Chapter 6

Early Operations

IN A NUTSHELL _ CHAPTER PROBLEM

The main ideas in this chapter are listed below:

1. The four operations—addition, subtraction,
multiplication, and division—are related.

2. There are multiple meanings for each opera-
tion. Students need exposure, over time, to
each of these meanings.

3. Different models should be employed to model
the operations since some ideas about the
operations are better explained with one model
than another.
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A division problem includes

these words:
*bananas .
*most

24
-less
What could the problem be?
'How could yov solve it using

addition instead of division?
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Understanding the Math We Teach and How to Teach It K-8

Students might be asked to
solve subtraction, multiplica-
tion, or division questions using
more than one operation to
reinforce the relationship
between the operations.

How the Four Operations Are Related

The four operations that are the focus of K-8 mathematics are addition,
subtraction, multiplication, and division. The picture below shows how
they are related.

“Putting Together” Operations “Taking Apart” Operations
Inverse operations
| Addition < »  Subtraction
Repeated Repeated
v

A

h Inverse operations
Multiplication —Wsion

Frequently, the same problem can be viewed using any of the four opera-
tions. For example, consider this problem:

Rafi had 12 cookies on a plate. If he ate them 3 at a time, how many
times could he go back for cookies?

e Using addition: I'll add 3s until I getto 12: 3 + 3 + 3 + 3 = 12.
Solution: 4 times.

« Using subtraction: I'll subtract 3s until there are 0 cookies left:
12 —3 — 3 — 3 — 3 = 0. Solution: 4 times.

» Using multiplication: I'll figure out what to multiply by 3 to get 12.
4 X 3 = 12. Solution: 4 times.

» Using division: I'll divide 12 by 3: 12 + 3 = 4. Solution: 4 times.

Addition and Subtraction

Teachers generally introduce addition and subtraction formally before mul-
tiplication and division. Because it is is important to foster an understanding
of the connection between addition and subtraction, it is a good idea to
teach them together, helping students see that wherever there is an addi-
tion situation, there is an implicit subtraction situation, and vice versa.

Although addition always relates to the situation of combining things, stu-
dents find it easier to first consider active situations, where a joining actu-
ally occurs, and later more static situations, where a whole is made up of
two parts. Sometimes the part that is added is based on a comparison. For
example, Ben had 3 more books than Andrea. Andrea had 6 books. How

Joining is an active addition situation. A child has 5 marbles. His mom then brings him 3 new ones.

5 marbles + 3 new marbles = 8 marbles

Part-part-whole is a static addition A child has 8 marbles; 5 of them are blue and 3 are red. No action
situation where no action takes place. occurs, but it is still an addition situation.
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8 marbles = 5 blue marbles + 3 red marbles
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many did Ben have? In this case, the two parts are what Andrea had and
the extra that Ben had. In all of these situations, the numbers you add are
called addends and the result is called a sum.

Meanings of Subtraction

Subtraction is a more complex operation than addition. Most simply, it is
the opposite of addition, but there are many nuances.

Taking away is an active
separating situation.

12 take away 7 leaves 5.
12-7=5

e G PO00000000@
involves subtracting one
R Pe@R2@Q

12 is 5 more than 7.
12-7=5

Missing addend involves
finding out how much or
how many to add.

12 is 5 more than 7.
12-7=50r7+[1=12

It is important for stl.ldents to reahze. that these varying meanings for TEACHING TIP
subtraction are related; in other words, it makes sense to apply the same
operation in each situation. Therefore, a teacher must ensure that the con-

Although the missing addend
meaning most directly relates

nections are explored. One example is described below. e e Err e P A e e ot
relationship can and should be
How Is Taking Away Like Comparing? brought out with takeaway

. . . . and comparison situations
Consider the situation modeled and described below. To compare the el b

number in the top row (the minuend) with the number in the bottom row
(the subtrahend), you are finding how many more are in the top row than in
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We normally leave out one
number in an addition or a
subtraction sentence. Leaving
out two numbers is a more
open approach and leads to
many alternative responses. For
example, pose this question:

1 have some books to start
with. I get some more. Now |
have 8. How many did I start
with, and how many did I get?

Joining
situations

3+1=0
at+b=01

To solve, you can add

3+ 1.
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Result (sum) is unknown

! have 3 books to start
with. | get 1 more. How
many do | have now?

the bottom row. You can take away the 3 counters that match in each row
and what is left (the difference) is how many more were in the top row. So to
compare to find how many more, you can take away.

@ ® ® ® ® ® Anne’s books
B.).'s books

Anne has read 9 books.
B.J. has read 3 books.
How many more books has Anne read than B.J.?

1
B

The chart that follows, a variation of the chart advocated by Carpenter
etal. (1999) and the center of work in Cognitively Guided Instruction, sum-
marizes the many different addition and subtraction situations students will
encounter. Some involve actions, like joining or taking away (separating),
some involve recognizing the parts that make up a whole, and some in-
volve comparing. Sometimes the whole and one part are known and the
other part must be determined; other times the two parts are known and
the whole must be determined.

Each situation can be represented by either an addition or a subtrac-
tion number sentence, or equation, with one number missing, and each
is solved either by adding or by subtracting the two known quantities.
When equations are introduced can vary. It is important that students
have an understanding of what the equal sign represents before these
equations are used. It is good if sometimes the computation part is shown
on the left and the answer on the right, and sometimes the other way
around, as is done in the chart below. What is interesting is that some-
times an addition sentence can be solved by subtracting and sometimes
by adding; the same is true of subtraction sentences.

It is important to ensure that students encounter a wide variety of
these structures to help them construct a more complete understanding of
addition and subtraction. The different meanings for the operations can be
distinguished only through appropriate contexts. Note that the term sepa-
rating is used to mean take away.

Change (addend) is unknown

I have 5 books to start with.
| get some more. Now | have
10. How many more did |

Start (addend) is unknown

! had some books to start
with. I got 3 more. Now |
have 8. How many did | start

get? with?

5+0=10 O+3=8

a+0=c O+b=c

To solve, you can subtract To solve, you can subtract

10 — 5. 8-3.
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Result (difference) is

FUATIVING (O

e

Change (subtrahend) is

Separating
situations unknown unknown
! had 6 books. I gave ! had 6 books. | gave away
away 3. How many do | some. | have 2 left. How
have left? many did | give away?
6—-3=0 6-0O=2
c—a=0 c—0O=5b
To solve, you can subtract To solve, you can subtract
6—3. 6~ 2.
Part- Whole (sum) is unknown Part (addend) is unknown
part-whole I have 3 small books and 4 I have 7 books altogether.
situations big ones. How many books 3 of them are small books.
do | have altogether? How many are not small
books?
3+4=0 7=3+03
a+b=0 c=a+0
To solve, you can add To solve, you can subtract
3+4. 7-3.
Comparing Difference is unknown Comparing quantity (subtra-
situations hend) is unknown

| have 7 big books and

2 small ones. How many
more big books than small
ones do | have?

7-2=0

c—a=1[]

To solve, you can subtract
7 -2

I have 7 big books and some
small ones. | have 2 more big
books than small ones. How
many small books do I have?

7-0=2

c—0O=b

To solve, you can subtract
7-2.

LUINIDEr L01ed

Students must decode and interpret number stories and not just rely on
looking for “clue words” to decide what operation to perform. Notice
that the word more appears both the join result unknown situation in
the Addition and Subtraction Situations chart, which involves adding the
two given numbers, as well as the join change unknown situation, which
can involve subtracting the two given numbers.

Generally, but not always, students find joining and separating (take-
away) situations easiest to deal with compared to other addition and sub-
traction situations. If students are encouraged to model number stories as
they are presented, however, even young children can deal with part-part-
whole and comparing situations. Students should always be encouraged to
check to see if their answers seem reasonable.

Relating Addition and Subtraction
Notice that any addition situation can also be viewed as a subtraction one,

and vice versa. In fact, what we call a fact family is a set of number sentences,
or equations, that can be used to describe the same situation.

Start (minuend) is unknown

I had some books. | gave
away 4. | have 6 left. How
many did I start with?

6=0-4

To solve, you can add
6 + 4.

Both parts (addends)
unknown

{ have 7 books. Some are
small and some are big. How
many of each could I have?

7=0+0

To solve, you can find
combinations that make 7.

Referent quantity (minuend)
is unknown

I have some big books. | have

3 small books. I have 2 fewer
small books than big books.
How many big books do | have?

2=0-3

b=0O-a
To solve, you can add
2+ 3.

Provide students with a

“script,” for example, an
expression like 4 + 6 or an
equation like 12 — 5= 7, and
ask them, with a partner, to
act out a “play” to show that
script. They should be encour-
aged to use a variety of situ-
ations that are meaningful to
their own experiences, rather
than merely copying a familiar
form over and over.

Creative Thinking
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)

You might provide triangle
cards like this one and ask stu-
dents to describe the four facts
in the fact family that go with
them. Then ask why sometimes
there are only two facts (e.qg.,
with 10, 5, and 5).

11

Using the formal terms
commutative property and
associative property is not
essential. Sometimes students
make up names that are more
meaningful to them. For
example, some students call
the commutative property the
turn-around property.

It is equally important not to
overwhelm children with too
many strategies all at the same
time. The principles should
come out over time.

b - R A LY B i
Tl
I""'-r"-:fﬂ} "

f
I

Students might have visuals of a
variety of items with price tags
with amounts 10¢ or lower.
They are told that they started
with 10¢, they bought one of
the items, and how much is left.
They have to decide what was
purchased. For example, if 6¢
was left, they have to realize
they bought a 4¢ item since
10=4+6.
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Fact Family for 2, 3, and 5

3+2=5 3blue+2red=>5altogether
2+3=5 2red+3blue =5 altogether
5-2=3 5 altogether; 2 are red, so 3 must be blue
5-3=2 5 altogether; 3 are blue, so 2 must be red

There are a number of principles about addition and subtraction that
students need to learn and discuss. Some of them are restatements of what
mathematicians call properties inherent in our number system; others are
built from those properties.

The idea is not to memorize the principles by name, but to be so familiar
with our number system, that they are used naturally and informally. These
principles are meant to become intuitive and second nature. These will lead
to computational strategies that are discussed further in Chapter 7.

1. Addition and subtraction “undo” each other. They are related inverse
operations. For example, if 4 + 8 = 12, then 12 — 8 = 4.

2. You can add numbers in any order (the commutative property). With
subtraction, the order in which you subtract the numbers matters.

3. To add three numbers, you can add the first two and then the last one,
or the sum of the last two to the first one (the associative property). For
example, toadd 5 + 4 + 3, you can add 5 + 4 to get 9 and then add 3,
oryou can add 4 + 3 to get 7 and then calculate 5 + 7. This property
exists since addition is actually defined in terms of how to combine two
numbers, so rules for three numbers had to be created.

4. You can add or subtract in parts. For example,2 + 5 =2 + 4 + 1;

8§ —5=8—-3—2

5. To subtract two numbers, you can add or subtract the same amount to
or from both numbers without changing the difference. For example,
12—7=(12+1)—@7+1).

6. When you add or subtract 0 to or from a number, the answer is the
number you started with.

7. When you add 1 to a number, the sum is the next counting number.
When you subtract 1 from a number, the difference is the counting
number that comes before.

Mathematicians define subtraction as the inverse operation to addition; that is,
it undoes what addition accomplishes. Suppose you start with 4 items, and you
add 8 more and end up with 12. How do you get back to where you started at
4? You subtract the 8 you added. Similarly, if you start with 12 items and take
away 4, you get back to the starting number, 12, by adding the 4 you took away.
This relationship allows students to use an addition table to solve a sub-
traction problem. They look in the 4 row of the table for the number 12 to
determine 12 — 4 (by looking up at the column header where 12 is found).



Principle 2: You can add numbers in any order (the commutative property).
With subtraction, the order in which you subtract the numbers matters.

The commutative property, or order property, can be modeled and
explained using counters. Show a group of 3 counters and a group of 4
counters on a piece of paper, and then turn the paper 180 degrees. It is clear
that you have exactly the same counters, so 3 + 4 = 4 + 3,

Turn the paper

180 degrees.

* oo oo °
o ©O o0 g
3+4 4+3
3+4=44+3

Modeling to explain the commutative principle of addition

This property also shows up in the addition table when students notice
that any row is equivalent to a matching column.

However, order does matter when you subtract. For example, if you take
3 cookies away from 7, you have 4 left. You cannot take 7 cookies away from 3,
although later students will learn that you can calculate 3 — 7, using integers.

Principle 3: To add three numbers, you can add the first two and then
the last one, or the sum of the last two to the first one (the associative
property).

As a consequence of this property, you can take away from one number and
add what you took away to the other number without changing the sum.
Suppose you are adding 4 counters and 6 counters as shown below; you can
move any number of counters from one pile to the other without changing
the total. Moving 2 counters from the left pile to the right changes the cal-
culation to 2 + 8, but does not change the sum. In fact, you have renamed
2+2)+6as2+ @2+ 6)

4 + 6= 4-2) + 6+2) =

4+6=2+8

Modeling to explain the associative principle of addition

Principle 4: You can add or subtract in parts.

Suppose you want to add 5 objects to a group of objects. It really does not mat-
ter if you add all 5 objects at once or if you do it in stages. For example, you
can add 3 and then add 2; you are still adding 5 objects 2 + 5 =2 + 3 + 2).
The same is true for subtraction. For example, to subtract 5 objects from a
group, you can take away 3 and then take away 2 more (8 — 5 =8 — 3 — 2).

Chapter 6: Early Operations

ACTIVITY 6.5

Pose a problem like this one:

Jane had 3 dollars and got 8
more. Kyle had 8 dollars and
got some more. Now they both
have the same amount. How
many did Kyle get? How do
you know without adding?

Building Number Sense

ACTIVITY 6.6

Students might respond to this
sequence of calculations to
practice addition and observe
an application of the associa-
tive principle.

9+1=
8+2=
7+3=
6+4=
5+5=

Ask: How could knowing one
of these facts help you figure
out the others?

Building Number Sense
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ACTIVITY 6.7 Principle 5: To subtract two numbers, you can add or subtract the same

amount to or from both numbers without changing the difference.

Pose:thelfolloWinmquestion. If a boy is 12 years old and his brother is 7, the older brother is 5 years

older than the younger one. What about next year and the year after that?
on a plate. Choose an amount H h older will he be then? He will al b lder. B
of cookies that you want to eat. ow much older e be then? He will always be 5 years older. Because
Tell how many would be left. the same amount is added to each age each year, the difference remains
unchanged. You could model the situation as shown.

* Choose an amount of cookies

* Now imagine a plate with
2 more cookies. How many
cookies would you need to
eat this time to have the same

number left? Why is that? U= 52 (12+1)-(7+1)=5
— S—— o000 0COQRO0OQCO®O 00000000 0Q00OGO
Building Number Sense 000000 > 0000000Q@
12-7=13-8

ACTIVITY 6.8

Principle 6: When you add or subtract 0 to or from a number,

To make sure that all students the answer is the number you started with.

have success, play a game with
a small group of students where One useful model to show this principle is a walk-on number line:
you roll a great big die that is
easy for all students to see. Then
say, “And [] more is?” Vary the
amount [] to add, depending
on students’ readiness. Be sure
to include the questions, “And
0 more is?” or “And 1 more is?”
Students may then be ready to
add larger numbers.

. Principle 7: When you add 1 to a number, the sum is the next counting
number. When you subtract 1 from a number, the difference is the
. . counting number that comes before.

3 + 2 means start at 3 and step 2 spaces forward, ending up on 5.
3 + 0 means start at 3 and step 0 spaces forward, staying at 3.

Again, a walk-on number line is helpful for demonstrating this principle
Building Number Sense since adding 1 means to move 1 space forward, for example, 3 + 1 = 4, and
subtracting 1 means to move 1 space back, for example, 3 — 1 = 2.

Common Errors and Misconceptions

Addition and Subtraction: Common Errors, Misconceptions, and Strategies

' COMMON ERROR OR MISCONCEPTION

SUGGESTED STRATEGY

Understanding Open Sentences

Students are confused by open sentences with miss- Have students explain what the sentence actually says;

ing addends, and missing subtrahends and minu- for example, “A number is added to 3 and you end up
ends. For example, they might interpret with 8.” Then ask how they know the missing number
3+0=8asg+3=0. has to be less than 8.

Interpreting Walk-On Number Lines

Students have difficulty using walk-on number Encourage students to stand with both feet on the start
lines to add or subtract. For example, to show number of the number step before taking their first step.
8 — 3, some students will start at 8 but include 8 This will force their first step onto the next square.

as they count back 3, landing on 6 instead of 5.
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Appropriate Manipulatives

Manipulatives can be used to model both the joining (or active addition)
and part-part-whole (or static addition) meanings of addition.

Addition: Examples of Manipulatives

GAME MATERIALS

COUNTERS OF DIFFERENT COLORS

B ee

Joining Part-part-whole
6+5=11 6+5=11

Part-part-whole Part-part-whole
6+5=11 6+5=11

A WALK-ON NUMBER LINE OR NUMBER PATH

Joining
6+5=11

Joining
6+5=11

Manipulatives can be used to model take-away, comparison, missing
addend, and part-part-whole meanings of subtraction. Sometimes the mean-
ing of subtraction is tied to the physical representation, but other times it
depends on the words that are said when looking at the model. Counters
of different colors are more useful for missing addend and, particularly, for
comparison, than single-colored counters.
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Subtraction: Examples of Manipulatives

ooooooooo@ %
Take away Part-part-whole

12-3=9 12-3=9

12-9=3

Comparison Part-part-whole
12-3=9 12-3=9
12-9=3 12-9=3

A WALK-ON NUMBER LINE OR NUMBER PATH

Missing addend
12-3=9

BEADED NUMBER LINE, OR REKENREK

__

Missing addend
12-3=9

Multiplication and Division

The other two important operations in the elementary grades are multi-
plication and division. Because it is is important to foster an understand-
ing of the connection between multiplication and division, it is a good
idea to teach them together, helping students see that wherever there
is a multiplication situation, there is an implicit division situation, and
vice versa.
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Meanings of Muitiplication

The operation of multiplication is used in many situations. The two num-
bers multiplied are called factors and the result is called the product.

Repeated Addition The first factor, in this case 3, tells how many times to add the second
factor, 4.

3X4=4+4+4

Equal Groups or Sets 3 X 4 is the total number of objects in 3 sets of 4.

4+4+4=12
3x4=12

This model shows both equal groups and repeated addition.

An Array 3 X 4 s the total number of items in a 3-by-4 array.
(An array is not different from
an equal group situation; it is
simply one that is arranged in
a rectangular fashion.)

3x4=12

An array of 3 rows with 4 counters
in each row has 12 counters altogether.

Area of a Rectangle 3 X 4 is the area of a 3-by-4 rectangle.

3Ix4=12

A rectangle that is 3 units wide by 4 units long
has an area of 12 square units.
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A Rate/Comparison A rate describes how a quantity is “stretched,” whether a continuous measure,
like a length, or a discrete quantity, like a set of pencils. 3 X 4 represents the
final amount when a 4-unit measure is increased to 3 times its original value. The
result, 12, is compared to the original 4, by thinking of it as 3 times as much.

3x4=12
A 4-unit tong line stretched to 3 times its length is 12 units long.

3 X 4 describes how many pencils Poli has if Mia has 4 pencils and Poli has 3

times as marny.
o I 1 X

Poli

3x4=12

At a rate of 3 times as many, Poli has 12,
if Mia has 4.

Combinations 3 X 4is the number of paper—envelope combinations possible, if there
are 3 kinds of envelopes and 4 colors of paper.

i

e

3x4=12

3 envelopes and 4 colors of paper make
12 different paper—envelope combinations.
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Limitations of Meanings

Although all these meanings make sense when whole numbers are involved,
some need to be adjusted when decimal, fraction, or integer numbers are involved.
For example, 15 X 3 can mean to repeatedly add 3, but the second addend is only
half of 3. The same adjustment needs to be made for equal sets or arrays.

The combinations meaning is difficult to make sense of unless both
numbers are whole numbers. This meaning is usually introduced later than
some of the others.

Even the rate and area meanings, which make sense for whole numbers,
fractions, and decimals, must be adjusted for integers. A definition of a negative
rate or a negative dimension is required. This is further discussed in Chapter 13.

How the Meanings of Multiplication Are Equivalent

Simply knowing the meanings will not help students develop a well-
rounded understanding of the operation. It is important for students to
understand why these various meanings are equivalent and are, therefore, all
related to multiplication. One such relationship is shown below.

How Is a Rate the Same as Repeated Addition or an Array? If Mia has
4 items and Poli has 3 times as many items as Mia, then Poli has 12 items
(3 items for each 1 item that Mia has). This can be modeled in an array as
shown (Poli’s array) and can be represented by adding the number in each
row using repeated addition: 4 + 4 + 4.

I I I
Mia

Draw a picture that shows why

Poli .... 4 x 8 is double 4 X 4.
0000 -

Poli’s items form an array.

ACTIVITY 6.9

Draw arrays on cards and cut off a corner so
that some dots are missing, but the numbers
of rows and columns are clear. Present a

card, suggesting that a dog bit off the miss- (N N N N ]

ing corner. Ask how many dots were origi-
nally on the card, given that the array was 00000

originally complete. 000 @ e

Building Number Sense

When one number is divided by another, the number being divided is called
the dividend, the other number is called the divisor, and the resuit is called
the quotient.
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MEANING EXAMPLE
Equal Sharing (Partitive) 12 + 4 = 3 is the amount each person gets if 12 items are shared
equally among 4 people.
12+4=3
Equal Grouping (Quotative) 12 + 4 = 3 is the number of equal groups of 4 you can make with
12 items.
12+4=3
Repeated Subtraction 12 + 4 = 3 is the number of times you can subtract 4 from 12 before
you get to 0.
—4 —4 -4

BRI L
0o 1 2 3 4 5 6 7 8 9 10 11 12

12—4—-4-4=0
12+4=3

Width or Length of a Rectangle 12 + 4 = 3 is the width of a rectangle with an area of 12 square units
and a length of 4 units.

Area is 12 square units

4 units long

12 + 4 = 3 units wide

Rate 12 = 4 = 3 is the unit rate if 4 units make 12.

4 toy cars for $12
If 4 toy cars cost $12, then 1 toy car costs $3.

122



Chapter 6: Early Operations

How the Meanings of Division Are Equivalent T ACHING TIP % o
It is important for students to understand why these various meanings are ] O

. ... . . Although the rate meaning
equivalent and, therefore, all relate to division. One such relationship is of division is more likely to be
shown below. used in middle school, elemen-

tary students can be asked
what one item costs if the total

How Is Equal Sharing Like Equal Grouping? Suppose you want to share
price of several is known.

12 items among 4 people. One of the most natural ways to do this is to give
each of the 4 people one item, then give each of them a second item, and
then a third item, until all the items are gone. After you have given each of
the 4 people his or her first item, you have created a group of 4. After you
have given each of the 4 people a second item, you have created another
group of 4, and so on. So, even though you are sharing, you are also cre-
ating equal groups of 4 for each round of sharing.

NUMBER TALK

You shared some cookies with
friends. Everyone got the same
number but one was left over.
How many cookies and how
many friends might there

have been?

As with addition and subtraction, there are many types of multiplica-
tion and division situations. Bach situation can be represented by either a
multiplication or a division number sentence with one number missing,
and each is solved by either multiplying or dividing the two known quan-
tities. Sometimes a multiplication sentence can be solved by dividing and
sometimes by multiplying; the same is true of division sentences. It is also
possible to be more open-ended and use these same sorts of multiplica-
tion/division situations when two quantities are unknown, for example,
O+ A=3

As with addition and subtraction, it is very important to ensure that stu-
dents encounter a wide variety of these structures to help them construct a
more complete understanding of multiplication and division. The different
meanings of multiplication and division can only be distinguished through
appropriate contexts.
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Equal group
situations
(including
equal groups
and arrays)

Area
situations

Rate
situations
(comparison)

Combination
situations
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Whole (product) is
unknown

| have 3 boxes with
4 tomatoes in each. How
many tomatoes do | have?

3x4=0]
ax b=
Multiply to solve.

Area (product} is unknown

A rectangle has a length
of 4 units and a width of
2 units. What is its area in
square units?

4x2=01

axb=0

Multiply to solve.

Greater amount (product)
is unknown.

Meg has 5 pennies and

1 have 3 times as many as
she does. How many do

I have?

3x5=0
axb=[_]
Multiply to solve.

Total (product) is unknown

1 have 3 shirts and 2 pairs
of pants. How many shirt-
pant outfits do

! have?

3x2=01

axb=[

Multiply to solve.

Ta1V 4

Size of group (quotient) is

unknown

I have 12 tomatoes packed
equally in 3 boxes. How
many tomatoes are in each
box?

12+3=0
c+a=01

You can divide to solve.

One dimension (length or
width) is unknown

A rectangle has an area of
15 square units. One
dimension is 3 units. What
is the other dimension?

15 +3 =[]
c+a=01

You can divide to solve.

Lesser amount (factor) is
unknown.

I have 15 pennies. | have
3 times as many pennies as
Meg. How many does Meg
have?
15=3x0

cra=[

You can divide to solve.

Size of one set (factor) is
unknown

! have 8 shirt-pant outfits

and 4 shirts. How many pairs

of pants do | have?

4x[1=8
cta=[]

You can divide to solve.

Number of groups (divisor) is
unknown

| have some boxes of toma-
toes. | have 12 tomatoes
altogether, and there are 4
in each box. How many boxes
do | have?

12=-0=4
c+0O=5b
You can divide to solve.

Both dimensions are un-
known

A rectangle has an area of 24
square units. What are the
possible dimensions if the
lengths are whole numbers?

OxO=24
OxO=c

Size of comparison ratio
(factor) is unknown

Meg has 5 pennies and | have
15. How many pennies do
I have for each of Meg's?

15=[x5
c+b=01

You can divide to solve.

Notice that the sentence [1 + 4 = 3 isnot shown in the chart. Itis equiva-
lent, though, to the first situation, whole is unknown. For example, the
problem might be worded as, “T have some tomatoes. I was able to make 3
boxes of 4 tomatoes. How many tomatoes did I have?” and could be solved
by multiplying 3 X 4.

As with addition and subtraction, students should work with a wide variety
of structures to help them construct a more complete understanding of
multiplication and division situations. Because students find equal group



situations easier to understand, combinations and comparison situations
are usually encountered after equal group situations have been explored.
As with addition and subtraction, the most difficult situations for students
are those represented by [1 X b = c and [] + a = b, where the first term
is unknown.

Once students are comfortable solving simple multiplication and divi-
sion number stories, they may want to create their own number stories.

Chapter 6: Early Operations

Use 12 counters.
Write a division sentence that describes this situation:

There are 12 cookies to share among 3 people.
How many cookies will each get? %

each get 4 cookies

Even early on, students should meet and create division problems where
there are remainders. For example, a student might encounter a problem
where 19 books are being shared equally by 4 students. They have to figure
out what it makes sense to do with the remainder.

5 P PR
neia

Notice that any multiplication situation can also be viewed as a division situa-
tion, and vice versa. In fact, what teachers call a fact family is a set of number
sentences, or equations, that can be used to describe the same situation.

Fact Family for 3, 4, and 12

4 columns

Student Response

This student solves a division
problem using a diagram to explain
his or her thinking rather than
representing it symbolically. You
might follow up by asking how he
or she would write this using a
sentence of theform []1 =[] =[]

. . . . 4x3=12 4 columns of 3 squares are 12 squares
3x4=12 3rows of 4 squares are 12 squares
3 rows
12+4=3 12squaresin 4 columns form 3 rows
.. .. 12+3 =4 12 squares in 3 rows form 4 columns

Students need to become familiar with and use a number of principles about
multiplication and division. As with the addition and subtraction principles,
these principles are meant to become intuitive and not memorized; they are
simply used so often they become second nature. In the explanations of the
principles on the following pages, different meanings of multiplication and
different models are used each time. Often, one meaning of an operation is
much more helpful than another in explaining a particular idea.

As with addition, some properties of multiplication have been named by
mathematicians, in particular, the commutative, associative, and distribu-
tive properties. These are identified in the chart.

It is important to emphasize
how principles that apply to
multiplication sometimes, but
not always, apply to division.
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Encourage students to always
think about what a calcula-
tion means rather than sim-
ply memorizing principles or
properties.

Tell students that they can use
more than 20 but fewer than
30 items, and that you want
them to make equal groups.

If it's available, have students
model the groups using an
interactive whiteboard, moving
items around.

Ask them to write both multi-
plication and division sentences
that describe the equal groups
they can make.

Building Number Sense
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1. Multiplication and division “undo” each other. They are related
inverse operations. For example, if 12 + 3 = 4, then 3 X 4 = 12.

2. You can multiply numbers in any order (the commutative prop-
erty). With division, the order in which you divide the numbers matters.

3. To multiply two numbers, you can divide one factor and multiply
the other by the same amount without changing the product
(a variation of the associative property). For example, 8 X 3 =4 X 6,
(8 +2) X (3 X 2).

4. To divide two numbers, you can multiply both numbers by the
same amount without changing the quotient. For example,
15+ 3 =30+ 6, (15 X 2) + (3 X 2).

5. You can multiply in parts (the distributive property). For example,
5X4=3X4+2XA4.

6. You can multiply in parts by breaking up the multiplier as a
product (a variation of the associative property). For example,
6 X5=2X3X5.

7. You can divide in parts by splitting the dividend into parts
(the distributive property), but not the divisor. For example,
48 +8 =32+ 8+ 16 + 8. Irisnotequalto 48 + 4 + 48 = 4.
8. You can divide by breaking up the divisor as a product. For example,
36 -6=36+3+2
9. When you multiply by 0, the product is 0.
10. When you divide 0 by any number but 0, the quotient is 0.
11. You cannot divide by 0.

12. When you multiply or divide a number by 1, the answer is the
number you started with.

Principle 1: Multiplication and division “undo” each other.
They are related inverse operations.

Multiplication and division are inverse operations; one “undoes” the other.
In fact, division is defined as the “opposite” of multiplication. If you start
with 12 items and share them among 3 people, each person gets 4 items.
How do you get back to where you started (to 12)? You think of the 3 people,
each with 4 items, as a multiplication situation, or 3 groups of 4, which is 12.

This allows a student to use a multiplication table to determine a quo-
tient. He or she solves 12 + 4 by looking for 12 in the 4 row and reading up
to see the column header, in this case, 3.

Principle 2: You can multiply numbers in any order (the commutative
property), With division, the order in which you divide the numbers matters.

If you model 3 groups of 4 as shown below, it is not clear why it is the same
as 4 groups of 3.

But, if you rearrange the same 12 items in an array as shown at the top of

the next page, it is obvious why 3 X 4 = 4 X 3. The same model shows both
3 sets of 4 and 4 sets of 3.



This property shows up in the multiplication table when students notice
that the row for any number matches the column for that number.

3x4=12
4x3=12

Modeling to explain the commutative property of multiplication

3rowsof 4 =12
4 columns of 3 =12

3 groupsof4 =12

Note that the order does matter when you divide. For example, if you were
to divide 12 items into groups of 3, you would have 4 groups of 3. If you were
to try to divide 3 items into groups of 12, you would not have even 1 full group.

Principle 3: To multiply two numbers, you can divide one factor and
multiply the other by the same amount without changing the product.
The associative property of multiplication suggests that to multiplya X b X ¢,
you can multiply a X b first and then multiply by ¢, or calculate b X c first and
then multiply that product by a. For example,4 X 2 X3 =8 X 3 0r4 X 6. The
property exists since multiplication is only defined for two numbers, and rules
had to be created to allow you to deal with more numbers than tha.

Consider the 8 groups of 3 (8 X 3) shown below. If you pair up groups
of 3, you will have 6 in each group or twice as many in each group but only
4 groups, that is, half as many groups (4 X ).

8 groups of 3

I
Q00 i X X

1

1

000 __, 000

I
XX { X X

I

!

]
00 0@

|

1

4 groups of 6
8x3=4x6
8 groups of 3 can be viewed as 4 groups of 6 (a consequence
of the associative property of multiplication).

Chapter 6: Early Operations

Some teachers teach the half/
double strategy for multiplica-
tion (that you can halve one
factor if you double the other),
a specific application of Princi-
ple 3. Similarly, you could multi-
ply either number by any whole
number other than 0 and divide
the other number by that same
whole number and not change
the result.

Make sure students understand
that Principle 3 does not apply
to any other operation.

To multiply 12 x 5, Chris thinks “6 x 10.” Explain his thinking.

7,

D O gots
Z;?Z W 7 /M,JM//
wrginy Jeiig s

Student Response

This student demonstrates an
understanding of the value of using
an equivalent form of a product
with numbers that are easier to
multiply mentally.
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Principle 4: To divide two numbers, you can multiply both numbers
by the same amount without changing the quotient.

For instance, 15 = 3 asks how much each person gets if 3 people share
15 items equally. It makes sense that if there are twice as many items to
be shared by twice as many people, the share size stays the same. It does not
matter what the dividend and divisor are multiplied by. As long as they are
multiplied by the same amount, the quotient does not change.

””’ <4— |f 3 people |

share 15 items,

“.” 4— each person
gets 1 row of 5.
”’. 4— 15:3=5 If 6 people
’ share 30 items,
L each person
""’ « If another gets 1 row of 5.
3 people share 30+-6=5
another 15 items,
"." each person still
gets 1 row of 5.
QPO OO Q -

15+3=(15%2)+(3x2)

15+3=30+6
If there are twice as many items to be shared by twice as many people, the share size
stays the same.

Principle 5: You can multiply in parts (the distributive property).

For instance, you can separate 5 rows of 4 squares into 3 TOWs of 4 and
2 rows of 4 (5 X 4 = 3 X 4 + 2 X 4) without changing the total number.

5x4 3x4+2x%x4
5x4=3x4+2x4

Distributing 5 rows of 4 over 3 rows of 4 and 2 rows of 4

This property shows up in the multiplication table when students notice
that if you add matching elements in two rows in the table, you often get
another row in the table. For example, if you add any number in the 2 row
to the number in the 5 row below it, you get the number in the 7 row below
them. The same idea works with columns.
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Principle 6: You can multiply in parts by breaking up the multiplier as
a product (a variation of the associative property).

An array is a good way to show this principle. For example, you can easily
separate 6 rows of 5 squares into 2 groups, each with 3 rows of 5, without
changing the total number of squares, as shown below.

AEEER ..

..... How might you figure out
what 8 x 6 is if you didn't

JALnd R

[ [ [

6x5 2x3x5
6x5=2x3x%x5

An array of 6 rows of 5 can be viewed as 2 arrays, each with 3 rows of 5.

Principle 7: You can divide in parts by splitting the dividend into
parts (the distributive property), but not the divisor.
For example, 48 + 8 asks how many items each person gets when 48 items are
shared equally among 8 people. It is possible to “distribute” the first 24 among
the 8 people, and then “distribute” the other 24 among the same 8 people.
Notice that 48 + 8 does NOT equal 48 = 6 + 48 = 2. This is because 48 + 8
tells how many groups of 8 are in 48. 48 + 2 tells how many groups of 2 are in
48; that is already a lot more than 48 =+ 8, even before you add the 48 + 6.

Person Person
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
eeo0000® ©0000000
ee000000® ©0000000
00000000 ©0000000
00000000 00000000
00000000 0000000
00000000 o¢o0000000
1 2 3 4 5 6 7 8

Person

48 + 8 24 +8+24+8
48 +-8=24+8+24+8

Principle 8: You can divide by breaking up the divisor as a product.

The expression 36 + 6 tells how many items there are in each group if 36 items
are shared equally among 6 groups. You could share the 36 items among
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NUMBER TALK

Choose a number greater than
20 to divide by 4. How would
you do it?

' TEACH
Rather than initiating a con-
versation about why we can’t
divide by 0, wait for students to
ask about the situation.

Use only one of the pro-

vided explanations, choosing
whichever is most similar to
situations that the students are
familiar with.
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6 groups (36 + 6), or you could split the 36 items into 2 groups of 18 and then
share within each of the 18s, each into 3 smaller groups of 6 (that is, 36 + 2 =+ 3).

36+6 36+-2+3
36+6=36+2+3

Share 36 into 6 groups by sharing first into the 2 groups circled in red, and
then sharing within each red group into 3 groups.

Principle 9: When you multiply by 0, the product is 0.

To show, say, 5 sets of 0, you might use 5 empty plates. Since there is noth-
ing on any of the plates, the total number of items is 0.

5x0=0

It does not matter how many empty plates there are; any number
of plates with 0 items on them results in 0 items altogether.

Principle 10: When you divide 0 by a number other than 0,
the quotient is 0.

For example, 0 + 5 asks the share size if 5 people share nothing. The amount
is clearly nothing,

Principle 11: You cannot divide by 0.

It is more difficult to explain 5 + 0 than 0 + 5. How can 5 items be shared
among 0 groups? Here a repeated subtraction meaning for division might
make more sense to explain the principle. To divide, for example, 15 + 5,
you can subtract 5 three times from 15, until you get to 0, s0 15 + 5 = 3,
So, to divide 5 + 0, you must determine how many times you can subtract 0
from 5 before getting down to 0. There is no answer; you will simply never
get to 0. Therefore, 5 + 0 is undefined.

As for 0 + 0, you can subtract 0 any number of times from 0 to get to
0, so the answer could be 1, 2, 3, or any number. Since there are too many
answers, 0 <+ 0 is indeterminate.

Another way to describe this principle is to appeal to the relationship
between multiplication and division. If the answer were [, thatis, 5 = 0 = [,
then 0 X [0 = 5. Since 0 X anything is 0, there are no answers. If0 + 0 = [,
then 0 X [ = 0. Here there are an infinite number of answers (any number
works). In either case, it makes no mathematical sense to divide by 0.



Principle 12: When you multiply or divide a number by 1,

the answer is the number you started with.

Chapter 6: Early Operations

The following models explain this principle for multiplication and for

division.

€oseed (siofeolele

1x6is 1 group of 6,

or 6 items altogether.

6+ 1is 6 items in 1 group,

or 6 items in each (of 1) group.

6 x 1is 6 groups of 1,
or 6 items altogether.

6+ 1is 6 items in groups of 1,
or 6 groups altogether.

It is interesting that, for some students, multiplication by 1 is less com-
fortable than multiplying by other numbers where they actually see several

groups of the same size.

Common Errors and Misconceptions

Multiplication and Division: Common Errors, Misconceptions, and Strategies

COMMON ERROR OR HISCONCEPTION

Generalizing About Products

Students incorrectly generalize that the product of two
numbers is always greater than the sum of the same

two numbers. These students are stymied by expressions
like 5 X 1,5 X 0,and 2 X 2.

Reversing Dividend and Divisor

Students reverse the dividend and divisor when
recording a division sentence (and may or may not
calculate correctly). For example, to represent the
number of groups of 3 in 15, they record 3 + 15
instead of 15 + 3. This common error should not

be surprising, though, as one of the ways students
are taught to record this division is as 3)i5 for 15 < 3.

Remainders

Students struggle with division problems that have

remainders. For example:

* They might think an expression like 17 + 4 is impossible
since you cannot make perfect groups of 4.

« They think that 17 + 4 is 4 since you can make 4 groups
of 4, or that 17 + 4is 5 since there are 4 groups of 4 and
1 group of 1 for a total of 5 groups.

e

SUGGESTED STR/

More often than not, this misconception
arises because it is inadvertently promoted.
Teachers tell their students that multiplication
makes things “bigger,” and they forget about
the contradictions to this rule. This can

be avoided if teachers are aware of the
contradictions, and are careful with their
generalizations.

The connection between words and symbols
must be carefully crafted. When writing

15 + 3, you should be saying aloud, “How
many 3s are in 15?” and writing both forms of
the symbolic expression at the same time,

as shown:

305 for15 + 3

Students should meet situations involving
remainders early on in their work with
division. They need to understand that the
result need not always be a whole number.
Note that these misconceptions about
remainders actually lead to correct answers
in certain contexts. For example:
¢ 17 marbles shared equally among
4 children: The answer is 4 because you
cannot share the leftover marble.
» 17 children transported in cars that hold
4 children each: The answer is 5 because you
need a fifth car to transport the “leftover” child.
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Appropriate Manipulatives

Manipulatives can be used to model many multiplication meanings. (See
“Meanings of Multiplication” on page 119 for other examples of ways to use
manipulatives to model different meanings of multiplication.)

Multiplication: Examples of Manipulatives

Repeated addition or equal groups
A+4+4+4+4+4=24
6X4=24

GAME MATERIALS

b |l Y VI ie bl ¢ ||ie &

IR ISR E I NIE R

Repeated addition or equal groups

A+A+4+4+4+4=24
6X4=24

T R
AT T T

HEREEER
01234567 8910111213141516171819202122232425
Repeated addition or equal groups
4+4+4+4+4+4=24
6X4=24

Manipulatives can be used to model many division meanings. Some examples
are shown below. (See “Meanings of Division” on page 121 for other examples
of ways to use manipulatives to model different meanings of division.)

Division: Examples of Manipulatives

Equal groups

24 split into 4 equal groups results in 6 in each group.

Length or width of a rectangle
24-4=60r24+6=4
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Appropriate Children’s Books

Two of Everything: A Chinese Folktale (Hong, 1993)

A magic pot doubles whatever is put into it. The context of the story can
be continued to practice doubling. The teacher puts items into a “pot” and
students predict how many items will emerge if the pot doubles its contents.
Bean Thirteen (McElligott, 2007)

Students learn that trying to divide up 13 into equal groups is not very easy.
Is 13 really that unlucky?

Math-terpieces: The Art of Problem Solving (Tang, 2003)

Addition and subtraction are addressed through artwork. The book is both
beautiful and fun.

A Remainder of One (Pinczes, 1995)

Twenty-five bugs march in different-sized groups, where there is usually a
remainder of 1. This book suits early division work with remainders.

* Ask questions that focus on the meanings of the operations. For
example, “What does 4 X 6 mean?” instead of, “How much is 4 X 67"

+ Examine this response. What does it tell you about the student’s
understanding?

How 1s multiplication like addition? How is it different? Student Response

l\/\u\H”z lO]v(ﬂfl N g { / : This student has answered
Y € ai CQ ‘)\ a question about comparing

BQC aul E’J’Lh ot 7% ST S) the operations of addition and

l )<€ ﬁ»” 3 2/(2 ;[/{ ,}2(;5 ]457/0 multiplication.

T4 hiS A‘ggﬁer\)( beccu(ff
yom ave ‘1"0 CC’H‘*_ b)_} z;’%j’afl/g{

Sor o\&(ﬂ/%onyob{ corr Conr—
1 b}’ /QQCA 7{/}76.

* Make sure that students recognize how to apply each operation in
situations that represent different meanings; for example, ask how
these two situations are alike:

I have $4 and need $10 to buy a gift. How much more do I need?
I'am 10 years old and my sister is 4. How much older am I?

« Ask students to create problems to match different calculations, for

example, 10 — 3 or 16 + 4.

1. What was your solution to the chapter problem? What is it about
your problem that led you to think of the situation as division?

2. How would you help students recognize the relationship between
addition and subtraction? Why do you think that your approach
might be effective?
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3. Teachers often read a subtraction sign saying the words take away, for
example, 8 — 2 as eight take away 2. Would you? Why or why not?

4. Which of the principles for addition and subtraction could be
explained effectively using 10-frames? Why?

5. To calculate 14 — 8, a student says, “14, 13, 12, 11, 10, 9, 8, 7" as she
holds up 8 fingers, one at a time, and says, “fourteen minus eight is
seven.” How would you respond to this approach to the calculation?

6. Which of the principles for multiplication and division do you think
are most critical for students to understand? Why?

7. Develop an engaging task that would involve students in exploring
some aspect of multiplication. What idea about multiplication would
they learn? Why do you think your task would be engaging?

8. How would you help students distinguish between the sharing
(partitive) and how-many-groups (quotative) meanings of division?

Interact with a K-8 Student:

9. Ask a student to show what each of these means (not what the answer
is) with models (if they are not yet in Grade 3, only use parts a) and b)).
What meanings of each operation did they choose to use?

a) 6 +7
c) 5X8

by13 — 5
dy16 + 2

Discuss with a K-8 Teacher:

10. Ask a teacher whether she or he teaches addition and subtraction at
the same time or separately. Ask why she or he takes that approach.
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