CHAPTER

Thought Questions

i S - The heights of adultwomenin the United States follow, at least approximately, a bell-
i shaped curve. What do you think this means?
“males?

. |
‘What does it mean to say that a man’s weight is in the 30th percentile for all adult 1

ardized score” is simply the number of standard deviations an indi-
core falls above or below the mean for the whole group. (Values above
an have positive standardized scores, whereas those below the mean
ative ones.) Adult male heights in the United States have a mean of
and a standard deviation of 3 inches. Adult female heights in the
s have a 65 inches and a standard deviation of 2 1/2 inches. |
all has a standardized score of 1. What is the stan-
wn heig!\t, compared to adults of your

= o
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ations,

Frequency Curves, and Proportions

In Cl:?ste; 7, we leal"ned how to draw a picture of a set of data and how to think
‘ abou If shape. In-thls chapter, we learn how to extend those ideas to pictures and
apes for populations of measurements. For example, in Figure 7.5 we illustrated

that, based on a sample of 199 men, heights of adult British males are reasonably

belltshaped. Because the men were a representative sample, the picture for all of the

fnﬂhons of British men is probably similar. But even if we could measure them all,

1t would be difficult to construct a histogram with so much data. What is the best way
o represent the shape of a large population of measurements?

quency Curves

. common type of picture for a population is a smooth frequency curve.
1an drawing lots of tiny rectangles, the picture is drawn as if the tops of the
vere connected with a smooth curve. Figure 8.1 illustrates a frequency
ion of British male heights, based on the assumption that the heights
1 in Figure 7.5 are representative of all British men’s heights.
J: ar to the histogram in Figure 7.5, except that the curve
‘have been converted to inches. The mean and standard
mple are 68.2 inches and 2.7 inches, respectively,
Later in this chapter you will learn how to draw a
ng only the mean and standard deviation.
eled “height of curve.” This height
under the entire curve is 1, for
nlike with a histogram, the
frequency, but is chosen
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they are said to follow a bell-shaped curve, a normal curve, or a Gaussian curve.

This last name comes from the name of Karl Friedrich Gauss (1777-1855), who was
- one of the first mathematicians to investigate the shape.

- A population of measurements that follow a normal distribution is said to be
mtmall distributed. For instance, we would say that the heights of British males‘
xlmately) normally distributed with a mean of 68.2 inches and a standard,

“inches. Because normal distributions are symmetric, the mean and

For instance, the median height of British males would also be
f of all British males are taller than this height, and about

amounts of car insurance damage claims for
based on data from 187 claims in that city
, 1994). Notlce that the curve 1s skewed




CHAPTER 8 Bell-Shaped Curves and Other Shapes 167

8.3 i Mean = 64.5 inches, Standard deviation = 2.5 inches
o 4 college ey
HE‘thS of 9

k: women (histogram) _and e
. normal curve for heights / 8
~ of all college women

(smooth curve)

3 - T T
/4l D053 62.0 o4.5 67.0 695 Tk,

Heights of college women (inches)

© Cengage Learning 2015

Proportions

Frequency curves are quite useful for determining what proportion or percentage
of the population of measurements falls into a certain range. If we wanted to find
out what proportion of the data fell into any particular range with a stemplot, we
would count the number of leaves that were in that range and divide by the total.
If we wanted to find the proportion in a certain range using a histogram, we would
simply add up the heights of the rectangles for that range, assuming we had used
proportions instead of counts for the heights. If not, we would add up the counts for
that range and divide by the total number in the sample.

What if we have a frequency curve instead of a stemplot or histogram? Fre-
q;nﬁncy curves are, by definition, drawn to make it easy to represent the proportion
the population falling into a certain range. Recall that they are drawn so the entire
rneath the curve is 1, or 100%. Therefore, to figure out what percentage or
on of the population falls into a certain range, all you have to do is figure out
1 of the area is situated over that range. For example, in Figure 8.1, half of

range above the mean height of 68.2 inches. In other words, about
sh men are 68.2 inches or taller.
sy to visualize what proportion of a population falls into a cer-

e bell-shaped curves are so common, tables
rk has already been done (see, for example,
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ition, many psychological attribyge
standard academic tests, such g .
group, will result in normej,

iliar bell shape. In add
distributed. Many
(SAT), if given to a large

probably get the fam
such as 1Q, are normally
Scholastic Assessment Test

distributed scores. By :
fferent kinds of measurements all follow approximatejy

The fact that so many di e *
the same shape should not be surprising. The majority of peoplf are somewhere
close to average on any attribute, and the farther away you move Irom the average,

either above or below, the fewer people will have those more extreme values for thej
measurements. !

Sometimes a set of data is distorted to make it fit a normal curve. That’s what
happens when a professor “grades on a bell-shaped curve.” Rather than assign the
grades students have actually earned, the professor distorts them to make them fit
‘nto a normal curve, with a certain percentage of A’s, B’s, and so on. In other words,
grades are assigned as if most students were average, with a few strong ones at the top
and a few weak ones at the bottom. Unfortunately, this procedure has a tendency to
artificially spread out clumps of students who are at the top or bottom of the scale,
<o that students whose original grades were very close together may receive differ-
ent letter grades.

8.3 Percentiles and Standardized Scores

Percentiles

yHOa;/e ageouoer:v;rh \;\;on;ifred what percentage of the population of your sex is taller than
percent,ile T Op{ﬂc:ptage of the population has a lower 1Q than you do? Your
e PO ALIR S the position of your measurement in compari-

ryone else’s. It gives the percentage of the population that falls ble)low

you. If i o
below ;(?1111. z;;e}’l;‘uﬂ:liesior:ht}?: rggtnt:lle, It means that exactly half of the population falls
and only 2% is above you. percentile, 98% of the population falls below you

plsetziz og informjation. All you need to know are
ard deviation for the population. Although
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distribution with a mean of 100 and a standard deviation of 15. Therefore, your
1Q is exactly 1 standard deviation above the mean of 100. In this case, we would
say you have a standardized score of 1. In general, a standardized score simply
represents the number of standard deviations the observed value or score falls
from the mean. A positive standardized score indicates an observed value above
the mean, whereas a negative standardized score indicates a value below the
mean. Someone with an IQ of 85 would have a standardized score of —1 because
he or she would be exactly 1 standard deviation below the mean. Sometimes
the abbreviated term standard score is used instead of “standardized score.”
The letter z is often used to represent a standardized score, SO another synonym
is z-score.

Once you know the standardized score for an observed value, all you need to
find the percentile is the appropriate table, one that gives percentiles for a normal
distribution with a mean of 0 and a standard deviation of 1. (Calculators, statisti-
cal software, and free websites that provide these percentiles are also available.) A
normal curve with a mean of 0 and a standard deviation of 1 is called a standard
normal curve. It is the curve that results when any normal curve is converted to
standardized scores. In other words, the standardized scores resulting from any
normal curve will have a mean of 0 and a standard deviation of 1 and will retain
the bell shape.

Table 8.1, presented at the end of this chapter, gives percentiles for standard-
ized scores. For example, with an IQ of 115 and a standardized score of +1,
you would be at the 84th percentile. In other words, your 1Q would be higher
than that of 84% of the population. If we are told the percentile for a score but

" not the value itself, we can also work backward from the table to find the value.

Let’s review the steps necessary to find a percentile from an observed value,
‘and vice versa.
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EXAMPLE 8.2 50 Cholesterol Too Common?

m the World Health Organization (Lawes et al, 2004,

ged 30 to 44 in North American are ?pPVOXimatejy
fabout 185 mg/dl and standard deviation of aboy
d as anything over 200 mg/dl. What proportign
7 In other words, if a woman has z,

According to a publication fro
cholesterol levels for women a
normally distributed witha rpeanfo
35 mg/dl. High cholesterol is de me
of women in this age group has high cholestero

; e
observed level of 200 mg/dl, what is her percentile?

Standardized score = (observed value ~ mean)/(s.d.)

Standardized score = (200 - 185)/35

Standardized score = 15/35 = 0.43.
From Table 8.1, we see that a standardized score of 0.43 is between the 66" percentile
score of 0.41 and the 67" percentile score of 0.44. Therefore, about 66.7%, or about
two-thirds of women in this age group, do not have high cholesterol. That means
that about one-third do have high cholesterol. Thus, if you fall into this category, you
are not alone! In fact, according to the United States Center for Disease Control, the
average total cholesterol level is 200 mg/dl. That means that about half of all adults e
are categorized as having high cholesterol. (Source: http://www.cdc.gov/cholesterol/ %
facts.htm, accessed June 10, 2013) 5

Tragically Low IQ

- In the Edinburgh newspaper the Scotsman on March 8, 1994, a headline read, “Jury
urges mercy for mother who killed baby” (p. 2). The baby had died from improper
care. One of the issues in the case was that “the mother ... had an IQ lower than

| 98 percent of the population, the jury had heard.” From this information, let's compute

- the mother’s IQ. If it was lower than 98% of the population, it was higher than only 2%,

| so she was in the 2nd percentile. From Table 8.1, we see that her standardized scoré

- Was —2.05, or 2.05 standard deviations below the mean of 100. We can now compute

| herlQ:

‘ observed value = mean + (standardized score)(s.d.)
observed value = 100 + ( =2.05)(15)
observed value = 100 + (=30.8) =100 =30 8
observed value = 692

i
' Thus, her IQ was about 69. The j
; : - Ihe jury was convinced ically, too 0¥
- to expect her to be a competent mother that het1Q was Beciils g

Calibrating Your GRE Score

i The Graduate Record Examinatio
: tend to pursue a graduate degree
between August 2011 and April
tion of the exam was 151.3 and
Service, 2012). If yoy had recej

N (GRE) is a test taken by college students who i
'n the United States. For people who took the &
2012, the mean for the quantitative reasoning
the standard deviation was 8.7 (Educa

ved a score of 163 on that GRE exa

|
i
|




CHAPTER 8  Bell-Shaped Curves and Other Shapes 171

would you be in, assuming the scores were bell-shaped? We can compute your per-
centile by first computing your standardized score:

standardized score = (observed value — mean)/(s.d.)
standardized score = (163 — 151.3)/8.7
standardized score = 11.7/8.7 = 1.34

From Table 8.1, we see that a standardized score of 1.34 is at the 91st percentile. In other
words, your score was higher than about 91% of the population. Figure 8.4 illustrates the
GRE score of 163 for the population of GRE scores and the corresponding standardized
score of 1.34 for the standard normal curve. Notice the similarity of the two pictures.
The Educational Testing Service publishes tables showing the exact percentile for
various scores on the GRE. For those who took the exam between August 2011 and
April 2012, 88% scored below 163 on the quantitative reasoning part. The actual value
of 88% is thus very close to the value of 91% that we calculated based only on know-
ing the mean and standard deviation of the scores. B

Height of curve
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Figure 8.5 A
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3OV IR WY 1an Stewart (17 September 1994, p. 14) reported on a problem posed to a statistician
by a British company called Molegon, whose business was to remove unwanted moles
from gardens. The company kept records indicating that the population of weights of
moles in its region was approximately normal, with a mean of 150 grams and standard
deviation of 56 grams. The European Union announced that, starting in 1995, only
moles weighing between 68 grams and 211 grams can be legally caught. Molegon
wanted to know what percentage of all moles could be legally caught. ‘
To solve this problem, we need to know what percentage of all moles weigh
between 68 grams and 211 grams. We need to find two standardized scores, onefor
each end of the interval, and then find the percentage of the curve that lies between
them: il

standardized score for 68 grams = (68 — 150)/56 = —1.46
standardized score for 211 grams = (211 — 150)/56 = 1.09

'From Table 8.1, we see that about 86% of all moles weigh 211 grams or less
- we also see that about 7% are below the legal limit of 68 grams. Therefore, a

| 86% — 7% = 79% are within the legal limits. Of the remaining 21%, 14% are |
bghga{mdzsﬁ are too small. Figure 8.5 illustrates this situation.

o

EN
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Second. some easy-to-remember intervals can give you a picture of where val-

ues on any normal curve will fall. This information is known as the Empirical Rule.

Empirical Rule

For any normal curve, approximately
@%ﬁ&evalwsfaﬂwiﬁﬁnlmdarddeﬁaﬁonofmemanincid\a
e
%%ofmcvalwfallwiminZsmndm'ddcviaﬁonsofﬂlemeanineither
direction;

. 99.7%ofﬂ3evalms{aﬂwithin3standarddcviaﬁmsofmemanin

A measurement would be an extreme outlier if it fell more than 3 standard devia-
tions above or below the mean. You can see why the standard deviation is such
an important measure. If you know that a set of measurements is approximately
bell-shaped. and you know the mean and standard deviation, then even without a
~ table like Table 8.1, you can say a fair amount about the magnitude of the values.
i For example, because adult women in the United States have a mean height of
~ about 65 inches (5 feet 5 inches) with a standard deviation of about 2.5 inches, and

- heights are bell-shaped. we know that approximately
"« 68% of adult women in the United States are between 62.5 inches and 67.5 inches

« 95% of adult women in the United States are between 60 inches and 70 inches
"« 99.7% of adult women in the United States are between 57.5 inches and 72.5 inches

Figure 8.6 illustrates the Empirical Rule for the heights of adult women in the

 United States.
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174 | |
nited States 18 about 70 inches and the
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Proportions |

Using Computers to Find Normal Curve '
websites that will find the proportion of a

cified value, above a value, and between
ful Excel functions:

There are computer programs and

normal curve that falls below a spe

two values. For example, here are two use
NORMSDIST(value) provides the proportion of the standard nQrmal ;
curve below the value. Example: NORMSDIST(1) = .8413, which |
rounds to .84, shown in Table 8.1 for z = 1.
NORMDIST(value,mean,s.d.,1) provides the proportion of a nor- ;
mal curve with the specified mean and standard deviation (s.d.) that ’
lies below the value given. (If the last number in parentheses is 0
instead of 1, it gives you the height of the curve at that value, which
isn’t much use to you. The “1” tells it that you want the proportion
below the value.) Example: NORMDIST(67.5.65,2.5,1) = .8413,
representing the proportion of adult women with heights of 67.5
inches or less.

Thinking About Key Concepts

* A frequency curve shows the possible values for a measurement and can be used
' to find the proportion of the population that falls into various ranges.
F}(l)r rr:;my types of measurements, the appropriate frequency curve is a bell-
Shaped curve or normal curve. Measurements with this shape are clustered

around the mean and median i
n . - -
e the center, then taj] off symmetrically in both

* A standardized score or z-score for g measureme

viations that measurement fa]ls above the mean (
mean (for a negative score),

* For bell-sha i
ped measurements, if the mean and standard deviation are

known, you can find
. , the percenti :
information. P le for any measurement with no additional

* The Empirical i i .
P Rule provides guidance on where o expect measurements fo fall

for bell-sh

one :tangd:r%eddg\?it:t.i;; St(fft e:htehat 68% of all measurements should fall withi?
arith o M€ mean (in ejth irecti fall
;;lm:v’}mt}”o standard deviationg of the mean zilddlrfalp R shouid '
f ithin three standard deviatjons of the me;;n ‘ a most all‘ (99.7?61 Somwsd

nt is the number of standard de-
for a positive score) or below the
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/VITE: XM Proportions and Percentiles for standard Normal Scores

Standard Proportion Standard Proportion
Score, z Below z Percentile Score, Z Below z Percentile

—6.00 0.000000001 0.0000001 0.03 0.51 51

0.0000001 0.00001 0.05 0.52 52
0.00001 0.001 0.08 0.53 53
3.00 0.0013 0.13 0.10 0.54 54
0.005 0.50 0.13 0.55 55
0.01 1 0.15 0.56 56
0.02 i) 0.18 0.57 57
0.025 25 0.20 0.58 58
0.03 3 0.23 0.59 59
0.04 4 0.25 0.60 60
0.05 5 0.28 0.61 61
0.06 6 0.31 0.62 62
0.07 7 0.33 0.63 63

- 0.08 8 0.36 0.64 64
0.09 9 0.39 0.65 65
- 0.10 10 0.41 0.66 66
STl 1 0.44 0.67 67
0.12 12 0.47 0.68 68
13 0.50 0.69 69

14 0.52 0.70 gie

445 0.55 0.71 71

16 0.58 072 72

17 0.61 Q.73 73

18 0.64 0.74 74

19 0.67 0.75 725

,,,, 20 0.71 0.76 76

21 0.74 0.77 T

S 72 0.77 0.78 78

3 0.81 0.79 79

Lsiq24 0.84 0.80 80

0.88 0.81 81

0.92 0.82 82

0.95 0.83 83

1.00 0.84 84

1.04 0.85 85

1.08 0.86 86
113 0.87 87
hl? 0.88 88
1.23 0.89 89
1.28 0.90 90

134 0.91 91
141 0.92 92

93
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Focus on Formulas

Notation for a Population

The lowercase Greek letter “mu” (1) I epresents the population mean,
The lowercase Greek letter “sigma” () represents the population Standard

deviation.
Therefore, the population variance is represented by o’

e , A normal distribution with a mean of p and variance of o is denoted by

N, o).
For example, the standard normal distribution is denoted by N(0, 1).

Standardized Score z for an Observed Value x

=
v 4

Observed Value x for a Standardized Score z

x=pu+zo




