor (B8)
Parabolic’ 1.333
(n +1)2@2n + 1)

Power law =

2n°2n + 2)(n + 2)
n==06 1.027
n=17 1.020
n =10 1.011

* The power-law distribution is given by v(r) = a(1 — r/R)".
t See Example 6.9.

Equations 6.53 and 6.54 can be made more general by considering
multiple inlets and outlets. For this situation, momentum conservation is
expressed as

N outlets M outlets

21 min,jBin,jVavg.in,j - E mout.kBout,kVavg,out,k + chv = 0. (6.56)
= k=1

All of the previous expressions of momentum conservation are specific cases
of the following general mathematical representation:

— ij(V,e, -A)dA + JdFP + devisc + j dF ., + Jngm =0, (657
CS CS CS CS Ccv

where [cs indicates integration over the entire control surface. Note that the
minus sign in the first term causes momentum flows in to be positive and
momentum flows out to be negative. The appearance of the relative velocity V.
handles the situation where the control volume moves with a constant velocity
with respect to a fixed observer. If the control volume is fixed, V,,; = V. This
use of a relative velocity is already embodied in the simpler expressions (Egs.
6.53 and 6.54) where the mass flow rate across the surface of interest, »1, takes
this into account.

The Space Shuttle orbiter has three main engines located at the rear of the
vehicle. These engines burn hydrogen with oxygen at high temperatures
and pressures. The products of combustion, primarily steam and excess
hydrogen, expand in a converging—diverging nozzle to produce a high-
velocity jet at the nozzle exit. Consider a single Space Shuttle main engine
(SSME) secured in a test stand and firing vertically downward as shown in
Fig. 6.18. During a test at full power, the hydrogen and oxygen flow rates
are 72.7 kg/s and 440.9 kg/s, respectively. The exit diameter of the nozzle
is 2.3 m, and the temperature and pressure of the exhaust gases at the exit
plane are 1166 K and 0.1915 atm, respectively. The apparent molecular
weight of the exhaust gases is 13.78 kg/kmol. The engine weighs 31,140 N.
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FIGURE 6.18

The Space Shuttle main engine
secured in a test stand burns
hydrogen with oxygen to create a
high-velocity gas flow at the nozzle

exit. Photograph courtesy of NASA.

Determine the thrust exerted by the single SSME on the test stand for an
ambient pressure of 1 atm.

Solution
Known 1, Mo, Patms P, T, M., W
Find F,
Sketch
FP " Ftest stand
,atm
' ol; ~L (=Ft)
0 [ =t n
1 .L ] I
H2 T W& T 02 ] I
1 | 1 [
1 1 | |
1 | 1 |
I 1 | I
o Gl Ad e
T [ 1 | [
1 1 1
fFE e
y-direction y-direction
forces momentum flow
Assumptions

i. Steady state
ii. Uniform velocity at exit plane
iii. No y-direction forces or momentum flows associated with incoming
H, and O,.

Analysis  We select a cylindrical control volume that surrounds the entire
engine. The control surface cuts through the engine test stand mount to
expose the desired thrust force. The surface also cuts through the H, and
0, supply lines, which we assume are oriented in a radial direction as
shown in the sketch. Atmospheric pressure acts over the entire control
surface except at the exit plane where P, < Py All y-direction forces are
shown in the sketch. Note that the area associated with the pressure at the
top of the control volume is identical to that of the nozzle exit. Since the
H, and O, enter radially, there are no y-directed forces or momentum flows
associated with these streams. The only y-direction momentum flow is at
the exit plane directed downward.

Using the sketch as a guide, we apply the conservation of momentum
principle (Eq. 6.53) as follows:

0 - [me(_ve)] +FP,e _FP,alm _Ft -W=0.

Note the minus sign attached to v, indicating that v, is directed in the
negative y-direction. From mass conservation, the exit mass flow rate is

M = My, + My,

72.7 + 440.9 kg/s = 513.6 kg/s.

1l

With the assumption of a uniform exit velocity,

}’)"le = peVeAe'

S

Self Test

6.7
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Combining this with the ideal-gas equation of state to find p,, we obtain
the exit velocity:

m

a <P;me>wD§
RT,) 4
B 513.6

< 0.1915(101,325)13.78 ) m(2.3)
8314.5(1166) 4

- 513.6 kg/s
0.0276 kg/m> 4.15 m?

= 4480 m/s.

The reader should verify the units in the calculation of p.. The exit momen-
tum flow is thus

v, = 513.6 (4480) = 2,300,000
kg m[ 1IN }

The pressure forces are evaluated as

FP‘e - FP,atm = (Pe - Pa:m)'Tng/“’
(0.1915 — 1)101,325 7 (2.3)%/4
—81,921(4.15) = —340,000

N
[=]—5m® = N.
m

Solving our momentum conservation expression for the unknown test-
stand force (i.e., the thrust) and evaluating yield

Ft = meve + (FP,e - FP,atm) - W
2,300,000 — 340,000 — 31,140 N
= 1,930,000 N.

I

Comments First, we note that this force is very large (~434,000 lby). In
comparison, automobiles weigh a few thousand pounds. Other big numbers
are associated with this engine; for example, the turbopump that supplies
the H, to the combustion chamber is rated at 75,000 hp. Clearly, huge rates
of energy transfer are commonplace in the Space Shuttle propulsion
system. Second, we note the importance of the choice of control volume
and the simplifying assumptions invoked. Choosing a good control volume

and sketching all of the forces and momentum flows are key to solving
problems such as this.

Using the momentum flows determined in Example 6.9, calculate the force required to
hold the long tube illustrated in Fig. 6.16c. Neglect gravitational effects and ignore any
pressure drop between the inlet and the exit.

(Answer: F, = 4.7 X I0TSN, F, = 0N)
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In many applications, a fluid stream exits a control volume as a free jet,
unconstrained by any solid boundaries. Examples of free jets are a flow from
a pipe into the atmosphere and the jet of air one creates to blow out a candle.
For jets of incompressible fluids, or jets with low Mach numbers (Ma < 0.3,
say), the pressure at the exit plane where the jet enters the ambient fluid is
essentially uniform and equal to the pressure in the quiescent ambient fluid
(i-e., Pexit = Pamp)-

In the following example, we take advantage of this jet-exit boundary
condition to evaluate the pressure force where a jet exits a control volume.
The previous example involved a high-speed compressible flow. In that case,
the jet exit plane and the atmospheric pressures were not equal. Chapter 11
provides further insight into compressible flows.

Water (p = 997 kg/m®) exits into the atmosphere (100 kPa) from a backward-
curving nozzle as shown in the sketch. At station 1, the water velocity is
2 m/s, the absolute pressure is 257 kPa, and the inside diameter of the pipe is
75 mm. The nozzle exit diameter is 25 mm. The weight of the pipe-nozzle
assembly and the water it contains between stations 1 and 2 is 54 N.
Determine the equivalent reaction forces, F\, and F,,;, in the pipe wall at
station 1.

Solution
Known Ps Pa(m» Pl, V17 Dl’ D27 Wtot

Find Foo Fu

Sketch

Assumptions
i. Steady state
ii. Uniform entrance and exit velocities
ill. Py = Py
iv. F, acts to the left, F,,, acts upward

—_

Analysis We choose a control volume that cuts through the pipe wall and the
entering water at station 1, is then contiguous with the outer surface of the

S
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pipe and nozzle, and finally cuts through the exiting jet. This choice results in
the only net pressure force being the product of the gage pressure and cross-
sectional area at station 1 because atmospheric pressure acts uniformly over
the entire control volume. The forces acting on the control volume are shown
in the sketch. The directions of F,,, and F,,, arc chosen arbitrarily. If our
analysis shows either to be negative, they must then act opposite to the
direction chosen. The momentum flows are illustrated in the top sketch. Note
that 71V, can be resolved into x- and y-components as shown. With all forces
and all momentum flows identified, we can apply linear momentum
conservation for steady flow with uniform entrance and exit velocities
expressed by Eq. 6.53:

mV, —mV, + > F,, =0
Resolving this into x- and y-components yields

mvy — mv, — F + P,A; = 0 (x-direction)
and
myy; — vy, + F,, — W =0 (y-direction).

We note from the sketch that both v, , and v, , are negative quantities.
To solve these equations requires values for the velocity components.
Using mass conservation, we first find the magnitude of V, as follows:

m = pw’V1|A1 . pw|V2|A2'
Thus,
A, wDi/4 D}

V,=V,— =V =V,=
2Ty, ' mD3/4 'D2

:2<0.o75>2/ .
—0-025 m/s = m/s.

From the geometry, the x- and y-velocity components are
Vo1 = 2 m/s,
=0,
Vs = —V,c0830° = —18(0.866) m/s = —15.588 m/s,
Vo = —V,sin30° = —18(0.500) m/s = 9.000 m/s.

The mass flow rate is

) wD? (0.075)?
= p,V, 41 = 997(2}—( ) §.809
4
kg m
[:]E ?mz = kg/S.

Rearranging the x-component expression of momentum conservation and
substituting numerical values yield

Fw,x = m(vx,l - Vx,2) + (Pl - Palm)Al
(0.075)°

4

8.809[2 — (—15.588)] + (257 X 10°> — 100 X 10%)

154.9 + 693.6 = 848.5
kg m I N
enl N

s s [ kg m/s?
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The momentum within a control volume
defined by the exterior surfaces of the Space
Shuttle changes as a resull of two factors: the
mass decreases as the propellants are
consumed and expelled, and the velocity
increases as the system accelerates.

and
Fo,=W—m(,, = v,
= 54,0 — 8.809[0 — (—9.000)] N
= —253N.

The minus sign here indicates that F, , must act downward rather than up-
ward as originally assumed.

Comments We note how the choice of control volumes made dealing
with the pressure forces easy, as the atmospheric pressure components
canceled. Note also the importance of keeping track of the vector nature of
momentum conservation and the use of positive and negative signs with
the scalar velocity components.

6.5¢ Integral Control Volumes with Unsteady Flow

If the linear momentum associated with the control volume as a whole varies
with time, an unsteady term must be included in our statement of momentum
conservation. Here we are concerned with the control-volume momentum
itself, distinct from any momentum flow across the control surface. The
control-volume momentum is most generally expressed as

control-volume = JVdM = vad\?_ (6.58)
momentum
cv Ccv

The integrand of Eq. 6.58 is VdM (= VpdV), the momentum of a fluid
element with mass dM. Allowing the velocity and/or the density of the fluid
to vary from point to point within the control volume requires integration
over the control volume to evaluate the total control-volume momentum. If
both the velocity and density are the same at every point within the control
volume, but still allowed to vary with time, the control-volume momentum
is simply M., V..

With this understanding of the control-volume momentum, we state the
general conservation of momentum principle for a nonaccelerating control
volume:

J VP(_ 1)(Vrel 1 ;l) dA J VP (Vrel i ﬁ) dA

Inlets Outlets

Flow of momentum
out of the control volume

Flow of momentum
into the control volume

d
= V. 6.59
P J V pd ( a)

Ccv

Il

+ >F

The time rate of change
of the momentum within
the control volume

The sum of all forces
(surface and body)
acting on the control
volume
This particular presentation of momentum conservation preserves the
physical interpretation that the momentum within the control volume can be

changed in three ways: 1. by having a force act on the control volume, 2. by

B

Example 6.12

Air vent

Water (Al

|

jet
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an inflow of momentum, and 3. by an outflow of momentum. Note that the
negative sign within the inlet momentum flow integral is required to make
this a positive quantity since the entering fluid velocity V,, is directed
opposite to the surface normal n (i.c., V- 1 < 0). To provide a statement
of conservation of momentum in a form consistent with our steady-flow
analysis (Eq. 6.57), we combine the entering and exiting momentum flows
in a single term and rearrange Eq. 6.59a to yield

5 d
E= ij(V,el ‘n)dA + EF EJVpdV. (6.59b)

CS cv

Net flow of momentum
into the control volume

Sum of all forces Time rate of change of
(surface and body) the momentumn within
acting on the the control volume

controt volume

The force term and the momentum flow term in Egs. 6.59a and 6.59b are
handled in the same manner as discussed in the previous section, the only
difference being that these terms are now instantaneous expressions that can
vary with time.

Recall that our development of Eq. 6.59 assumes a nonaccelerating
coordinate system. Appendix 6A shows how to deal with noninertial
coordinate systems.

The following example illustrates the application of Eq. 6.59.

A water truck empties its load of water (pyo = 996 kg/m?) through a 50-
mm-diameter pipe at the rear as shown in the sketch. The truck is traveling
forward at 10 miles/hr (4.47 m/s), and the velocity of the water jet with
respect to the moving truck is 5 m/s rearward. Air enters the tank through a
vent at the top of the truck, replacing the water that exits from the tank. The
total drag force F, opposing the motion of the truck is 95.9 N. Estimate the
traction force required to keep the truck moving at a constant speed.

Solution

Known Pu,0 D’ Vs trucks V.\',reb FD

Find F,
Sketch
(':”Vy)air
T e ,
: | | :
H I | & F
(Mvdu,o mmed __ J | $W E i
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Assumptions
i. The water-jet velocity is uniform.
ii. Fp, accounts for all horizontal forces acting on control volume other
than F,.
ili. Py, < Pryo SO that M, < M.
iv. Momentum flows associated with the engine air and exhaust products
are negligible as is the change in truck mass from fuel burning.

Analysis  We choose a control volume that cuts between the tires and the
road to expose the unknown traction force F.. With assumption ii, the only
forces acting in the horizontal direction are F; and Fp. Two momentum
flows are shown in the sketch: one associated with the incoming air
(vertical) and one associated with the outgoing water (horizontal). We note
that the momentum of the control volume (truck plus tank and its contents)
is changing, so the problem is unsteady; thus, linear momentum
conservation is expressed by Eq. 6.59b. The x-component of this equation
can be written as

d(Mcvvx,cv)
0 - (’tho V,\',Hzo)oul + F,—Fp= dt )

where the zero indicates that there is no flow of x-momentum into the
control volume. The velocities here are all with respect to a fixed observer,
so that

v(\',cv = vx,truck = 447 m/s

and

Vx,HZO,out . Vx,HZO,reI + V,\‘,truck

-5+ 447 m/s = —0.53 m/s.

The flow rate 71 o, however, is based on the velocity at which the water
crosses the control surface, v, 1 0 1> thus,

. _ 2
ML,o = PH,0VeHO, el T D / 4

= 996(5)7(0.05)*/4 = 9.78
kg m
[=]—g3—m2 = kg/s.
m’ S
We focus now on the time rate of change of the momentum within the

control volume. Since v, ., is constant,

d(Mev, ) M.,
= Vx cv M
dt U dt

The time rate of change of the mass with the control volume can be related
to the water outflow through Eq. 3.19a, an unsteady expression of the
conservation of mass principle. For our control volume,

dMCV
Myirin — mHZO,ou[ . dt .
Neglecting the air mass flow rate, we have
dM.., .
= _-mHZO,oul'

dt

See Chapters 3 and 5.

(x+Ax,y+ Ay, z+ Az)

(x,,2)

FIGURE 6.19

We apply momentum conservation to
a stationary control volume of
dimensions Ax, Ay, and Az. Viscous
and pressure forces act on all six
Jaces, and momentum flows through
all six faces. Gravity is the single

body force acting on the control
volume.
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Reassembling the momentum conservation expression yields

. ndv .
T M,0,0ut Vx, 1,0, 0ut + Fu - FD = Vi - V,\’,cv(_mHZO,out)‘
? dt

Solving for F,, and substituting numerical values, we obtain

F“ = FD + mHZO,ouLv)(, H,0,out + v,\‘,cv(_mHZO, out)

= FD + mHZO,out(V,\,HZO,ou[ - V,\’,cv)
=059 + 9.78(—0.53 — 4.47)

=470
kgm| IN
=1 s | =
s s |kg-m/s

Comments In this example, we see the importance of interpreting
velocities in the reference frames of a fixed observer and for an observer
traveling with the control volume. We also see that keeping track of
signs (%) in both mass and momentum conservation is essential to obtain-
ing the proper solution. To further reinforce the concepts presented in
this example, the reader is encouraged to solve this problem using the

inertial reference frame of the moving control volume. (See Problem
6.87.)

6.5d Differential Control Volumes

In our previous applications of mass and energy conservation to differential
control volumes, we began with a simple one-dimensional steady flow and
then added complexity. Since you should now be quite familiar with the
general process used to derive such differential equations, we start with the
three-dimensional (Cartesian), unsteady case rather than building up to it.
We begin by applying the general conservation of momentum relation (Eq.
6.59) to the small control volume shown in Fig. 6.19. The pressure forces
acting on this control volume are as shown previously in Fig. 6.7; the
viscous forces are obtained by multiplying the viscous stresses shown in
Fig. 6.4a by the area upon which they act. For simplicity, let us consider
only the forces that act in the x-direction, all of which are shown in Fig. 6.20
except for the x-component of the body force. Summing these x-direction
forces yields the following:

EF.\'—dir = [P\ = P.\'+A.\':|AyAZ + [(T,\:\').\'+A,\' - (T.\'.\').\']AyAZ

Net pressure force in Net viscous normal force in
the v-direction x-direction

w [(Tyx)_v—FA_y - (Ty,\‘)y] AxAz + [(Tz.\')z+Az o (T:x)z]AXAy (660)
Net viscous shear forces in the x-direction

+  pgAxAyAz.

x-component of
gravitational body force

Similar expressions can be written for the y- and z-directions, a task presented
as a homework exercise.




