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CHAPTER 1

WHAT IS
ADAPTIVE CONTROL?

1.1 INTRODUCTION

In everyday language, “to adapt” means to change a behavior to conform to
new circumstances. Intuitively, an adaptive controller is thus a controller that
can modify its behavior in response to changes in the dynamies of the process
and the character of the disturbances. Since ordinary feedback also attempts
to reduce the effects of disturbances and plant uncertainty, the question of the
difference between feedback control and adaptive control immediately arises.
Over the years there have been many attempts to define adaptive control
formally. At an early symposium in 1961 a long discussion ended with the
following suggestion: “An adaptive system is any physical system that has
been designed with an adaptive viewpoint.” A renewed attempt was made by
an IEEE committee in 1973. It proposed a new vocabulary based on notions like
self-organizing control {SOC} system, parameter-adaptive 50C, performance-
adaptive SOC, and learning control system. However, these efforts were not
widely accepted. A meaningful definition of adaptive control, which would make
it possible to look at a controller hardware and software and decide whether
or not it is adaptive, is still lacking. However, there appears to be a consensus
that a constant-gain feedback system is not an adaptive system.

In this book we take the pragmatic attitude that an adaptive controller
is a controller with adjustable parameters and a mechanism for adjusting
the parameters. The controller becomes nonlinear because of the parameter
adjustment mechanism. It has, however, a very special structure. Since general
nonlinear systems are difficult to deal with, it makes sense to consider special
classes of nonlinear systems. An adaptive control system can be thought of
as having two loops. One loop iz a normal feedback with the process and the
controller. The other loop is the parameter adjustment loop. A black diagram

1
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Figure 1.1 Block diagram of an adaptive system.

of an adaptive system is shown in Fig. 1.1, The parameter adjustment loop is
often slower than the normal feedback loop.

A control engineer should know aboul adaptive systems because they have
useful properties, which can be profitably used to design control systems with
improved performance and functionality.

A Brief History

In the early 1950s there was extensive research on adaptive control in connec-
tign with the design of autepilots for high-performance aircraft (see Fig. 1.2).
Such aircraft operate over a wide range of speeds and altitudes. It was found
that ordinary constant-gain, linear feedback control could work well in one
operating condition but not over the whole flight regime. A more sophisticated
controller that could work well over a wide range of operating conditions was
therefore needed. After a significant development effort it was found that gain
scheduling was a suitable technique for flight control systems. The interest in
adaptive control diminished partly because the adaptive control problem was
too hard to deal with using the techniques that were available at the time.
In the 1960s there were much research in control theory that contributed
to the development of adaptive control. State space and stability theory were
introduced. There were also important resulis in stochastic control theory. Dy-
namic programming, introduced by Bellman, increased the understanding of
adaptive processes. Pundamental contributions were alse made by Tsypkin,
who showed that many schemes for learning and adaptive control could be
described in a commen framework. There were also major developments in
gystem identification. A renzissance of adaptive control occurred in the 1970s,
when different estimation schemes were combined with various design meth-
ods. Many applications were reported, but theoretical results were very limited.
In the late 1970s and early 1980s, proofs for stability of adaptive systems
appeared, albeit under very restrictive assumptions. The efforts to merge ideas
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Figure 1.2 Several advanced flight control systems were tested on the X-15
experimental aircraft. (By courtesy of Smithsonian Institution.)

of robust control and system identification are of particular relevance. Inves-
tigation of the necessity of those assumptions sparked new and interesting
research into the robustness of adaptive control, as well as into controllers
that are universally stabilizing. Research in the late 1980s and early 1990s
gave new insights into the robustness of adaptive controllers. Investigations
of nonlinear systems led to significantly increased understanding of adaptive
control. Lately, it has also been established that adaptive control has strong
relations to ideas on learning that are emerging in the field of computer science.
There have been many experiments on adaptive control in laboratories
and industry. The rapid progress in microelectronics was a strong stimulation.
Interaction between theory and experimentation resulted in a vigorous devel-
opment of the field. As a result, adaptive controllers started to appear commer-
cially in the early 1980s. This development is now accelerating. One result is
that virtually all single-loop controllers that are commercially available today
allow adaptive techniques of some form. The primary reason for introducing
adaptive control was to obtain controllers that could adapt to changes in pro-
cess dynamics and disturbance characteristics. It has been found that adaptive
techniques can also be used to provide automatic tuning of controllers.

1.2 LINEAR FEEDBACK

Feedback by itself has the ability to cope with parameter changes. The search
for ways to design a system that are insensitive to process variations was in
fact one of the driving forces for inventing feedback. Therefore it is of interest

4  Chapter 1 What Is Adaptive Control?

to know the cxtent to which process variations can be dealt with by using
iinear feedback. In this section we discuss how a linear controller can deal
with variations in process dynamics.

Robust High-Gain Control

Alinear feedback controller ¢an be represented by the block diagram in Fig. 1.3.
The feedback transfer function Gyg is typically chosen so that disturbances
acting on the process are attenuated and the closed-loop system is insensitive
to process variations. The feedforward transfer function Gy, is then chosen to
give the desired response to command signals. The system is called a two-
degree-of-freedom system because the controller has two transfer functions
that can be chosen independently. The fact that linear feedback can cope

. with significant variations in process dynamics can be seen from the following

intuitive argument. Consider the systemn in Fig. 1.3. The transfer function from
¥m to ¥ is
_ GG
1+ GpG b

Taking derivatives with respect to G,, we get

dT 1 dG,

T~ 1+G,Gp Gy

The closed-loop transfer function 7 is thus insensitive to variations in the pro-
cess transfer function for those frequencies at which the loop transfer function

L =G, (1.1}

is large. To design a robust controller, it is thus attempted to find Gy such
that the loop transfer function is large for those frequencies at which there are
large variations in the process transfer funetion. For those frequencies where
L{iw} =~ 1, however, it is necessary that the variations be moderate for the
system to have sufficient robustness properties.

Feedforward Feedback Process
Ym

. ¢ #

Gp, - G

r

Figurc 1.3 Block diagram of a rcbust high-gain system.
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Judging Criticality of Process Variations

We now consider some specific examples to develop some intuition for judging
the effects of parameter variations. The following example illustrates that

significant variations in open-loop step responses may have little effect on the
cloged-loop performance.

EXAMPLE 1.1  Different open-loop responses
Consider systems with the open-loop transfer functions

1

@) T o+ a)

where a = -0.01, 0, and 0.01. The dynamics of these processes are guite differ-
ent, as is illustrated in Fig. 1.4(a). Notice that the responses are significantly
different. The system with ¢ = 0.01 is stable; the others are unstable. The ini-
tial parts of the step responses, however, are very similar for all systems. The
closed-loop systems obtained by introducing the proportional feedback with
unit gain, that is, « = u, — ¥, give the step responses shown in Fig. 1.4(b).
Notice that the responses of the closed-loop systems are virtually identical.
Some insight is obtained from the frequency responses. Bode diagrams for the

{a) | Output y

a=-001

300

2060 4

100

0 100 200 300
Time
(b) Cutput y

¢ = -0.01,0,0.01
Lo

0.5

0.0

r -
0 5 10
Time

Figure 1.4 (a) Open-loop unit step responses for the process in Example 1.1
with 2 = —0.01, 0, and 0.01. (b) Closed-loop step responses for the same
system, with the feedback u = 1, — y. Notice the difference in time scales.
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Figure 1.5 {a) Open-loop and {b) closed-loop Bode diagrams for the process

in Example 1.1.
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Figure 1.6 (a) Open-laop unit step responses for the process in Example 1.2 Frequency [rad/s]
with T = 0, 0.015, and 0.08. (h) Closed-loop step responses for the same (b) 10?

system, with the feedback u = u, - y. Notice the difference in time scales.

open and closed loops are shown in Fig. 1.5. Notice that the Bode diagrams for
the open-loop systems differ gignificantly at low frequencies but are virtually
identical for high frequencies. Intuitively, it thus appears that there is no prob-
lem in designing a controller that will work well for all systems, provided that

Magnitude
—
OD

the closed-loop bandwidth is chosen to be sufficiently high. This is alse verified 1672 )
by the Bode diagrams for the closed-loop systems shown in Fig. 1.5(b), which 107} 1’
are practically identical. Also compare the step responses of the closed-loop
systems in Fig. 1.4(b}. O 0
The next example illustrates that process variations may be significant _
even if changes in the open-loop step responses are small, %"
§ -200F
JEXAMPLE 1.2 Similar open-loop responses £
Consider systems with the open-loop transfer functions _
400(1 — sTY -400 ' n . - .
Guls) = 10 10 10" 10° 10
ols) (s + L){s + 20{1 + Ts) Frequency [rad/s]

with T = 0, 0.015, and 0.03. The open-loop step responses are shown In

Fig. 1.6(a). Figure 1.6(b) shows the step responses for the closed-loop systems Figure 1.7 Bode diagrams for the process in Example 1.2. (a) The open-loop
obtained with the feedback u# = u, — . Notice that the open-loop responses gystem; (b) The closed-loop system.
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are very similar but that the closed-loop responses differ considerably. The
frequency responses give some ingight. The Bode diagrams for the open- and
closed-loop systems are shown in Fig. 1.7. Notice that the frequency responses
of the open-loop systems are very close for low frequencies but differ consider-
ably in the phase at high frequencies. It is thus possible to design a controller
that works well for all systems provided that the closed-loop bandwidth is cho-
sen to beg sufficiently small. At the crossover frequency chosen in the example
there are, however, significant varialions that show up in the Bode diagrams
of the clogsed-loop systems in Fig. 1.7(b) and in the step responses of the clozed-
loop system in Fig. 1.6(b). a

The examples discussed show that te judge the consequences of process
variations from open-loop dynamics, it is better to use frequency responses than
time responses. It is also necessary to have some information about the desired
crossover frequency of the closed-loop system. lntuitively, it may be expected
that a process variation that changes dynamics from unstable to stable is very
severe. Example 1.1 shows that this is not necessarily the case.

EXAMPLE 1.3 Integrator with unknown sign
Congider a process whose dynamics is deseribed by

Golo) - 22 (12)

where the gain %, can assume both positive and negative values. This is a
very severe variation because the phase of the system can change by 180°.
This process cannot be controlled by a linear controller with a rational transfer
function. This can be seen as follows. Let the controller transfer function be
S(s)/R(s), where R(s) and S(s) are polynomials. Assume that deg B > deg§.
The characteristic polynomial of the closed-loop system is then

P(s) = sR(s) + £,S(s)

Without lack of generality it can be assumed that the coefficient of the highest
power of s in the polynomial R{s) is 1. The coefficient of the highest power
of s of P(s} is thus also 1. The constant coefficient of polynomial k,S(s) is
proportional to %, and can thus be either positive or negative. A necessary
condition for P(s) to have all roots in the left half-plane is that all coeflicients
are positive. Since k, can be both positive and negative, the polynomial P(s)
will always have a zero in the right half-plane for some value of %,. O

1.3 EFFECTS OF PROCESS VARIATIONS

The standard approach to control system design is to develop a linear model
for the process for some operating condition and te design a controller having

10 Chapier 1 What Is Adaptive Coatrol?

constant parameters. This approach has been remarkably successful, A funda-
mental property is also that feedback systems are intrinsically insensitive to
modeling errors and disturbances. In this section we illustrate some mecha-
nisms that give rise to variations in process dynamics. We also show the effects
of process variations on the performance of a control system.

The examples are simplified to the extent that they do not create significant
control problems but do illustrate some of the difficulties that might occur in
real systems.

Nonlinear Actuators

A very common source of variations is that actuators, like valves, have a
nonlinear characteristic. This may create difficulties, which are illustrated by
the following example.

EXAMPLE 1.4  Nonlinear valve

A simple feedback loop with a Proportional and Integrating {(PI} controller,
a nonlinear valve, and a process is shown in Fig. 1.8. Let the static valve
characteristic be

v=flu)=u' w20

Linearizing the system around a steady-state operating point shows that the
incremental gain of the valve is f'(z), and hence the loop gain is proportional
to f'(u). The system can perform well at one operating level and poorly at
another, This ig illustrated by the step responses in Fig. 1.9. The controller is
tuned to give a good response at low values of the operating level. For higer
values of the operating level the closed-loop system even becomes unstable.
One way to handle this type of problem is to feed the contrel signal i« through
an inverse of the nonlinearity of the valve. It is often sufficient to use a fairly
crude approximation (see Example 9.1). This can be interpreted as a special

case of gain scheduling, which is treated in detail in Chapter 9. m}
PI centroller Valve Process
u, 1 J u v ¥
K|1+ Ta FO) Gols)
-1 -t

Figure 1.8 Block diagram of a flow control loop with a PI controller and a
nonlinear valve.
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Figure 1.9 Step responses for PI conirol of the simple flow loop in Ex-
ample 1.4 at different operating levels. The parameters of the PI controller
are K = 0.15, T, = 1. The process characteristics are f{(z) = «' and
Gols) = 1/{s + 1}%.

Flow and Speed Variations

Systems with Aows through pipes and tanks are common in process control.
The flows are often closely related to the production rate. Process dynamics
thus change when the production rate changes, and a controller that is well
tuned for one production rate will not necessarily work well for other rates.
A simple example illustrates what may happen.

\MPLE15  Concentration control

Consider concentration control for a fiuid that flows through a pipe, with no
mixing, and through a tank, with perfect mixing. A schematic diagram of the
process is shown in Fig. 1.10. The concentration at the inlet of the pipe i5 ¢,
Let the pipe volume be V; and let the tank volume be V,,,. Furthermore, lei the
flow be ¢ and let the concentration in the tank and at the outlet be c. A mass
balance gives

Vm%(?t—)- = g(8) (cin(t = T} — c(£)) . (1.3)

where
t = Vy/q(t)
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N

Figure 1.10 Schematic diagram of a concentration control system.

Introduce
T = Va/g(e) (1.4)

For a fixed flow, that is, when g(¢) is constant, the process has the transfer
function

*.’Pr

Gols) = 1+sT

The dynamics are characterized by a time delay and first-order dynamics. The
time constant 7' and the time delay 7 are inversely proportional to the flow g.
The closed-loop system is as in Fig. 1.8 with f({:} = 1 and Gus) given

by Eq. (1.5). A controller will first be designed for the nominal case, which
corresponds tog = 1, T = 1, and 7=1. A PI controller with gain X = 0.5 and
integration time 7} = 1.1 gives a closed-loop system with good performance
in this case. Figure 1.11 shows the step responses of the closed-loop system
for different flows and the corresponding control actions. The overshoot will
increase with decreasing flows, and the system will become sluggish when the
flow increases. For safe operation it is thus good practice to tune the controller
at the lowest flow. Figure 1.11 shows that the system can easily cope with a
flow change of 210% but that the performance deteriorates severely when the
flow changes by a factor of 2. 0

(1.5)

Variations in speed give rise to similar problems. This happens for example
in rolling mills and paper machines.

Flight Control

The dynamies of an airplane change significantly with speed, altitude, angle
of attack, and se on. Control systems such as autopilota and stability augmen-
tation systems were used early. These systerns were based on linear feedback
with constant coefficients. This worked well when speeds and altitudes were
jow, but difficulties were encountered with increasing speed and altitude. The
problems became very pronounced at supersenic flight. Flight control was one
of the strong driving forces for the early development of adaptive control. The
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Figure 1.11 Change in reference value for different fiows for the syst,fam in
Exampte 1.5. (a) Output ¢ and reference ¢, concentration, (b) contrel signal.

following example from Ackermann (1983) iliustrates the Variations? in dyna}'n—
ics that can be encountersd. The variations can be even larger for aircraft with

larger variations in flight regimes.

EXAMPLE L6  Short-period aircraft dynamics
A schematic diagram of an airplane is given in Fig. 1.12.. To 1llustrsfte the
effect of parameter variations, we consider the pitching motmn_ of the aireraft.
Introduce the pitch angle &. Choose normal acceleration N, pitch rate ¢ = 8,

Figure 1.12 Schematic diagram of the aircraft in Example 1.6.
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and elevon angle &, as state variables and the input to the elevon servo as the
input signal «. The following model is obtained if we assume that the aircraft
is a rigid bedy:

@il g djs by
dx
7 = | gy Qe des | x + 0 i flﬁ)
0 0 —a a

where x7 = ( N, 6 &,.)|. This model is called short-period dynamics. The
parameters of the model given depend on the operating conditions, which can
be described in terms of Mach number and altitude; see Fig, 1.13, which shows
the flight envelape.

Tabie 1.1 shows the parameters for the four flight conditions (FC) indicated
in Fig. 1.13. The data applies to the supersonic aircraft F4-E. The system has
three eigenvalues. One eigenvalue, —a = -14, which is due to the elevon Servo,
is constant. The other eigenvalues, 4, and A5, depend on the flight conditions.
Table 1.1 shows that the system is unstable for subsonic speeds (FC 1, 2, and
3) and stable but poorly damped for the supersonic condition FC 4. Because of
these variations it is not possible to use a controller with the same parameters
for all flight conditions. The operating condition is determined from air data
sensors that measure altitude and Mach number. The controller parameters
are then changed as a function of these parameters. How this is done is
discussed in Chapter 9,

Much more complicated models will have to be considered in practice
because the airframe is elastic and will bend, Notch prefilters on the command
signal from the pilot are also used so that the control actions will not excite

the bending modes of the airplane, D
80 —_— c e _‘
£ 60 - ]
£ , T
g | - N\
= |
g o O =
é | 3 q l
£ !
ol A | !
NN N
%0 0.4 0.8 12 18 20 24

Mach number

Figure 1.13 Flight envelope of the F4-E. Four different flight conditions
are indicated. (From Ackermann (1983), courtesy of Springer-Verlag.}
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Table 1.1 Parameters of the airplane state model of Eq. {1.6) for different
flight conditions (FC).

FC 1 FC 2 FC 3 FC 4
Mach 0.5 0.85 0.9 15
Altitude (feet) 5000 5000 35000 35000
an -0.9896 -1.702 ~0.667 ~0.5162
i 17.41 50.72 18.11 26.96
i 96.15 263.5 84.34 178.9
a1 0.2648 0.2201 0.08201  —0.6896
- 08512  -1418 —0.6587 ~1.225
az ~11.39 ~31.99 1081 ~30.38
b, 9778  -2722 ~85.09 ~1756
i ~3.07 ~4.90 ~1.87 .
_0.874.
Ao 1.23 1.78 0.56 43¢

Variations in Disturbance Characteristics

So far, we have discussed effects of variations in process dynamics. There are
also situations in which the key issue is variations int disturbance characteris-
tics. Two examples follow.

EXAMPLE 1.7 = Ship steering
A key problem in the design of an autopilot for ship steering is to compensate
for the disturbing forces that act on the ship because of wind, waves, and
current. The wave-generated forces are often the dominating forces. Waves
have strong periedic components. The dominating wave frequency may change
by a factor of 3 when the weather conditions change from light breeze to fresh
gale. The frequency of the forces generated by the waves will change much
more because it is also influenced by the velocity and heading of the ship.
Examples of wave height and spectra for two weather conditions are shown
in Fig. 1.14. It seems natural to take the nalure of the wave disturbances
into account in designing autopilots and roll dampers. Since the wave-induced
forces change so much, it seems natural to adjust the controller parameters to
cope with the disturbance characteristics. 0

Positioning of ships and platforms is another example that is similar to
ship steering. In this case the control system will typically have less control
authority, This means that the platform to a greater extent has to “ride the
waves” and can compensate only for a low-frequency component of the distur-
bances. This makes it even more critical to have & model for the disturbance
pattern.

16  Chapfer 1 What I's Adaptive Controf?

{a) i

—_ 107 4
E g4 @
b ™
® g
Z 0 b A 2
o 0 510 "I
: .
%
B 24 2
T T —f- 10"4 =
0 100 200 0 5
Time {s) o (rad/s)
(b} A
E 0 ElO
S g
o 8102
g
o 2
E-2 &
1074
0 100 200 0 5
Time (8) ® {rad/=)

Figure 1.14 Measurements and spectra of waves at different weather con-
ditions at Hoburgen, Sweden. (a2} Wind speed 34 m/s. (b} Wind speed 18-20
m/s. (Courtesy of SSPA Maritime Consulting AB, Sweden.)

In process control the key issue is often to perform accurate regulation.
For important quality variables, even moderate reductions in the fluctuation
of a quality variable can give substantial savings. If the disturbances have
some statistical regularity, it is possible to obtain significant improvements in
control quality by having a controller that is tuned to the particular character
of the disturbance. Such controllers can give much better performance than
standard PI controllers. The consequences of compensating for disturbances
are illustrated by an example.

"EXAMPLE 18  Regulation of a guality variable in process control

Consider regulation of a quality variable of an industrial process in which
there are disturbances whose characteristics are changing. A block diagram
of the system is shown in Fig. 1.15. In the experiment it i8 assumed that
the process dynamics are first order with time constant T = 1. It is assumed
that the disturbance acts on the process input. The disturbance is simulated
by sending white noise through a band-pass filter. The process dynamics are
constant, but the fraquency of the band-pass filter changes. Regulation can be
done by a PI controller, but performance can be improved significantly by using
a more complex controller that is tuned to the disturbance character. Such a
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White noise —m{ % ___
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Figure 1.15 Block diagram of the system with disturbances used in Exam-
ple 1.8,

controller has a very high gain at the center frequency of the disturbance.
Figure 1.16 shows the control error under different conditions. The center
freguency of the band-pass filter used to generate the disturbance is @, and the
corresponding value used in the design of the controller is m,. In Fig. 1.16(a) we
show the centrol exror obtained when the controller is tuned to the disturbance,

(a} Output error
1

Time
(b} Qutput error
1

Time
{c} Output ertor
1

a 200 400 600
Time

Figure 1.16 Tlustrates performance of controliers that are tuned to the
disturbanee characteristics. Output error when {a) @ = @. = 0.1, (b) @ =
0.05, @, = 0.1; (c] @ = w, = 0.05.

18 Chapter I What Iv Adaptive Control?

that is, w. = w = 0.1. In Fig. 1.16{(b) we illustrate what happens when
the disturbance properties change. Parameter @ is changed to 0.05, while
ar, = 0.1. The performance of the control system now deteriorates significantly.
In Fig. 1.16(c) we show the improvement obtained by tuning the controller to
the new conditions, that 18, @ = @, = 0,05. O

There are many other practical problems of a similar type in which there
are significanl variations in the disturbance characteristics. Having a con-
troller that can adapt to changing disturbance patterns is particularly im-
portant when there is limited control authority or dead time in the process
dynamics.

Summary

The examples in this sectiop illustrate some mechanisms that can create vari-
ations in process dynamics. The examples have of necessity been very simple
to show some of the difficulties that may occur. In some cases it is straightfor-
ward to reduce the variations by introducing nonlinear compensations in the
controllers. For the nonlinear valve in Example 1.4 it is natural to introduce
a nonlinear compensator at the controller output that is the inverse of the
valve characteristice. This modification is done in Example 9.1. The variations
in flow rate in Example 1.5 can be dealt with in a similar way by measuring
the flow and ¢hanging the controller parameters accordingly. To compensate
for the variations in dynamics in Example 1.8, it is necessary to measure the
flight conditions. In Examples 1.7 and 1.8, in which the variations are due to
changes in ihe disturbances, it is not possible to directly relate the variation
to a measurable quantity. In these cases it may be very advantageous to use
adaptive control.

In practice there are many different sources of variations, and there is
usually & mixture of different phenomena. The underiying reasons for the van-
ations are in most cases not fully understood. When the physics of the process
is reusonably well known {as for airplanes), it is possible to determine suit-
able controller parameters for different operating conditions by linearizing the
models and vusing some method for control design. This is the common way to
design autopilots for airplanes. System identification is an alternative to phys-
ical modeling. Both approaches do, however, require a significant engineering
effort.

Most industrial processes are very complex and not well understood; it is
neither possible nor economical to make a thorough investigation of the causes
of the process variations. Adaptive controllers can be a good alternative in such
cases. In other situations, some of the dynamics may be well understood, but
other parts are unknown. A typical example is robots, for which the geometry,
motors, and gearboxes do not change but the load does change. In such cases
it is of great importance to use the available a priori knowledge and estimate
and adapt only to the unknown part of the process.
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14 ADAPTIVE SCHEMES

In this section we describe four types of adaptive systems: gain scheduling,
model-reference adapiive control, self-tuning regulators, and dual contral.

Gain Scheduling

In many cases it is possible to find measurable variables that correlate well
with changes in process dynamics. A typical case is given in Example 1.4. These
variables can then he used to change the controller parameters, This approach
is called gain scheduling because the scheme was originally used to measure
the gain and then change, that is, schedule, the controller to compensate for
changes in the process gain. A black diagram of a system with gain scheduling
is shown in Fig. 1.17. The system can be viewed as having two loops. There 18
an inner loop composed of the process and the controller and an outer loop that
adjusts the controller parameters on the basis of the eperating conditions. Gain
scheduling can be regarded as a mapping from process parameters to controller
parameters. It can be implemented as a function or a table lookup.

The concept of gain scheduling originated in connection with the devel-
opment of flight control systems. In this application the Mach number and
the altitude are measured by air data sensors and used as scheduling vari-
ables. This was used, for instance, in the X-15 in Fig. 1.2. In process control
the production rate can often be chosen as 2 scheduling variable, since time
constants and time delays are often inversely proportional to production rate.
Gain scheduling is thus a very useful technique for reducing the effects of pa-
rameter variations. Historically, it has bean a matter of controversy whether
gain scheduling should be considered an adaptive system or not. [f we use the
informal definition in Section 1.1 that an adaptive system is a controller with

Controller
parameters Gain -
schedule
Operating
condition
Command ! Control
signal signal
Coniroller #»  Process Qutput

Figure 1.17 Black diagram of a system with gain scheduling.
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adjustable parameters and an adjustment mechanism, it is clearly adaptive.
An in-depth discussion of gain scheduling is given in Chapter 8.

Model-Reference Adaptive Systems (MRAS)

The model-reference adaptive systern (MRAS) was originally proposed to solve
a problem in which the performance specifications are given in terms aof a
reference model. This model tells how the process output ideally should respond
to the command signal. A block diagram of the system is shown in Fig. 1.18.
The controller ¢can be thought of as consisting of two loops. The inner loop 1s an
ordinary feedback loop composed of the process and the controller. The outer
loop adjusts the controller parameters in such a way that the error, which is
the difference between process output y and model output y,, is small. The
MRAS was originally introduced for flight control. In this case the reference
mode] describes the desired response of the aircraft to joystick motions.

The key problem with MRAS is to determine the adjustment mechanism so
that a stable system, which brings the error to zero, is obtained. This problem
is nontrivial, The following parameter adjustment mechanism, called the MIT
rule, was used in the eriginal MRAS:

df de
ar = o0 (L7)
In this eguation, e = y ~ y. denotes the model error and & ig a controller
parameter. The quantity de/d¢ is the sensitivity derivalive of the error with
respect to parameter 8. The parameter y determines the adaptation rate.
In practice it is necessary tv make approximations to obtain the sensitivity
derivative. The MIT rule can be regarded as a gradient scheme to minimize
the squared error 2.

y LY
—>l Model

Controller parameters

Adjustment | g
- mechanism

Y
5
e

Controller Lo Plant

Figure 1.18 Block diagram of a model-reference adaptive system {MRAS).
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Self-tuning Regulators {(STR)

The adaptive schemes discussed so far are called direct methods, because the
adjustment rules tell directly how the controller parameters should be updated.
A different scheme is obtained if the estimates of the process parameters are
updated and the controller parameters are obtained from the solution of a
design problem using the estimated parameters. A block diagram of such a
system is shown in Fig. 1.19. The adaptive contreller can be thought of as being
composed of two loops. The inner loop consists of the process and an ordinary
feedback controller. The parameters of the controller are adjusted by the outer
loop, which is ecmposed of a recursive parameter estimator and a design
caleulation. It is sometimes not possible to estimate the process parameters
witheut introducing probing centrol signals or perturbations. Notice that the
gystem may be viewed as an automation of process modeling and design, in
which the process model and the control design are updated at each sampling
period. A controller of this construction is called a self-tuning regulator (STR)
to emphasize that the controlier automatically tunes its parameters to obtain
the desired properties of the closed-loop system. Self-tuning regulators are
discussed in detail in Chapters 3 and 4.

The block labeled “Controller design” in Fig. 1.19 represents an on-line
solution to a design problem for a system with known parameters. This is
the underlying design problem. Such a problem can be associated with most
adaptive control schemes, but it is often given indirectly. To evaluate adaptive
control schemes, it is often useful to find the underlying design problem,
because it will give the characteristics of the system under the ideal conditions
when the parameters are known exactly.

The STR scheme is very flexible with respect to the choice of the under-
lying design and estimation methods. Many different combinations have been

'_Selfzzun;g reguL:tor ]
Specification Process parameters I

| ¥ 1 [
[

Controller

Estimation [~

i design |
| Contreller
“parameters [ |
Reference | |_
| Controller Process
- Qutput
L - — — — — 1

Figure 1.19 Block diagram of a self-tuning regulator (STR).
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cxplored. The controller parameters are updated indirectly via the design cal-
culations in the self-tuner shown in Fig. 1.19. It is sometimes possible to repa-
rameterize the process so that the model can be expressed in terms of the
controller parameters. This gives a significant simplification of the algorithm
because the design calculations are eliminated. In terms of Fig. 1.19 the black
labeled “Controller design”™ disappears, and the controller parameters are up-
dated directly.

In the STR the controller parameters or the process parameters are esti-
mated in real time. The estimates are then used as if they are equal to the true
parameters (i.e., the uncertainties of the estimates are not considered). This
is called the certainty equivalence principle. In many estimation schemes 1t is
also possible to get a measure of the quality of the estimates. This uncertainty
may then be used in the design of the controller. For example, if there is a
large uncertainty, one may cheose a conservative design. This is discussed in
Chapter 7.

Dual Control

The schemes for adaptive contrel described so far look like reasonable heuristic
approaches. Already from their description it appears that they have some
limitations. For example, parameter uncertainties are not taken into account
in the design of the controller. It is then natural to ask whether there are better
approaches than the certainty equivalence scheme. We may also ask whether
adaptive controllers can be obtained from some general principles. It is possible
to obtain a solution that follows from an abstract problem formulation and use
of optimization theory. The particular tool one could use is nonlinear stochastic
control theory, This will lead to the notion of dual control. The approach will
give a controller structure with interesting properties. A major cunsequence is
that the uncertainties in the estimated parameters will be taken inte account
in the controller. The controller will also take special activns when it has poor
knowledge about the process. The approach is so complicated, however, that
so far it has not been possible to use it for practical problems. Since the ideas
are conceptually useful, we will discuss them briefly in this section,

The first problem that we are faced with is to describe mathematically the
idea that a constant or slowly varying parameter is unknown. An unknown
constant can be modeled by the differential squation

dé

ol 0 (1.8)
with an initial distribution that reflects the parameter uncertainty. Parameter
drift can be described by adding random variables to the right-hand side of
Eq. (1.8). A model of a plant with uncertain parameters is thus obtained
by augmenting the state variables of the plant and its environment by the
parameter vector whose dynamics is given by Eq. (1.8). Notice that with this
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Figure 1.20 Block diagram of a dual contraller.

formulation there is no distinction between these parameiers and the other
state variables. This means that the resulting controller can handle very rapid

1
paramecter variations. An augmented state z = [ £ o7 ] consisting of the

state of the process and the parameters can now be introduced. The geal of the
control is then formulated to minimize a loss function

V==E (G (z{T),u(T)) + /Org(z,u)dt)

where E denotes mathematical expectation, u is the control variable, and G
and g are scalar functions of 2 and u. The expectation is taken with respect
to the distribution of all initial values and all disturbances appearing in the
modela of the system. The criterion V should be minimized with respect to
admissible controls that are such that u(i) is a function of past and present
measurements and the prior distributions. The problem of finding a contreller
that minimizes the loss function is difficult. By making sufficient assumptions
a solution can be obtained by using dynamic programming. The solution is then
given in terms of a functional equation that is called the Bellman equation.
This equation is an extension of the Hamilton-Jacobi equation in the caleulus
of variations. It is very difficult and time-consuming, if at all possible, to solve
the Bellman equation numerically.

Some structural properties are shown in Fig. 1.20. The controller can be
regarded as being composed of two parts: a nonlinear estimator and a feedback
controller The estimator generates the conditienal probability distribution of
the state from the measurements, p(z|y, u}. This distribution is called the hy-
perstate of the problem. The feedback controller is a nonlinear function that
maps the hyperstate into the space of control variables. This function could
be computed off-line. The hyperstate must, however, be updated on-line. The
structural simplicity of the solution is obtained at the price of introducing the
hyperstate, which is a quantity of very high dimension. Updating of the hyper-
state generally requires solution of a complicated nonlinear filtering problem.
In simple cages the distribution can be characterized by its mean and cavari-
ance, as will be shown in Chapter 7.
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The optimal controller sometimes has some interesting properties, which
have been found by solving a number of specific problems. It attempts to drive
the output to its desired value, but it will also introduce perturbations (probing)
when the parameters are uncertain. This improves the quality of the estimates
and the future performance of the closed-loop system. The optimal control gives
the correct balance between maintaining good contrel and small estimation
errors. The name dual control was coined to express this propertly.

It is interesting to compare the controller in Fig, 1.20 with the self-tuning
regulator in Fig. 1.19. In the STR the states are separated inte two groups: the
ordinary state variables of the underlying constant parameter model and the
parameters, which are assumed to vary slowly. The parameter estimator may
he considered as an observer for the parameters. Notice that many estimators
will also provide estimates of the uncertainties, although this is not used in
caleulating the control signal. The calculation of the hyperstate in the dual
controller gives the conditional distribution of all states and all parameters
of the process. The conditional mean value represents estimates, and the
conditional covariances give the uncertainties of the estimates. Uncertainties
are not used in computing the control signal in the self-tuning regulator. They
are important for the dual controller because it may automatically introduce
perturbations when the estimates are poor. Dual control is discussed in more
detail in Chapter 7.

1.5 THE ADAPTIVE CONTROL PROBLEM

In this section we formulate the adaptive control problem. We do this by
giving examples of process models, controller structures, and ways to adapt
the controller parameters.

Process Descriptions

In this book the processes will mainly be described by linear single-input,

single-output systems. In continuous time the process can be in state space
form:

dx
E-—.Ax-FBu (L9)
y=Cx

or in transfer function form:

_ B(s) _ bes™ + b5t 4+ by

Cpls) = A(s) st +astl+ooea,

(1.10)

where 5 is the Laplace transform variable. Notice that A, B, and ' are used
for matrices as well as polynomials. In normal cases this will not cause any
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misunderstanding. In ambiguous cases the argument will be used in the poly-
nomials.

In discrete time the process can be described in state space form:
x(t +1) = ©x(£) + Tui!t)
y(£} = Cx(t)
where the sampling interval is taken as the time unit. The discrete time system
can also be represented by the pulse transfer function
e

(1.11)

where z is the z-transform variable.
The parameters, by, b1,...,bm.ay, ..., a0, of systems (1.10} and (1.11} as
well as the orders m, n are often assumed to be unknown or partly unknown.

A Remark on Notation

Throughout this book we need a convenient notation for the time functions
obtained in passing signals through linear systems, For this purpose we will
use the differential operator p = d/dt. The output of the system with the
transfer function (s} when the input signal is u(#) will then be denoted by

y(t) = Gplu(r)

The output will also depend on the initial conditions. In using the above
notation it is assumed that all initial conditions are zero. To deal with diserete
time systems, we introduce the forward shift operator q defined by

gy(t) = y(t + 1)

The cutpul of a system with input u and pulse transfer function H{z) is denoted
by

y(t} = Hg)uli?)
In this ease it iz also assumed that all initial conditions are zero.

Controller Structures

The process is controlled by a controller that has adjustable parameters. It is
assumed that there exists some kind of design procedure that makes it possible
to determine a controller that satisfies some design criteria if the process and
its environment are known, This is called the underiying design problem. The
adaptive control problem is then to find a method of adjusting the controller
when the characteristics of the process and its environment are unknown or
changing. In direct adaptive control the controller parameters are changed
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directly without the characteristies of the process and its disturbances first
being determined. In indirect adupiive methods the process model and possibly
the disturbance characteristics are first determined. The controller parameters
are designed on the basis of this information.

One key problem is the parameterization of the controller. A few examples
are given to illustrate this.

EXAMPLE 19  Adjustment of gains in a state feedback
Consider a single-input, single-output process described by Eq. (1.9). Assume
that the order r of the process is known and that the controller is described
by

w=-Lx

In this case the controller is parameterized by the elements of the matrix L.
d

EXAMPLE 1.1¢ A general linear controller
A general linear controller can be described by

Ris)U(s) = -8S(s)Y (s) + T(s)U.(s)

whefe B, 8, and T are polynomials and U7, Y, and U, are the Laplace transform
of the control signal, the process output, and the reference value, respectively.
Several design methods are available to determine the parameters in the
cantroller when the system is known. O

In Examples 1.9 and 1.10 the controller is linear. Of course, parameters
¢an also be adjusted in nonlinear controllers. A common example is given next.

EXAMPLE 1.11  Adjustment of a friction compensator

Friction is common in all mechanical systems. Consider a simple servo drive.
Friction can f{o some extent be compensated for by adding the signal us, to a
cantroller, where

- w, ife >0
£7 1 -u. ifu<0

where v is the velocity. The signal attempts to compensate for Coulomb frie-
tion by adding a positive control signal u, when the velocity is positive and
subtracting u_ when the velocity is negative. The reason for having two pa-
rameters is that the friction forces are typically not symmetrical. Since there
are so many factors that influence friction, it is natural to try to find a mech-
anism that can adjust the parameters 1, and u. automatically. 0O
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The Adaptive Control Problem

An adaptive controller has been defined as a controller with adjustable param-
eters and a mechanism for adjusting the parameters. The construction of an
adaptive controller thus contains the following steps:

¢ Characterize the desired behavior of the closed-loop system.

« Determine a suitable control law with adjustable parameters.

+ Find a mechuanism for adjusting the parameters.

» Implement the control law.

In this book, different ways to derive the adjustment rule will be discussed.

1.6 APPLICATIONS

There have been a number of applications of adaptive feedback control since
the mid-1950s. The early experiments, which used analog implementations,
were plagued by hardware problems. Systems implemented by using minicom-
puters appeared in the early 1970s. The number of applications has increased
drastically with the advent of the microprocessor, which has made the tech-
nology cost-effective. Adaptive techniques have been used in regular industrial
controllers since the early 1980s. Today, a large number of industrial control
loops are under adaptive control. These include a wide range of applications in
aerespace, process control, ship steering, robotics, and automotive and biomed-
ical systems. The applications have shown that there are many cases in which
adaptive control is very useful, others in which the benefits are marginal, and
vet others in which it is inappropriate. On the basis of the products and their
uses, it is clear that adaptive techniques can be used in many different ways.
In thie section we give a brief discussion of some applications. More details are
given in Chapter 12.

Automatic Tuning

The most widespread applications are in automatic tuning of controllers. B
automatic tuning we mean that the parameters of a standard controller, for in-
stance a PID controller, are tuned automatieally at the demand of the operator.
After the tuning, the parameters are kept constant. Practically all controllers
can benefit from tools for automatic tuning. This will drastically simplify the
use of controllers, Praectically all adaptive techniques can be used for auto-
matic tuning. There are alsoc many special techniques that can be used for this
purpose. Single-loop controllers and distributed systems for process control are
important application areas. Most of these controliers are of the PID type. This
is a vast application area because there are millions of controllers of this type
in use. Many of them are poorly tuned.
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Although automatic tuning is currently widely used in simple controllers,
it is also beneficial for more complicated controllers. It is in fact a prerequisite
for the widespread use of more advanced control algorithms. A mechanism for
automatic tuning is often necessary to get the correct time scale and to find
a starting value for a more complex adaptive controller. The main advantage
of using an automatic tuner is that it simplifies tuning drastically and thus
contributes to improved control quality. Tuners have also been developed for
other standard applications such as moter control. This is also a case in which
a fairly standardized system has to be applied to a wide variety of applications.

Gain Scheduling

Gain scheduling is a powerful technique that is straightforward and easy to
use. The key problem is to find suitable scheduling variables, that is, variables
that characterize the operating conditions {see Fig. 1.17). It may also be a
significant engineering effort to determine the schedules. This effort can be
reduced significantly by using automatic tuning because the schedules can
then be determined experimentally. Auto-tuning or adaptive algorithms may
be used to build gain schedules. A scheduling variable is first determined.
Iis range is quantized into a number of discrete operating conditions. The
controller paramelers are determined by antomatic tuning when the system is
running in one operating condition. The parameter values are stored in a iable.
The procedure is repeated until all operating conditions are covered. In this
way it is easy to install and tune gain acheduling into a computer-controlled
system. The only facility required is a table for storing and recalling controller
parameters.

Gain scheduling is the standard techrique use¢ in flight control systems
for high-performance aircrafts. An example is given in Fig. 1.21. A massive
engineering effort is required to develop such systems. Gain scheduling is
increasingly being used for industrial process control. A combination with
automatic tuning makes it possible to significantly reduce the engineering
effort in developing the systems.

Continuous Adaptation

There are several cases in which the process ar the disturbance characteristics
are changing continuously, Continuous adaptation of controller parameters is
then needed. The MRAS and the STR arc the most common approaches for
parameter adjustment. There are many different ways to use the techniques.
In some cases, it is natural to assume that the process is described by a gen-
eral linear model, In other cases, parts of the model are known and only a
few parameters are adjusted. In many situations it is possible to measure the
disturbances acting on a system. A typical example is climate control in houses
in which the outdoor temperature can be measured. The process of using the

4
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Figure 1.21 Gain scheduling is an important ingredient in modern flight
control systems. (By courtesy of Nawrocki Stock Photo, Inc., Neil Hargreave.)

measurable disturbance and compensating for its influence is called feedfor-
ward. Adaptation of feedforward compensators has been found particularly
beneficial. One reason for this is that feedforward control requires good mod-
els. Another is that it is difficult and time consuming to tune feedforward loops
because it is necessary to wait for a proper disturbance to appear. Adaptation
is thus almost a prerequisite for using feedforward control.

Since adaptive control is a relatively new technology, there is limited ex-
perience of its use in products. One observation that has been made is that
the human-machine interface is very important. Adaptive controllers also have
their own parameters, which must be chosen. It has been our experience that
controllers without any externally adjusted parameters can be designed for
specific applications in which the purpose of control can be stated a priori. Au-
topilots for missiles and ships are typical examples. However, in many cases it
is not possible to specify the purpose of control a priori. It is at least necessary
to tell the controller what it is expected to do. This can be done by introducing
dials that give the desired properties of the closed-loop system. Such dials are
performance-related. New types of controllers can be designed by using this
concept. For example, it is possible to have a controller with one dial, labeled
with the desired closed-loop bandwidth. This is very convenient for applica-
tions to motor control. Another possibility would be to have a controller with
a dial labeled with the weighting between state deviation and control action
in a quadratic optimization problem. Adaptation can also be combined with
gain scheduling. A gain schedule can be used to get the parameters quickly
into the correct region, and adaptation can then be used for fine-tuning. On
the whole it appears that there is significant room for engineering ingenuity
in the packaging of adaptive techniques.
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Abuses of Adaptive Control

An adaptive contreller, being inherently nonlinear, is more complicated than
a fixed-gain controller. Before attempling to use adaptive control, it is there-
fore important to investigate whether the control problem might be solved by
constant-gain feedback. In the literature on adaptive control there are many
cases in which constant-gain feedback can do as well as an adaptive controller.
This is one reason why we are discussing alternatives to adaptive centrol in
this book. One way to proceed in deciding whether adaptive control should be
used is sketched in Fig. 1.22.

Process dynamics

Varying Constant

N\

Use a eontroller with
constant parameters

varying parameters

53

Unpredictable Predictable
variations variations

|

\ Use an adapiive

, Use a contreller with J

controller

l ‘ Use gain scheduling

Figure 1.22 Procedure to decide what type of controller to use.

Industrial Products

The industrial products can, broadly speaking, be divided into three different
categories: standard controllers, distributed control systems, and dedicated
special-purpose systems.

Standard controllers form the largest category. They are typically based on
some version of the PID algorithm. Currently, there is very vigorous develop-
ment of these systems, which are manufactured in large quantities. Practically
all new single-loop controllers intreduced use some form of adaptation. Many
different schemes are used. The single-loop controller is in fact becoming a
proving ground for adaptive control. One example is shown in Fig. 1.23. This
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Figure 1.23 A commercial PID controller with automatic tuning, gain
scheduling, and feedforward (SattControl Instruments ECA50). Tuning is per-
formed on operator demand when the tune button is pushed. (By courtesy of
SattControl Instrument.)

system has automatic tuning of the PID controller. The controller also has feed-
forward and gain scheduling. The automatic tuning is implemented in such a
way that the user only has to push a button to execute the tuning.

A standard controller may be regarded as automation of the actions of
a process operator. The controller shown in Fig. 1.23 may be viewed as the
next level of automation, in which the actions of an instrument engineer are
automated.

Distributed control systems are general-purpose systems primarily for pro-
cess control applications. These systems may be viewed as a toolbox for im-
plementing a wide variety of control systems. Typically, in addition to tools
for PID control, alarm, and startup, more advanced control schemes are also
incorporated. Adaptive techniques are now being introduced in the distributed
systems, although the rate of development is not as rapid as for single-loop
controllers.
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There are many special-purpose systems for adaptive control. The appli-
cations range from space vehicles to automobiles and consumer glectronics.
The spacecraft Gemini, for example, has an adaptive notch filter and adap-
tive frietion compensation. The following is another example of an adaptive
controller,

EXAMPLE 1.12  An adaptive autopilot for ship steering

This is an example of a dedicated sysiem for a special application. The adap-
tive autopilot is superior to a conventional autopilot for two reasons: It gives
better performance, and it is easier to operate. A conventional autopilot has
three dials, which have to be adjusted over a continuous scale. The adaptive
autopilot has a performance-related switch with two positions {tight steer-
ing and economic propulsion). In the tight steering mode the autopilet gives
good, fast response to commands with no consideration for propulsion effi-
ciéncy. In the economic propulsion mode the autopilet attempts fo minimize
the steering loss. The control performance is gignificantly better than that of a
well-adjusted conventional autopilot, as shown in Fig. 1.24. The figure shows
heading deviations and rudder motions for an adaptive autopilot and a con-
ventional autopilot. The experiments were performed under the same weather
conditions. Notice that the heading deviations for the adaptive autopilot are
much smaller than those for the conventional autopilot but that the rudder
motions are of the same magnitude. The adaptive autopilot is better because
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Figure 1.24 The figure shows the variations in heading and the correspond_-
ing rudder motions of a ship. {a) Adaptive autopilot. (b) Conventional autopi-
lot based on a PID-like algorithm.
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it uses a more complicated control law, which has eight parameters instead of
three for the conventional autopilot, For example, the adaptive autopilot has
an internal model of the wave motion. If the adaptation mechanism is switched
off, the constant parameter contreller obtained will perform well for a while,
but its performance will deteriorate as the conditions change. Since it is virtu-
ally impossihle to adjust eight parameters manually, adaptation is a necessity
for using such a controller. The adaptive autopilot is discussed in more detail
in Chapter 12, 0O

The next example iliustrales a general-purpose adaptive system.

CEXAMPLE 113 Novatune

The first general-purpose adaptive system was Novatune, announced by the
Swedish company Asea in 1982. The system can be regarded as a software-
configured toolbox for solving control problems, It broke with conventional
process cantrol by using a general-purpose discrete-time pulse transfer function
as the building block. The system also has elements for conventional PI and
PID control, ead-lag filter, logic, sequencing, and three modules for adaptive
control. It has been used to implement control systems for a wide range of
process contrel problems. The advantage of the system is that the control
system designer has a simple means of intreducing adaptation. The adaptive
coniroller is now incorporated in ABB Master (see Chapter 12). ]

1.7 CONCLUSIONS

The purpose of this chapter has been to introduce the notion of adaptive control,
to describe some adaptive systems, and to indicate why adaptation is useful.
An adaptive controiler was defined as a controller with adjustable parameters
and a mechanism for adjusting the parameters.

The key new element is the parameter adjustment mechanisme. Five ways
of doing this were discussed; gain scheduling, auto tuning, model-reference
adaptive control, self-tuning control, and dual control. To present a balanced
account and to give the knowledge required to make complete systems, all
aspects of the adaptive problem will be discussed in the book.

Some reasons for using adaptive control have also been discussed in this
chapter. The key factors are

« variations in process dynamics,
« variations in the character of the disturbances, and

« engineering efficiency and ease of use.

Examples of mechanisms that cause variations in process dynamics have been
given. The examples are simplistic; in many real-life problems it is difficuit
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to describe the mechanisms analytically. Variations in the character of distur-
bances is another strong reason for using adaptation.

Adaptive control is not the only way to deal with parameter variations.
Robusi control is an alternative. A robust controller is a controller that can
satisfactorily control a class of system with specified uncertainties in the pro-
cess model. To have a balanced view of adaptive techniques, it is therefore
necessary to know these methods as well (see Chapter 10). Notice particu-
larly that there are few aliernatives to adaptation for feedforward control of
processes with varying dynamics.

Engineering efficiency is an often overlooked argument in the choice be-
tween different technigues. It may be advantageous to trade engineering ef-
forts against more “intelligence” in the controller. This tradeoff is one reason
for the suceess of aulomatic tuning. When a control loop can be tuned simply
by pushing a button, it is easy to commission control systems and to keep them
running well, This also makes it possibie to use a more complex controller like
feedforward. With toulboxes for adaptive control {such as ABB Master) it is
often a simple matter to configure an adaptive control system and to try it ex-
perimentally. This can be much less time-consuming than the alternative path
of modeling, design, and implementation of a conventional control system. The
knowledge reguired to build and use toolboxes for adaptive control is given
in the chapters that follow. It should be emphasized that typical industrial
processes are so complex that the parameter variations cannot be determined
from first principles.

A wore complex controller may be used on different processes, and the de-
velopment expenses can be shared by many applications. However, it should be
poinied out that the use of an adaptive contraller will not replace good process
knowledge, which is still needed to choosc the specifications, the structure of
the controller, and the design methed.

PROBLEMS

1.1 Look up the definitions of “adaptive” and “learning” in a good dictionary.
Compare the uses of the words in different fields.

1.2 Find descriptions of adaptive controllers from some manufacturers and
browse through them.

1.3 Give some situations in which adaptive control may be useful. What
factors would you consider when judging the need for adaptive control?

1.4 Make an assessment of the field of adaptive control by making a literature
search. Look for the distribution of publications on adaptive control over
the years. Can you see some pattern in the publications concerning uses
of different metheds, emphasis on theory and applications, and so en?



1.5

1.6

1.7

1.8

Problems 35

The system in Example 1.4 has the following characteristics:

1
O = e

fu) =

The PI controller has the gain KX = 0.15 and the reset time 7; = 1
Linearize the equations when the reference values are &, = 0.3, 1.1, and
5.1. Determine the roots of the characteristic equation in the different
cases. Determine a reference value such that the linearized equations
just become unstable.

Consider the concentration eontrol system in Example 1.5. Assume that
V; = V. = 1andthat the nominal flow is g = 1. Determine Pl controllers
with the transfer function
1
K. .
¢ (1 + T;s)

that give good closed-loop performance for the flows ¢ = 0.5, 1, and 2.
Test the controllers for the nominal flow.

Consider the following system with two inputs and two cutputs:

p -1 0 0 10
@ _ 1 0o -3 olx+]|0o 2|u
dt

0 0 -1 0 1

(110
Y= l1 0 1)”

Assume that proportional feedback is introduced around the second loop:

ug = —koya

(a) Determine the transfer function from z; to yy, and determine how
the steady-state gain depends on ks.

(k) Simulate the response of y, and y» when u; is a step for different
values of k3.

A bleck diagram of a system used for metal cutting on a numerically
controlled machine is shown in Fig. 1.25. The machine is equipped with
a force sensor, which measures the cutting force. A controller adjusts
the feedback to maintain a constant cutting force. The cutting force is
approximately given by
v o
F=tka (—)

N

where a is the depth of the cut, v is the feed rate, N is the spindle speed,
@ is a parameter in the range 0.5 < @ < 1, and k is a positive parameter.
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Figure 1.25 Block diagram of a control system for metal cutting.

The steady-state gain from feed rate to force is
K=kaav" IN"

The gain inereases with increasing depth a, decreasing feed rate v, and
decreasing spindle speed N, Assume that ¢ = 0.7, k=1, a =1, = 0.7,
and @ = 5. Determine T; such that the closed-loep system shows good
closed-loop behavior for N = land a = 1.

(a} Investigate the performance of the closed-loop system when NN varies
between 0.2 and 2 and ¢ = 1.

(b) Repeat part (a} but for a varying between 0.5 and 4 and N = 1.
Consider the system in Fig. 1.26. Let the process be

K
G = —
ols) s+ a
where
K = Kg + AR K(] =1
a = ag+ Aa a9 =1
d
u Controller Plant
I3 | u y
1 G
L—-—\_.—\_o—\.—
h e

Figure 1.26 Block diagram for Problems 1.9 and 1.10.
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and
- Db AK <20

-20g5 Ae <20
Let the ideal closed-loop respense be given by

Yols) =

1
571 e

(a) Simulate the open-loop responses for some values of X and a.

(b) Determine a controller for the nominal system such that the difference
between step responses of the closed-loop system and of the desired
system is less than 1% of the magnitude of the step.

{c) Use the controller from part (b) and investigate the sensitivity to
parameter changes.

{d) Use the controller from part (b) and investigate the sensitivity to the
disturbance d(t) when

-1 D<t <6
d(?) = 2 6st<lh
1 15 <¢

(e} Use the controller from part (b) and investigate the influence of mea-
surement noise, ¢(t}. Let e(¢) be zero mean white noise.

This problem and the next example are based on a special session at

the 1988 American Control Conference in Atlanta, Georgia. A detailed

discussion of the problem is found in International Journal of Adaptive

Control and Signal Processing, No. 2, June 1989, which is entirely devoted

to the problem.

Make the same investigation as in Problem 1.9 when the process is
K

G i
o(s) 82 + @15 + 02
where
K=Ky+ AK Ky=1
a1 = g + Aa1 i1g = 1.4
ag = ggy + Aas aop = 1
and
—05 < AK =20

~20 < Ay < 2.0
—3.0 < Aag £ 3.0

Let the desired closed-loop response be given by

1

You(s) = s2+14s+1

Ue(s)
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CHAPTER 2

REAL-TIME
PARAMETER ESTIMATION

2.1 INTRODUCTION

On-line determination of process parameters is a key element in adaptive
control, A recursive parameter estimator appears explicitly as a component
of a self-tuning regulator (see Fig. 1.19). Parameter estimation also occurs
implicitly in a model-reference adaptive controller (see Fig. 1.18). This chapter
presents some methods for real-time parameter estimation. It is useful to view
parameter estimation in the broader context of system identification. The key
elements of system identification are selection of model structure, experiment
design, parameter estimation, and validation. Since system identification is
executed sutomatically in adaptive systems, i is essential to have a good
understanding of all aspects of the problem. Selection of model structure and
parameterization are fundamental issues. Simple transfer function models will
be used in this chapter. The identification problems are simplified significantly
if the models are linear in the parameters.

The experiment design is crucial for successful system identification. In
contro! problems this boils down to selection of the input signal. Choosing an
input signal requires some knowledge of the process and the intended use of
the model. In adaptive systems there is an additional complication because the
input signal to the plant is penerated by feedback. In certain cases this does
not permit the parameters to be determined uniquely, a situation that has
far-reaching consequences. In some cases it may be necessary to introduce
perturbation signals, as discussed in more detail in Chapters 6 and 7. In
adaptive control the parameters of a process change eontinuously, so it is
necessary to have estimation methods that update the parameters recursively.
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In solving identification problems it is very important to validate the results.
This is especially importiant for adaptive systems, in which identification is
done automatically. Some validation techniques will therefore be discussed.

The least-squares method is a basic technique for parameter estimation.
The method is particularly simple if the model has the property of being linear
in the parameters. In this case the least-squares estimate can be calculated
analytically. A compact presentation of the method of least squares is given
in Section 2.2. The formulas for the estimate are derived, and geometric and
statistical interpretations are given. It is shown how the computations can be
done recursively. In Section 2.3 it is shown how the least-squares method can
be used to estimate parameters in dynamical systems. Experimental conditions
are discussed in Section 2.4. In particular we introduce the notion of persistent
excitation. In using parameter estimation in adaptive contrel it is useful to
have an intuitive insight into the properties of parameter estimators. To start
to develep this, we give a number of simulations that illustrate the properties of
the different algorithms in Section 2.5. More properties of different estimation
schemes are given in Chapter 6 in connection with convergence and stability
anaiysis of adaptive controllers.

2.2 LEAST SQUARES AND REGRESSION MODELS

Karl Friedrich Gauss formulated the principle of least squares at the end of the
eighteenth century and used it to determine the orbits of planets and asteroids.
Gauss stated that, according to this principle, the unknown parameters of a
mathematical model should be chosen in such a way that

the sum of the squares of the differences between the actually observed
and the computed values, multiplied by numbers that measure the
degree of precision, is a minimum.
The least-sgnares method can be apphied to a large variety of problems. 1t 1s
particularly simple for a mathematical model that can be written in the form

¥(E) = 91{D)6] + @o ()05 + -~ @, (1)6, = 9T (1)6" (2.1)
where y is the observed variable, 89,65,...,8) are parameters of the model to
be determined, and @5, @2, ..., @, are known functions that may depend on

other known variables. The vectors
o) = (06 @) .. 0]
T
8" = [9? o ... eg]

have also been introduced. The model is indexed by the variable £, which often
denotes time. It will be assumed initially that the index set is a discrete set.
The variables ¢; are called the regression variables or the regressors, and
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the model in Eq. (2.1) is also called a regression model. Pairs of observations
and regressors {(y(i), @(i)), i = 1,2, ..., t} are obtained from an experiment.
The problem is to determine the parameters in such a way that the outputs
computed from the model in Eq. (2.1} agree as closely as possible with the
measured variables ¥{{) in the sense of least squares. That is, the parameter
& should be chosen to minimize the least-squares loss function
1 d B T 2
Vi) =53 (v - o"08) (2.2)

=1

Since the measured variabie y is linear in parameters 8° and the least-squares
criterion is quadratic, the problem admits an analytical solution. [ntroduce the
notations

T
ve) = (Y1) ¥ .. ¥
T
E(t) = [5(1) £(2) ... a(t)]

T (1)
o) =
o7 (8)
-1 t . -1
P@) = (07(00@) - (_Z ()" (c‘)) 23)

where the residuals £(i} are defined by
eli) = yi) - 36) = y(i) - 97 (1)0
With these notations the loss function (2.2) can be written as

1m o0 1, 1
V(B0 = 5 Y eMi) = 5 ETE = SIIE|P
i=1
where E can be written as

E=Y-¥Y=-Y-d¢ (2.4)

The solution to the least-squares problem is given by the following theorem.

THEOREM 21 Least-squares estimation
The function of Eq. (2.2) is minimal for parameters 6 such that

o7 g = dTY (2.5)
If the matrix ®¥® is nonsingular, the minimum is unique and given by

6 = (d"®) '0TY (2.6)
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Proof: The loss funetion of Eq. (2.2) can be written as
2V(8,t) = ETL = (Y — 067 (Y - ®8)
=YTY - Yo - 8707Y + 670 0o 2.7
Since the matrix ®¥'® is always nonnegative definite, the function V has a
minimum. The loss function ts quadratic in 8. The minimum can be found in
many ways. One way is to determine the gradient of Eq. (2.7} with respect
to @. (See Problem 2.1 at the end of the chapter). The gradient is zero when

Eq. {2.5) is satisfied. Another way to find the minimum is by completing the
square. We get

2V(0,t) = YTY - YTo0 - 6T0TY + 70708

+YTo@7e) oy - YTo@ o) '’y

It

YT (1 - ®@T®) 07 )Y

+ (9 ~ {(DTCD)"‘(I}TY)TCDTtD(G - (cp%)-lcp’fy) (2.8)

The first term on the right-hand side is independent of 8. The second term is
always positive. The minimum is obtained for

8=6=@To)y'o’y
and the theorem is proven. ' 0

Remart 1. Equation (2.5) is ealled the normal equation. Equation (2.6) can
be written as

8it) - (2 w(i)qﬂ"m)_l (Z P ()) = P(t)(ﬁj o) (29)
i-1 i=1 i=1

Remark 2. The condition that the matrix ®Z7® is invertible is called an
excitation condition,

Remark 3. The least-squares criterion weights all errors () equally, and this
corresponds to the assumption that all measurements have the same precision.
O

Different weighting of the errors can be accounted for by changing the loss
function (2.2} to

V= %ETWE (2.10)

where W is a diagonal matrix with the weights in the diagonal. The least-
squares estimate is then given by

b=(0"Wo oTWY (2.11)
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EXAMPLE 2.1  Least-squares estimation of static system
Consider the system

y(i) = bo + bruli) + bpr* (i) + e(d)

where e{) is zero mean Gaussian noise with standard deviation 0.1. The system
is linear in the parameters and can be written in the form (2.1) with

[1 (i) u‘ﬂ(i)]
[hn By bz]

The output is measured for the seven different inputs shown by the dots in
Fig. 2.1. In practice the model structure is usually unknown, and the user must

decide on an appropriate model. We illustrate this by estimating parameters
of the following medels:

o (0

g’f

Model 1:  y(i) = bo
Model 2:  y(i) =bo+du
Model 3°  y(i) = by + b+ Bau?

Model 4 y(i) = by + byu + bau® + bgu®

The different models give a polynomial dependence of different orders between
y and &.

Table 2.1 shows the least-squares estimates of the different models together
with the resulting loss function. Figure 2.1 also shows the estimated relation
between u and y for the different models. From the table it is seen that about
the same losses are obtained for Models 3 and 4. The fit to the data points is
almost the same for these two models, as is seen in Fig, 2.1. O

The example shows that it is important to choose the correct model struc-
ture to get a good model. With few parameters it is not possible to get a good
fit to the data. If too many parameters are used, the fit to the measured data
will be very good but the fit to another data set may be very poor. This latter
gituation is called overfitting.

Table 2.1 Least-squares estimates and loss functiens for the system in
Example 2.1 using different model structures.

Model By b, by bs v
1 3.85 34.46
2 0.57 1.09 1.01
3 111 0.45 0.11 0.031
4 1.13 0.37 0.14 ~0.003 0.027
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Figure 2.1 The dols represent the measured data points. Resulting medels,
indicated by the solid lines, based on the least-squares estimates are algo
given for {a) Model 1, {b) Model 2, (c¢) Model 3, {d) Model 4.

Geometric Interpretation

The least-squares problem can be interpreted as a geometric problem in R,
where t is the number of observations. Figure 2.2 illustrates the situation with
two parameters and three observations. The vectors ¢' and ¢® spans a plane if
they are linearly independent. The predicted output Y lies in the plan spanned
by ¢! and ¢2. The error £ = Y — ¥ is smallest when £ is orthogenal to this
plane. In the general case, Eq. {2.4) can be written as

£(1) y(1) o1(1) @a.(1)
£(2) ¥(2) @1(2) Pai2)
. = . - . =T . n
£(t) ) ©1(t) @n(£)
or
E=Y -9 - 90— - 0",

where ¢’ are the columns of the matrix ®. The least-squares problem can
thus be interpreted as the problem of finding constants 8:,....8, such that
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Figure 2.2 Geometric interpretation of the least-squares estimate.

the vector Y is approxitmmated as well as possible by a linear combination of the
vectors @', ¢?,..., @". Let ¥ be the vector in the span of @1, @2, ..., ¢", which
is the best approximation, and let Z = ¥ — V. The vector ' is smallest when
it is orthogonal to all vectors ¢/, This gives

@) (Y~ 019"~ 00" - = 8,0") =0 i=1. .

which is identical to the normal equation (2.5). The vector @ is unique if the
vectors ¢!, p?,.. ., 9" are linearly independent.

Statistical Interpretation

The least-squares method can be interpreted in statistical terms. 14 is then nec-
essary to make assumptions about how the data has been generated. Assume,
that the process is

¥} = o (8" + i) (212)
where £° is the vector of “true” parameters and {e({}.7 = 1,2,...} is a sequence
of independent, equally distributed random variables with zero mean. I is also
assumed that e is independent of ¢. Equation {2.4) can be wriiten as

Y=08"+E
Multiplying by (@7 @) 07 gives
(@70} dTY = 6 = 8"+ (070)  @TE (2.13)
Provided that ‘£ is independent of @7, which is equivalent to saying that e{f)
is independent of @{i), the mathematical expectation of # is equal to #°. An

estimate with this property is called unbiased, The following theorem is given
without proof.
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THEOREM 22 Statistical properties of least-squares estimation

Consider the estimate in Eq. (2.8) and assume that data is generated from
Eq. (2.12}, where {e{i},i = 1.2, ...} is a sequente of independent random vari-
ables with zern mean and variance 0. Let E denote mathematical expectation
and cov the covariance of a random variable.

1f @7 d is nonsingular, then

(i) EB(t) = 8°
(i) cov 6(t) = o2{dTd) !
(ii1) G2t = 2V (@, 4}/(t - n) is an unbiased estimate of &°

where n is the number of parameters in #° and 6 and ¢ is the number of data
points, 0

The theorem states that the estimates are unbiased, that is, £6(t) = &°.
Further, it is desirable that an estimate converge to the true parameter value
as the number of observations increases toward infinity. This property is called
consisterncy. There are several notions of consistency corresponding te different
convergence concepts for random variables. Mean squarc convergence is one
possibility, which can be investigated simply by analyzing the variance of the
estimate, The result (ii) can be used to determine how the variance of the
estimate decreases with the number of observations. This is illustrated by an
example.

EXAMPLE 22 Decrease of variance

Consider the case in whick the model in Eq. (2.12) has only ene parameter.
Let f be the number of observations. It follows from (ii) of Theorem 2.2 that
the variance of the estimate is given by

2
- o
covf = ———

S ¢k)
£-1

Several different cases can now be considered, depending on the asymptotic
behavior of @{k) for large k. Introduce the notation a ~ b to indicate that a
and b are proportional.

(a}) Assume that @{k) ~ e ®*.o > 0. The sum in the denominator above then
converges, and the variance goes to a constant.

(b) Assume that @(k) ~ % “.a > 0. Then

const a > 05

i
Z @2{k) ~ { logt a =05
k= " a<05

The variance goes to zere if « £ 0.5.
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{c} Assume that @(k) ~ 1. The variance then goes to zere as 1/t.

(d) Assume that @(k} ~ £, @ > (. The variance then goes to zero as ¢~ {1+%),

(e) Assume that @(k) ~ e™®, o > 0. The variance then goes to zero as e~
O

The example shows clearly how the precision of the estimate depends on
the rate of growth of the regression vector. The variance does not go to zero
with increasing number of vbservalions il the regression variable decreases
faster than 1/v/z. In the normal situation, when the regressors are of the same
order of magnitude, the variance decreases as 1/¢. The variance decreases more
rapidly if the regression variables increase with time.

When several parameters are estimated, the convergence rates may be
different for different parameters, This is related to the structure of the matrix
(@Td)~! in Eq. (2.6).

Recursive Computations

In adaptive controllers the observations are obtained sequentially in real time.
It is then desirable to make the computations recursively to save computation
time. Computation of the least-squares estimate can be arranged in such a
way that the results obtained at time f ~- 1 can be used to get the estimates at
time {. The solution in Eq. (2.6} to the least-squares problem will be rewritten
in a recursive form. Let 6(¢ — 1) denote the least-squares estimate based on
¢t — 1 measurements. Assume that the matrix ®7® is nonsingular for all ¢ It
follows from the definition of P(¢) in Eq. (2.3) that

Pl = oT@ow = oo ()
i—1
=3 00" + 000" 0
=Plt- 1)+ o)™ (1) (2.14)

The least-squares estimate 6(¢) is given by Eq. (2.9):

i) = P (Y- eyt - P(r)(i Pyl + 91300
i=1 =1

It follows from Eqs. (2.9} and (2.14) that

-1

3 ey} = Pt -D8E-1) = P (08t - 1) - o) ()6 - 1)

i=1
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The estimate at time ¢ can now be written as

bt - 1)~ P{o )T (118(t — 1) + POp(B1¥(t)
Bt - 1)+ P(ypte) (38 - 97 (16t - 1))

gt - 1) + K{r)e(t)

é(t)

il

where

K(t) = P(H)ye(r)

£(t) = y(t) - T (10 - 1)
The residual £(¢) can be interpreted as the error in predicting the signal ¥(?)
one step ahead based on the estimate ¢ — 1}.

To proceed, it is necessary to derive & recursive equation for P (¢) rather
than for P(¢) ! as in Eq. (2.14). The following lemma is useful.

LEMMA 21 Matrix inversion lemma
Let A, C, and €' + DA 'B be nonsingular square matrices. Then A+ BCD
is invertible, and

(A+BCD) ' =A1-A'B(C'+DA'B) ‘DA™

Proofs By direct multiplication we find that
(A+BCD)(A' - AT'B(C *+DAT'B) 'DA™)
I+BCDA - B(C™"+DA'B)y'DA™!
— BCDA'B(C '+ DA 'By'DA"
1+ BCDA' - BC(C '+ DABYKC ' + DA'B)'DA™!
=1 0

[}

Applying Lemma 2.1 to P(¢) and using Eq. (2.14), we get

PU) = (@7 (0() " = @7 - DOE- 1)+ 9p@)eT (9)

= (PE-1 + peT()
_Pt-1) - Pt - Do) (I +e 0P - o)) eT(BPE-1)

This implies that

K(t) = POp(t) = Pit— Do) (I + 9T @OP(E -~ o)™

Notice that a matrix inversion is necessary to compute P. However, the matrix
to be inverted is of the same dimension as the number of measurementa. That
is, for a single output system it is a scalar.

The recursive caleulations are summarized in the following theorem.
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THEOREM 23 Recursive least-squares estimation (RLS)
Assume that the matrix @(¢) has full rank, that is, ®7 (¢} (¢} is nonsingular, for

all ¢ > fo. Given é(tg} and P(fo) = (@7 (£0)P(26)) !, the least-squares estimate
&(t) then satisfies the recursive equations

8(t) = 6(t — 1) + K(t)(y(t) - T (Hé( 1)) (2.15)

K(©) = Pott) - Pt~ De@(1 + o (0PG - Do) (2.16)
PW) = Pt~ 1) Pt - Dp®) {1 + 9" P~ De(®) o7 (OP(— 1)

- (1 — KWy ®PE-1) 2.17)

a

Remark I. Equation (2.15) has streng intuitive appeal. The estimate 8t} is
obtained by adding a correction to the previous estimate #{1— 1). The correction
is proportional to y(t) — T (1)@(t - 1}, where the last term can be interpreted
as the value of y at time ¢ predicted by the model of Eq. (2.1). The correction
term is thus proportional to the difference between the measured value of
¥(2) and the prediction of y(¢) based on the previous parameter estimate. The
components of the vector K (f) are weighting factors that tell how the correction
and the previous estimate should be combined.

Remark 2. The least-squares estimate can be interpreted as a Kalman filter
for the process

B(t + 1) = 0()
¥it) = T ()0{1) + et)

Remark 3. The recursive equations can alse be derived by starting with the
loss function of Eq. {2.2). Using Egs. (2.8) and (2.8} gives

2V {0, t) = 2V (8.t — 1) + £2(8.¢)

YT - 1) (1 — (- 1)(@“‘(; _ 1)@t - 1))_1¢{e - 1)) Y- 1)

(2.18)

+ (060 - H) o7 - ol - 1)(6 - 8 - 1))

+ (v - 0" 6)" (v10) - 0" )8) (219)

The first term on the right-hand side is independent of @, and the remaining
two terms are quadratic in 6. V (8, £) can Lhen easily be minimized with respect
to 6. 0

Notice that the matrix P(¢) is defined only when the matrix ®7 ()@ (t) is
nonsingular. Since

o7 ()d(t) = Zw(i)(oT{i)
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it follows that @7 ® is always singular if t < n. To obtain an initial condition
for P, it is thus necessary to choose ¢ = #; such that ®7 (¢,)®(#s) is nonsingular.
The initial conditions are then

Pltg) = (‘DT(ﬁqu’(f-o)) h
8(20) = P(to)d7 (to)Y {t0)

The recursive equations can then be used for ¢ > #5. It is, however, often
convenient Lo use the recursive equations in all steps. If the recursive equations
arc started with the initial condition

P(0) = Py

where Py is positive definite, then
-1
Py = (P3 + ST (O(®)

Notice that P(¢) can be made arbitrarily close to (®7 (£)®@(¢)) - by choosing Py
sufficiently large.

By using the Kalman filter interpretation of the least-squares method,
it may be seen that this way of starting the recursion corresponds to the
sitnation in which the parameters have an initial distribution with mean &
and covariance Py.

Time-Varying Parameters

In the least-squares mode! (2.1) the parameters §° are assumed to be con-
stant. In several adaptive problems it is of interest to consider the situation in
which the parameters are time-varying. Two cases can be covered by simple
extensions of the least-squares method. In one such case parameters are as-
sumed to change abruptly but infrequently; in the other case the parameters
are changing continuously but slowly. The case of abrupt parameter changes
can be covered by resetting. The matrix P in the least-squares algorithm (The-
orem 2.3) is then periodically reset to @I, where ¢ is a large number. This
implies that the gain K{t) in the estimator becomes large and the estimate
can be updated with a larger step. A more sophisticated verston is to run n es-
timators in parallel, which are reset sequentially. The estimate is then chosen
by using some decision logic. (See Chapter €.) The case of slowly time-varying
parameters can be covered by relatively simple mathematical medels. One
pragmatic approach is simply to replace the least-squares criterion of Bq. (2.2}
with

Ve = %Za“ () - 0T ()0 (2.20)
=1

where 1 is a parameter such that ¢ < 4 < 1. The parameter A is called the
forgetting factor or discounting factor. The loss function of Fq. (2.20) implies
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that a time-varying weighting of the data is introduced. The most recent data
is given unit weight, but data that is » time units old is weighted by 4. The
method is therefore called exponential forgetting or exponential discounting.
By repeating the calculations leading to Theorem 2.3 for the loss function of
Eq. (2.20), the following result is obtained.

THEOREM 24 Recursive least squares with exponential forgetting

Assume that the matrix ®(¢) has full rank for ¢ > t;. The parameter 8, which
minimizes Eq. {2.20), is given recursively by

6t) = biz - 1)+ K() (v(0) - 9" (081t - 1))
Kit) = P(e() = P(t - Do) (A + 9T (0Pt - Dp(e)) ' (2.21)
Pity={T-K({®e" ) PE-1)/A 0

A disadvantage of exponential forgeiting is that data is discounted even
if P(t)p{t) = 0. This condition implies that y(¢) does not contain any new
information about the parameter 6. In this case it follows from Egs. (2.21)
that the matrix P increases exponentially with rate 4. Several ways to avoid
this are discussed in detail in Chapter 11.

An alternative method of dealing with time-varying parameters is to as-
gsume a time-varying mathematical model. Time-varying parameters can he
obtained by replacing the first equation of Eqgs. (2.18) with the model

8(t + 1) = D,8(1) + v{t)

where @, is a known matrix and v(¢) is discrete-time white noise. The filtering
interpretation of the least-squares problem given in Remark 2 of Theorem 2.3
can now easily be generalized. The least-squares estimator will then be the
Kalman filter. The case @, = [ corresponds to a model in which the parameters
are drifting Wiener processes.

Simplified Algorithms

The recursive least-squares algorithm given by Theorem 2.3 has two sets of
state variables, # and P, which must be updated at each step. For large
n the updating of the matrix P dominates the computing effort. There are
several simplified algorithms that avoid updating the P matrix at the cost of
slower convergence. Kaczmarz's projection algorithm is one simple solution, To
deseribe this algorithm, consider the unknown parameter as an element of B".

Omne measurement

y(&) = o7 ()6 (2.22)
determines the projection of the parameter vector 6 on the vector ¢(t). From
this it is immediately clear that » measurements, where @{1),.... @(n) span
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R", are required te determine the parameter vector & uniquely. Assume that an
estimate 6(t — 1} is available and that a new measurement such as Eq. (2.22)
is obtained. Since the measurement y{¢{) containg information only in the
direction (p{t] in parameter space, it ib natural to choose as the new estimate
the value 6{t) that minimizes |6(2) — 6(t — 1)|| subject to the constraint y(¢) =

o7 (£)8(1). Introducing a Lagrangian multiplier & to handle the constraint, we
thus have to minimize the function

1. ) T, . i .
V=g (6 -8 -1) (61)-bi-1)+a (y(t) — o7 (10(1))
Taking derivatives with respect to () and &, we get
g6y - B(z - 1) —ap(t) = 0

y(t) — 7 (1)6(t) = 0

Solving these equations gives

f olt) g
8y =9(-1)+ — y(t) - @ (B8 -1 (2.23)
0= 0= 1)+ s (0 - 0708 - )
The updating formula is called Kaczmarz's algorithm. 1t is useful to be able to
change the step length of the parameter adjustment by introducing a factor y.
This gives

5 5 : 7o L) T
glt) - BF -1+ S {y®) - ()6(t -1
(£) = B e B - e 0o - 1)
To avoid a potential problem that occurs when @{t) = 0, the denominator in
the correction term is changed from ¢7 (£)p(t) to @7 ()@ (t) + «r, where @ iz a
positive constant. The following algoerithm is then obtained.

ALGORITHM 21 Irojection algorithm
5 j relt) T(1d
T _ - Tt -1 24
60) = 0~ 1+ TEE S (0 - eTwd - 1) @2
where o > 0and 0 < y < 2, m]

Remark 1. Tn some textbooks this is called the normalized prajection algo-
rithm.

Remark 2. The bound for the parameter y is obtained from the following
analysis. Assume that data has been generated by Eq. (2.22) with parameter
8 = #°. It then follows from Eq. (2.24) that the parameter error

6=6"-0

satisfies the equation : .
88y = A{)8(t - 1)
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where
T
Alf) = T - rrp(tl@ )
o+ @l (t)e)
The matrix A(r) has one eigenvalue,

_a+{d-7ete
a+oTg
This value is less than 1 in magnitude if 0 < ¥ < 2. The other eigenvalues of
A are all equal to 1. O

The projection algorithm assumes that the data is generated by Eq. {2.22)
with no error. When the data is generated by Eq. (2.12) with additional randem
error, a simplified algorithm is given by

6(r) = 6 - 1) + o) (300 - 7 (162 - 1)) (2.25)

where

! -1
P{t) = (Z cpT(i)w(i)) (2.26)
i=1

This is the stochastic approximation (SA) elgorithm. Notice that P(f) = ®®T
is now a scalar when y(t) is a scalar. A further simplification is the least mean
square (LMS) algorithm in which the parameter updating is done by using

6(6) = B(c - 1)+ vt (v - 9" (06 - 1))

where ¥ is a constant.

Continuous-Time Models

In the recursive schemes the variables have so far been indexed by a discrete
parameter {. The notation ¢ was chosen because in many applications it de-
notes time. In some cases it is natural to use continuous-time observations.
It is straightforward to generalize the results to this case, Equation (2.1) is
still used, but  is now assumed to be u real variable. Assuming exponential
forgetting, the parameter should be determined such that the criterion

£
V(0) - / ) (y(2) - 9T (r)8) dr (2.27)
0

is minimized. The parameter &, where @ = 0, corresponds to the forgeiting
factor A in Eq. (2.20). A siraightforward calculation shows that the criterion
is minimized if (see Problem 2.15 at the end of the chapter)

(/:e"“(“”m(f)w'f{r)dr) a(t) = f e piryy(r)dr {2.28)
Q

]
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which is the normal equation. The estimate is unique if the matrix

R) - | 1) o (1) (r) dr (2.29)

is invertible. It is also possible to obtain recursive equations by differentiating
Eq. (2.28). The estimate is given by the following theorem.

THEOREM 25 Continuous-time least-squares estimation

Assume that the matrix R{¢) given by Eq. (2.29) is invertible for all £. The
estimate that minimizes Eq. {2.27) satisfies

98 - P@ypine) (2.30)

e(t) = y(t) - 0T ()0(®) (2.31)

P~ apwy - POIO0ET PO (232)

Proof: The theorem is proved by differentiating Eq. (2.28). O

Remark 1. The matrix R() = P(t)"! satisfies

dR

- = _ T
dar alR + pe

Remark 2. There are also continuous-tims versions of the simplified algo-
rithms. The projection algorithm corresponding to Eqs. (2.25) and (2.26) is
given by Eq. (2.30) with

o= ([ wT(r)w(r)dr)_l

where P(t) is now a scalar. m]

23 ESTIMATING PARAMETERS IN DYNAMICAL SYSTEMS

We now show how the Jeast-squares method can be used to estimate parameters
in models of dynamical systems. The particular way to do this will depend on
the character of the model and its parameterization.

Finite-Impulse Response (FIR) Models

A linear time-invariant dynamical system is uniquely characterized by its im-
pulse response. The impulse response is in general infinite-dimensional. For
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stable systems the impulse response will go to zero exponentially fast and may
then be truncated. Notice, however, that a large number of parameters may be
required if the sampling interval is short in comparison to the slowest time con-
stant of the system. This results in the so-called finite impulse response (FIR)
model, which is also called a transversal filter. The model can be described by
the equation

y{E) = brult — 1) + bpue{2 — 2) + - - + bult - n) (2.33)
or
¥y = eTt-1)8
where
G
pT(t-1) = [u(tﬁl) u(t—n]]

This model is identical to the regression model of Eq. (2.1}, except for the
index ¢ of the regression vector, which is different. The reason for this change
of notation ig that it will be convenient to label the regression vector with
the time of the most recent data that appears in the regressor. The model of
Eq. (2.33) clearly fits the least-squares formulation, and the estimator is then
given by Theorem 2.3.

The perameter estimator can be represented by the block diagram in
Fig. 2.3. The estimator may be regarded as a system with inputs » and y
and ocutput 8. Since the signal

) = bt - Dult— 1) + -+ bolt — Vult - n)

is available in the system, we can also consider #{¢} as an output. Since 7(z)
is a predicted estimate of ¥, the recursive estimator can also be interpreted as
an edaptive filter to predict . The use of this filter is discussed in Chapter 13.

FIR filter - 1 [

A
o

Adjustment |..g
mechanism

Figure 2.3 Block diagram representation of a recursive parameter estima-
tor for an FIR medel.
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Transfer Function Models

The least-squares method can be used to identify parameters in dynamical
systems. Let the system be deseribed by the model

Alg)y(t) = Blgult) (2.34)
where g is the forward shift operator and A(g) and B(g) are the polynomials
Algy=q" +a1g" " + .. +a,
Blg) = b1g" 1+ buq™ 2+ .+ b
Equation (2.34) can be written as the difference equation
yO +ay{t -1+ rapylt-n)=bu{t+m-—n- 1)+ + bpult —n)

Assume that the sequence of inputs {u(1), (2}, ... ,u(t}} has been applied to
the system and the corresponding sequence of outputs {y(1}, ¥(2), ..., y(£)} has
been observed. Introduce the parameter vector

8’ = (a, @y b1 . bm] (2.35)

and the regression vector
ol (t-1) = [—-y(t—l) .. —¥t-n) uE+m-n-1) ... u(t—n)]

Notice that the output signal appears delayed in the regression vector. The
model is therefore called an auforegressive model. The way in which the ele-
ments are ordered in the matrix & is, of course, arbitrary, provided that ¢(t-1)
is also similarly reordered. Later, in dealing with adaptive control, it will be
natural to reorder the terms. The convention that the time index of the ¢ vec-
tor will refer to the time when all elements in the vector are available will also
be adopted. The model can formally be written as the regression medel

1) = 9Tt - 1)8
Parameter estimates can be obtained by applying the least-squares method
{(Theorem 2.1). The matrix @ is given by
o7 (n)
O = :
pT{t—1)

If we use the statistical interpretation of the least-squares estimate given by
Theorem 2.2, it follows that the method described will work well when the

disturbances can be described as white noise added to the right-hand side of
Eq. (2.34). This leads to the least-squares model

Alg)y(t) = B{q)ull) +elt +n)
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[Compare with Eq. {2.12).) The method is therefore called an equation error
method. A slight variation of the method is better if the disturbances are

described instead as white noise added to the system output, that is, when
the model is

o) = %um +elt)

The method obtained is then called an output error method. To describe such
a method, let ¥ be the input and % be the output of a system with the input-
output relation

O+t -+ tapdt-n) = biu(t+m-n-1)+-- + buu(t ~ n}

that is,

5() = %u(f)

Determine the parameters that minimize the criterion

t

3 (k) - ik

k=1

where y(t) = #(¢) + e(t). This problem can be interpreted as a least-squares
problem whose solution is given by

6(f) = 6(t — 1) + P(t)o(t — Ve(t)
where
eTit-1) = [wy(:—n o —§(t-n) ult+mo-n-1) .. u{tfn}]
£(t) = y(t) - 9Tt - 1)B(t - 1)

Compare with Theorem 2.1. The recursive estimator obtained can be repre-
sented by the block diagram in Fig. 2.4,

hd
U Process ¥ 4 £
model o
1
2]
Adjustment
mechanism b

Figure 2.4 Block diagram of a least-squares estimator based on the cutput
error,
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Continuous-Time Transfer Functions

We now show that the least-squares method can also he used to estimate
parameters in continuous-time transfer functions. For instance, consider a
continuous-time modet of the form

d"y dn—ly dm_lu
dt;+ﬂ]w+"‘+any:b] I

which can also be writlen as

A(p)y(t) = Bipju(t) {2.36)

where A{p) and B(p} are polynomials in the differential operator p = d/dt.
In most cases we cannot conveniently compute p® y{¢) because it would involve
taking n derivatives of a signal. The model of Eq. (2.36) is therefore rewritten

as
A(p)yr(t} = Biplus(®) (2.37)

+ byu

where

yrit) = Hp(p)y(t)

up(t) = Hy(p)u(t)
and H{p) is a stable transfer function with a pole excess of n or more. See
Fig. 2.5. If we introduce

8= [al e @n bl bm)T
T = [*Pn_l}'f v —yr P ey L uf]
= [—p““Hf(p)y e —Help)y p™'Hipw .. Hf(P)M]

the model expressed by Eq. (2.37) can be written as
P y; () = p"He(p)y(t) = ¢ ()8

Parameter estimate @

t

Hy % Estimator ; Hy
pin{p)u p"Hf(p):f
#  Process
Input u Qutput ¥

Figure 2.5 Block diagram of estimator with filters H,.
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By a proper realization of the filter H it is possible to use one filter to generate
all the signals p'H;(p)y,t = 0, ..., n, and another filter to generate p' H(p)u,
i =0,...,m - 1. Standard least squares can now be applied, since this is
a regression model, A recursive estimate is given by Theorem 2.5. With the
restriction on H; there will not be any pure differentiation of the output or
the input to the system.

Nonlinear Models

Least squares can also be applied to certain nonlinear models. The essential
restriction is that the models be linear in the parameters so that they can be
written as linear regression models. Notice that the regressors do not need to
be linear in the inputs and outputs. An example illustrates the idea.

EXAMPLE 23  Nonlinear system
Consider the model
y{t) +ay(t - 1) = byu(t — 1) + besin(u(t — 1))
By introducing
T
o=[a b &)
and
oT(t) = [~y ul®) sinfuit-1))

the model can be written as

¥t = Tt - 1)8

The model is linear in the parameters, and the least-squares method can be
used to estimate 6. ]

Stochastic Models

The least-squares estimate is biased when it is used on data generated by
Eq. {2.12), where the errors e{{) are correlated. The reason is that E¢” (i)e(i) #
0 {(compare Eq. (2.13)). A possibility to cope with this problem is to model the
correlation of the disturbances and to estimate the parameters describing the
correlations. Consider the model

Alg)y(t) = B(gu(t) + Clgle(?) (2.38)

where A(q), B(q), and C(g) are polynomials in the forward shift operator
and {e(?)} is white noise. The parameters of the polynomial C describe the
correlation of the disturbance. The model of Eq. (2.38) cannot be converted
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directly to a repression model, since the variables {e(t)} are not known. A
regression model can, however, be cbtained by suitable approximations. To
describe these, introduce

£(t) = »(6) - T (t -~ 1B~ 1)

where

B — [al a, by .. by, oo cn]

Tt 1) = [7y(tgl) eyt —m)u(—1) . u(t-n) e(t-1) ... f:(t—n)]
The variables e(f) are approximated by the prediction errors £(¢}. The model
can then be approximated by

¥(t) = pT(t - 1)8 + e(t)

and standard recursive least squares can be applied. The method obtained is
called extended least squares (ELS), The equations for updating the estimates
are given by

A(t) = 8(t — 1) + PH)p(t — D)e(t)

Py = P 1) + olt - Do™(z - 1)
{Compare with Theorem 2.3.) Another method of estimating the parameters
in Eq. {2.48) is to use Eqgs. (2.39) and let the residual be defined by

(2.39)

Clare®) = A)y() - Blahu() (240)
and regression vector ¢ in Egs. (2.39) be replaced by ¢;, where
Clg)or(t) = o(t) (2.41)

The most recent estimates should be used in these updates. The method ob-
tained is then not truly recursive, since Eqgs. {2.41) and {2.40) have to be solved
from ¢ = 1 for each measurement. The following approximations can be made:

e(t) = y(t) - ¢ {t - DI - 1)
This algorithm is called the recursive maximum likelihood (RML) method.

It is advantageous for both ELS and RML to replace the residual in the
regression vector by the posterior residual defined as

g(t) = y(t) — o7 (¢ — 1)A(2)
that is, the latest value of 8 is used to compute &,.
Another poesibility to mode! the correlated noise is to use the model
. B Clq
o - B@ (@)

instead of Eq. (2.38). Recursive parameter estimates for this model can be
derived in the same way as for Eq. (2.38).

Details about the extended least-squares method and the recursive maxi-
mumm likelihood method are found in the references at the end of the chapter.
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Unification

The different recursive algorithms discussed are quite similar. They can all be
described by the equations

8(2) = 8(t - 1) + P()p(t — 1)&{2)

1 P(t- Dot~ Vet - 1Pt - 1)
Py = I(P(”_”_ A+ @T(t— 1Pt~ e - 1) )

where 8, ¢, and £ are different for the different methods.

2.4 EXPERIMENTAL CONDITIONS

The properties of the data used in parameter estimation are crucial for the
quality of the estimates. For example, it is obvious that no useful parameter
estimates can be obtained if al! signals are identically zero. In this section we
discuss the influence of the experimental conditions on the quality of the es-
timates. In performing system identification automatically, as in an adaptive
gystem, it is essential to understand these conditions, as well as the mecha-
nisms that can interfere with proper identification. The notion of persistent
excitation, which is one way to characterize process inputs, is introduced. In
adaptive systems the plant input is generated by feedback. Difficulties caused
by this are also discussed.

Persistent Excitation

Let us first consider estimation of parameters in a FIR model given by Eg.
{2.33). The parameters of the model cannot be determined unless some condi-
tions are imposed on the input signal, It follows from the condition for unique-
ness of the least-squares estimate given by Theorem 2.1 that the minimum is
unique if the matrix

¢ £ i

S -1 Sulk-uke-2) . > w(k-Dutk-n)

R+l n+l n+l
1 I t
oo Zu(k-—lju(k—-z} Zf(kmz) Zu[k~2}u{kfn)
= a+l B+l e+l

13 £

Zu(k— (k- n) Zu“[kr )

nvl n+l

{2.42)
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has full rank. This condition is called an excitation condition. For long data
sets, ail sums in Eq. (2.42} can be taken from 1 to £. We then get

c(0) e(1) ooefn 1)
1 e(1} c(0) cooe{n—2)
Cp,=lm-o"0® = . (2.43)
£ :
c{n—-1} e¢rn-2) ... c(0)

where c{k) are the empirical covariances of the input, that is,

e(k) = lim % > uli)uti — k) (2.44)
i=1

For long data sets the condition for unigueness can thus be expressed as

the matrix in Eq. (2,43) being positive definite, This leads to the following
definition.

DEFINITION 21 Persistent excitation

A signal u is called persistently exciting {PE) of order n if the limits (2.44) exist
and if the matrix C, given by Eq. {2.43) is positive definite.

Remark 1. In the adaptive conirol literature an alternative definition of PE
is often used. The signal u is said to be persistently exciting of order n if for
all t there exists an integer m such that

tim

pil > Y p(k)p” (k) > pal
ket
where pi, p2 > 0 and the vector ¢(t) is given by

o(t) = [:;(:-1) u(t —2) ... u(t—n)]

Notice that the matrix (2.43) can be wriiten as
14
Cy = lim ~ kZ pk)pT (k)
=1

Remark 2. Notice that no mean value i8 included in the definition of the
empirical covariance c(k) in Eq. (2.44). |

The following result can be established,

THEOREM 26 Consistency for FIR maodels

Consider least-squares estimation of the parameters of a finite impulse re-
sponse model with n parameters. The estimate is consigtent and the variance
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of the estimates goes to zero as 1/f if the input signal iz persistently exciting
of order n.

Proof: The result follows from Definition 2.1 and Theorem 2.2. O

We now introduce the following theorem.

THEOREM 2.7 Persistently exciting signals

The signal « with the property (2.44) is persistently exciting of order n if and
only if

ﬁl»—a

Z (Alge(R))® > 0 (2.45)
k=1

for all nonzero polynomials 4 of degree n — 1 or less.
Proof: Let the polynomial A be
A(Q) = apg" +a1g” 2+ - +an

A straightforward calculation shows that
U = lim Z(aou(k tn-1) - +a,uk)® =a’Ca

where C,, is the matrix given by Eq. (2.43). If C, ik positive definite, the right-
hand side is positive for all @, and so is the left-hand side. Conversely, if the
left-hand side is positive for all a, so is the right-hand side. 0

The result is useful in investigating whether special signals are persis-
tently exciting.

EXAMPLE 24  Pulse

It follows from Eq. (2.45) that C, — 0 for all » if u is a pulse. A pulse thus is
not PE for any n. ]

"EXAMPLE25 Step
Let u(¢) = 1 for ¢ > & and zero otherwise. It follows that

@-0 = {5 120

A step can thus at most be PE of order 1. Since

it follows that it is PE of order 1. m|

66 Chapter 2 Real-Time Parameter Estimation

EXAMPLE 26  Sinusoid
Let u(t) = sinwt. It follows that
(¢® — 2geosw + L}u(t) = 0

A sinusoid can thus at most be PE of order 2. Since

1 1 cos @
o3 {umo )
COS @ 1

it follows that a sinusoid is actually PE of order 2. O

EXAMPLE 2.7  Periodic signal
Let u{t) be periodic with period n. It then follows that
(@" -1u(t)=0

The signal can thus at most be PE of order =n. 0

EXAMPLE 28 Random signals
Consider the stochastic process

u{t) = H(gle(t)

where e(t} is white noise and H(g) is a pulse transfer function. It follows from
the definition of white noise that Eq. (2.45) is satisfied for the signal e for any
nonzero polynomial A{g). This property also holds for the signal ©. The signal
u is thus PE of any order. ju)

To be able to give a frequency domain interpretation of PE, it is useful to
use the following theorem, which is given without proof.

THEQOREM 28 Parseval’s theorem
Let

H(g") => hg*
k=0
Gig™) = &gt

be two stable transfer functions, and let e{f) be white noise of zero mean and
covariance o?. Then

- 02 * 1] ior
o‘zzmgk = Ez_rf H{e"\G (') dw
k=D d
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Remark. The left-hand side can be interpreted as E {H (g7 "Je(t) - G(g Ye(t)),
that is, the covariance of the two signals obtained by sending white moise
through the transfer functions H{g~') and G(g~'}. o

EXAMPLE29 Frequency domain characterization

Consider a quasi-stationary signal u(f) with spectrum @, (w). It follows from
Parseval’s theorem that

o1 d 2 1 g oy 2

lim - 3" (Al@uik) = 5 | AE)] @ulw) do (2.46)

t = 27 [ .

This equation gives considerable ingight into the notion of persistent excitation.
A polynomizal of degree r — 1 can at most vanish in n — 1 points. The right-hand
side of Eq. {2.46) will thus be positive if ®,{@w) £ 0 for at least n points in the
interval -x < @ < 7. A signal whose spectrum is different from zero in an
interval is thus persistently exciting of any order. a|

A sinusoid has a point spectrum that differs from zero at twoe points. It is
thus persistently exciting of second order. A signal that is a sum of k sinusoids
is persistently exeiting of order 2%. The frequency domain characterization also
makes it passible to derive the following result.

THEOREM 28 PE of filtered signals

Let the signal u be persistently exciting of order n. Assume that Aig) is a
polynomial of degree m < n. The signal v defined by

v{t) = Alqlult)

is then persistently exciting of order £ with n ~m < £ < n. Assuming that A
is stable, the signal w defined by

18 persistently exciting of order n. O

Transfer Function Models

The properties of parameter estimates for discrete-time transfer functions will
now be discussed. The uniqueness of the estimates will first be explored. For
this purpose it is assumed that the data is actually generated by

A%q)y(t) = BY(q)ult) +e(t + n) {247)

where A® and B° are relatively prime. Let A and B be the estimates of A°
and B, respectively. If e = 0, deg A > deg A, and deg B > deg B?, it follows
from Theorem 2.1 that the estimate is not unique because the columns of the
matrix & are linearly dependent. However, we have the following result.
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THEOREM 210 Transfer function estimation

Consider data generated by the model of Eq. {2.47), with A? stable and e = O.
Let the parameters of the polynomials A and B be fitted by least squares.
Assume that the input ¥ is persistently exciting of order deg 4 + deg 8 + 1. If it
is further assumed that deg A = deg A" and deg B = B, then lim; ,,, ®¥®/t
15 positive definite,

Proof: Consider

1 o1 :
V() = 07 lim £ 700 = lim 3 3 (o7 (4)0)

k=1
Introduce

97 (t +n-1)8 = B{g)ult) - (Alg) - q") »(t)

Blga) - “G L B

_ {Ao(q]B{q) - (A[q) - q”)B"[q]}

v(t)

1
A%(q)

Since A? is stable, it follows from Theorem 2.9 that the signal 1/4%(¢) - u(t) is
persistently exciting of order deg A + deg B + 1. Since the polynomial in braces
has a degree lower than or equal to deg A +deg B, it follows that the signal v(?)
does not vanish in the mean square gsense unless the polynomial is identically
zero. This happens if

ulf)

B%4q) _  Blg)
Allg)  Alg)-g*
Since deg A = deg A", the denominator on the right-hand side thus has degree

deg A — 1 = deg AY — 1. The rational functions are then not identical, and the
theorcm is proved. a

Remark I. Notice that deg A+ deg B + 1 is equal to the number of parameters
in the model of Eq. {2.47). The order of PE required is thus equal to the number
of estimated parameters.

Remark 2. I the data is generated by Eq. {2.47), where {e(?)} is white noise
(i.e., a sequence of uncorrelated random variables), then the matrix

1,
lim - &'®
-3
is positive definite for models of all orders provided that the input is persis-
tently exciting of order deg B + 1. O

Theorem 2.2 does nol auiomatically apply to estimation of parameters of
a transfer function, because the output y appears in the regression vector,
A consequence of this is that theoretical properties of the estimates can be
established asymptotically only for large number of ochservations.
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Identification in Closed Loop

In adaptive control, system identification 18 often performed under closed-loop
conditions, which may give rise to certain difficulties. Consider, for example,
the estimation of the coefficients of a transfer function model as in Eq. (2.34).
The matrix @ is then

Sy -y wm) e u()
~y(n+1) ... —y(2) uln+1) ... u(2)

®= | : (2.48)
-y{t-1) ... =y(-nr) uwt-1) ... wit-n)

A linear feedback of sufficiently low order introduces linear dependencies
among the columns of the matrix ®. This means that the parameters can-
not be determined uniquely. A simple example shows what may happen.

EXAMPLE 210 Loss of identifiability due to feedback
Consider a system described by

y(t + 1} + av(t) = bult) {2.49)

Assume that the parameters ¢ and & should be estimated in the presence of.

the feedback
u(t) = —ky(t) (2.50)

Multiplying Eq. (2.50) by o and adding to Eq. (2.49) give
¥+ 1) + (a+ok)y(t) = (b —o)ult)
This shows that any parameters such that

a=a+ak

b=b-a
give the same input-output relation. The above equation represents a straight
line

5:b+%(a—&) (2.51}

in parameter space (see Fig. 2.6). The least-squares loss function (2.2) has the
same value for all parameters on this line. a

The problem with lack of identifiability due to feedback disappears if a lin-
ear feedback of sufficiently high order is used. Then the columns of the matrix
® given by Eq. (2.48) are no longer linearly dependent. Another possibility is
to have a time-varying feedback. For example, in Example 2.10 it is sufficient
to have a feedback of the form

ult) = ~h1y(z) — kay(t - 1)
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Slope —1/k

True value

1

|

! Lol
/ a &

Figure 2.6 Illustration of lack of uniqueness in closed-loop identification.

with £, # 0. Another possibility is to use a feedback law

u(t) = —k(Dy(0)

where k£ varies with time. For instance, in Example 2.10 it is sufficient to use
two values of the gain. Each value of the gain corresponds to a straight line
with slope —1/% in parameter space. Two lines give a unique intersection.

In adaptlive systems there is a natural time variation in the feedback
hecause the feedback gains are based on parameter estimates. In a typical case
the variance of the parameters decreases as 1/¢, but more complex bchavior is
also possible. The following example shows what can happen.

EXAMPLE 211 Convergence rate
Consider data generated by
¥(t) +ay(t — 1) = bu(t — 1) + el?)

with a feedback of the form

w(t) = —k (1 ' ”T(}}) ¥(£) (2.52)

where {v(¢)} is a sequence of independent random variables that are also
independent of {e(t)}. With the feedback law of Eq. {2.52) the closed-loop
system becomes

blv(t)
Vi

y(t+1]=—(a+bk+ )y{£}+e(£+1)
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Given measurements up to ¢ + 1, the matrix ®7 @ of the estimation problem is
I3 [
) Ywiul)
oTa = |/ =t
- ¢ t

Syiug) STetl)
i1 =1
It follows that

i ¢ t B ¢
S0y = k>0 - k3 D = k3 ) ~ ke
J=1 i=1 i=1

j=1
o e o U | e VR)R)
;umwk(;yom;—ﬂ D )

t [ B 2
P (Zf{j) + z;’ U].y (J)) ~ kol (t + ol logt)
=1 =1 J
i J
Hence for large ¢,

i —kt

TP ~ o
¥ [ -kt K% (t+oZlogt) ]

The covariance matriz of the estimate is thus

1 o2 1
1 o2 | logt T T Rlogt
2 ‘DT(D - €
o ( ) oio? 1 1
klogt klogt

It now follows that
s oz (1 p) @ ey (1 k) %
cov(a-—kb)fo'e[l k](d)d)) [1 k] ® o
~ £y 2 T -1 r — O’E
cov (ka+b)_0'e [k 1] ((D CD) [k 1] Niaﬁo',?logr
The estimate will thus approach the line (2.51) at the rate 1/¢. The estimate
will then converge toward the correct values at the rate 1/log¢. The conver-
gence along the line (2.51) is slower than convergence toward the line. ]

2.5 SIMULATION OF RECURSIVE ESTIMATION

In this section, different properties of the recursive least-squares (RLS) method
are illustrated through simulations. Throughout the section, data is generated
by

¥ + ay(t — 1) — bult — 1) + e(t) + ce(t — 1} (2.53)
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where ¢ = —08,6 = 0.5, and e{f) is zero mean white noise with standard
deviation o = 0.5. Furthermore, ¢ = 0, P(0) = 100 -, and 6(0) = 0 except
when indicated. In most cases we use

é:[&é] ga(tfl]:[—y(t—l) u(t—-l)]

Only in Example 2.13 is the parameter ¢ estimated.

EXAMPLE 212 Excitation

The need for persistency of excitation is illustrated in this example. A simu-
lation of the estimates when the input is a unit pulse at ¢ = 50 is shown in
Fig. 2.7(a). The estimate & appears to converge to the correct value, but the
cstimate b does not. The reason for this is that information about the g param-
eter is obtained through the excitation by the noise. Information about the &
parameter is obtained only through the pulse that is not persistently exciting.

In Fig. 2.7(b) the experiment is repeated, but the input is now a square
wave of unit amplitude and a period of 100 samples, Both & and b will converge
ta their true values, because the input is persistently exciting. The absolute
values of the elements of P(t) are decreasing with time. For the simulation in

() | .
14 b

_l_r\" "“"‘T"""—_-a_

1 T T L T
4] 200 400 600 R0O 1000
Time
(b} & )
A
D
a
-1 " -
L 1 T T T
0 200 400 600 300 1000
Time

Figure 2.7 The estimated (solid line) and true (dashed line) parameter
values in estimating the parameters in the model (2.53). The input signal
u(f} 3s (a) a unit pulse at ¢ = 50, (b) a unit amplitude square wave with
period 100.
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Fig. 2.7(b} we have

&{1000) —0.796 0550 1114
. = P(1000) = 1077
[ b(1000) ] [ 0.511 ] ( ) [ 1114 3258 ] 0

According to Theorem 2.2 this implies the following standard deviations for
the estimates:

o; = 0.55.50. 1072 = 0.012
o; = 0.5v/32.58 - 107 = 0.029

The estimates are thus well within one standard deviation of their true values.
]

EXAMPLE 2.13 - Model structure

In this example, parameter ¢ in Eq. (2.53) has the value —0.5. Figure 2.8(a)
shows the estimates of parameters ¢ and 5. The estimates do not converge
to their true values. This is because the equation error e{t) + ce(t — 1) is not
white noise. The assumptions in Theorem 2,2 are thus violated. Figure 2.8(b}
shows the estimates when the extended least squares (ELS) method is used.
All three parameters o, b, and ¢ are then estimated, and the estimates converge
to the true values. When only e and b are estimated by using the least-squares

@ 44

1‘[/_\t:—_—_r_:::t ____________________

] 200 400 600 800 1000
Time
by 4 .
T
? """'\...—.é_

-1y T

a
0 200 400 660 800 1000
Time

Figure 2.8 Estimated parameters when the model (2.53) is simulated with
¢ = —0.5 by using (8} LS and (b} ELS.
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Figure 2.9 Estimates when the control signal is generated through feedback
(a) u(¢) = —0.2y(t) and (b) u{t) = -0Q.32y(¢ - 1).

method, the estimates and the P-matrix at time ¢ = 1000 are

4(1000) —0.702 0710 1435 s
[ - = ] P(1000) = -10
5(1000) 0.697 1435 3903

The elements in the P-matrix are small. This would indicate good accuracy
if the process had fulfilled the assumptions about the noise structure. Theo-
rem 2.2 gives the following estimates of the standard deviation of & and &:

Gs = 0.5v7.10- 1072 = 0.013
o; = 0.5v39.03- 10 2 = 0.031

It is thus deeeptive to judge the accuracy of the estimates by only looking at
the P-matrix. 1t is necessary that the data be generated from a medel of the
form (2.12) to use the P-matrix for accuracy estimates.

If we did not observe that the eguatien error is not white, we could thus
be strongly misled. One possibility to avoid mistakes is to also compute the
correlation of the equation error and check whether it is white noise. a

EXAMPLE 214  Closed-loop estimation
Example 2,10 showed that identifiability can be lost owing to feedback. The
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Figure 2.10 FPhase plane of the estimates when the system (2.53) 18 sim-
ulated for different initial conditions when u{¢) = —0.2y{t). The dashed line
shows the identifiable subspace. The dot shows the true parameter values.

estimates when the input is generated through the feedback
uf{t) = -0.2x(t)

are shown in Fig, 2.9(a). The estimates converge o the wrong values. Notice,
however, that the estimates are on the straight line (2.51). In Fig. 2.9(b) the
feedback is more complex:

u(t) = -032y(t - 1)

The two control laws give approximately the same speed and output variance
of the closed-loop system. Identifiability is now regained, and the estimates
converge to the correct values. The phase plane, that is, & as a function of
&, is shown in Fig, 2,10 for different initial conditions when u(f) = —0.2y(2).
The initial value of the P-matrix iz P{0) = 0.017, and 20,000 steps have been
simulated for each initial condition. The estimates converge to the identifiable
subspace determined by A
d+026+07=0

{Compare Eq. (2.51}.) This line iz dashed in the phase plane. The estimates
are approaching the identifiable subspace along straight lines, The same initial
conditions are simulated for the control law w(f) = —0.32y{¢ — 1) in Fig. 2.11.
The estimates converge to the correct value (—0.8,0.5), independent of the
initial values. ]
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— T ¥

=2 -1 0 1 @

Figure 2.11 Phase plane of the estimates when the system (2.53) is simu-
lated for different initial conditions when u(t) = —0.32y{t — 1). The dot shows
the true parameter values.

EXAMPLE 215 Influence of forgetting factor

The recursive least-squaree algorithm (2.21) has a forgetting factor 4. The
influence of the forgetting factor is shown in Figure 2,12. When A = 1, the
estimates hecome smoother and smoother, since the gain K(f) goes to zero.
When 4 < 1, the estimator gain K({f) does not go te zero, and the estimates
will always fluctuate. The fluctuations increase with decreasing A. As a rule
of thumb the “memory” of the estimator is

2
T 1-4

For 7 = 0.99 the estimates are based on approximately the last 200 steps. O

N

EXAMPLE 2.16 Different estimation methods

In the previcus examples the RLS and ELS methods were used. Simplified
estimation methods based on projection were discussed in Section 2.2. Three
different projection algorithms will now be compared with the RLS method.
All have the following form:

B(t) = B(t - 1) + P(t)o(t) (y(t) - T ()b - 1)) (2.54)
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Figure 2.12 Estimates of the parameters in the process (2.53) when RLS
is used and (a) / = 1, (b} A = 0.999, (c) A = 0.99, and (d) 4 = 0.95.

Compare with Eq. (2.24). The scalar gain P(f) is given by the following algo-
rithms.

Least mean squares (LMS):

Pty =y
Projection algorithm (PA):

_ ¥
PO = oty 20 057 <2

Stochastic approximation (SA):

Pt) = __"_ﬁm}./___ﬁﬁ

© 10T ()
The convergence properties of the four algorithms RLS, LMS, PA, and SA
are compared in Fig. 2.13. All algorithms are initialized with 6(0)} = 0. The
RLS method in Fig. 2.13{a) uses P{0) = 100 and A = 1. Notice that the
estimates move very quickly initially. The LMS method used in Fig. 2.13(b)
has a constant gain ¥ = 0.01. The estimates approach values that are close to
the correct ones relatively quickly, but the estimates do not converge, since the
gain is not decreasing. In the PA method in Fig. 2.13{c) the gain is normalized
with T (#)e (). Further, & = 0.1 and ¥ = 0.01 are used. The approach toward
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Figure 2.13 The estimates of the parameters in the process for different
estimation methods. {a) Recursive least squares (RLS) with P(0) = 100 and
A = 1. (b) Least mcan squares (LMS) with y = 0.01. (c} Projection algorithm
{PA} with @ = 0.1 and y = 0.01. (d) Stochastic approximation {8A) with
y =02

the correct values is slower than for the LMS algorithm. However, the PA
method is less sensitive than the LMS method to the size of the signals. The
SA metheod is used in Fig. 2.13(d} with ¥ = 0.2, and the estimates converge to
the correet values even if the convergence is very slow. About 25,000-50,000
steps are needed before the estimates are close to the correct values. From
the simulations it is seen that the recursive least-squares method has superior
convergence properties. The price for this is the increase in computations. O

The examples show that there are many things that influence the perfor-
mance of the estimators. In adaptive contrel it is important to remember that
the estimation is dene in closed loop.

2.6 PRIOR INFORMATION

There is a significant advantage in incorporating available prior information.
It reduces the number of parameters that have to be estimated, improves the
precision of the estimates, and reduces the requirements on excitation.
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Prior information typically relates to properties of 2 model. It can, for
instance, represent knowledge of time constants of an actuator. This type of
knowledge is easy to incorporate in an indirect adaptive algorithm. However,
it may be difficult to incorporate in a direct adaptive algorithm, since process
parameters influence contreller parameters in a complicated fashion. Since
prior knowledge is often related to the continuous-time models it is easier to
use for continuous time than for discrete time self-tuners. These properties are
highlighted by a few examples.

EXAMPLE 217 Prior information in continuous time
Consider the continuous-time system with the transfer function
)
T WT b1 + 829)

The parameter 8, is assumed to be known; &; and 83 are unknown. If we
introduce the filtered signal & defined by

G(s)

_ 1
“= 1+8p “
the input-cutput relation may be written as
dy .
— =8 .
¥+ 0 T 5t (2.55)
The estimation problem thus reduces to estimation of parameters 6 and &a of
the first-order system given by Eq. (2.55). O

The example thus shows that it is straightforward to handle prior infor-
mation for the continuous-time model. The next example illustrates some com-
plications that occur when the model is sampled.

EXAMPLE 2.18  Prior information in sampled models
Consider the system in Example 2.17. Sampling the system with sampling
period A gives the pulse transfer operator
blq + bg
Higl= 5———
(@) Q% + a1 + aa
where

61(1-e) - 6y(1 - /o)

by = 83

0,6
N e
o g1 - 8
ay = —(e"‘/“’l + e—hlﬂg)
g = e~V 16h

80 Chapter 2 Real-Time Paerameter Estimation

The pulse transfer function is nonlinear in &, &4, and 4. Further, both param-
cters appear in all the coefficients of the discrete-time pulse transfer function.
This implies that a change in the unknown time constant 8z will influence all
the coefficients in the sampled data model. There is, however, some structure
in the parameter dependence. The denominator polynomial can be written as

q*+aig +az = (q - E_ME‘) (CI —e Mag)

- p-e)fo- )

When &, is known, one factor of A(g) is thus known. By reparameterization
the sampled model can be written as
blq + bg

Hig) = (g - a)g —oay)

The prior information can be used to reduce the estimated parameters from 4
to 3. Further simplifications can be made when the sampling interval is small
in comparison with #; and ;. A series approximation of by and by in A gives

63 ., 03(61+8s) 4

By o=
12040, 66262
6 .o 6306, +63) ;
by = - h
* 7 26,6, 0262
For short sampling periods we have
0z .
by & by w9
T 20,6,
The model can now be described by
kg +1
Hig) = —dr D

(g -ai)lg - az)
where parameter o is known and aq and & = 83/(h%6,8,) are unknown. O

The observation about the structure of the sampled model for small sam-
pling periods is a consequence of a general result about how poles and zeros
are transformed by sampling. If ¢r; is a pole of a continuous-time system, then
the sampled system has a pole at exp{a;k). There are no simple, exact for-
mulas for transforming the zeros. For short sampling perieds, however, a zero
B: is approximately transformed to exp(f;h). If d is the pole excess of the
continuous-time system, there will be & — 1 additional zeros of the sampled
gystem. The limiting positions of these zeros as the sampling period goes to
zero are given by Theorem 6.9 in Chapter 6. In this way it is possible to use
prior information in terms of poles and zeros both for continuous-time self-
tuners and for dizerete-time self-tuners with a shart sampling period.

Example 2.18 shows that how the process model is parameterized is cru-
cial. Different parameterizations can be attempted. This is illustrated by an
example.
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Figure 2.14 The circuit in Example 2.19.

EXAMPLE2.19 - Reparameterization

Consider the circuit in Fig. 2.14. The state space represenlalion is

dx o -cC /¢
ar - [I/L —R/L]x+[ 0 ]“

[0 R]x

and the transfer function is

¥

£l
Gl) = —f— e
8 +ES+‘£E

Let 8, = R, 8, = 1/L, and 83 = 1/C. Then

6,685
G = —_—
) = 275,60 + 6.6,

The coefficients are nonlinear (although of special structure) in the physical
parameters B, 1/L, and 1/C. The system c¢an be written as

kL

G(S] - 32 4 kzs + k3

(2.56)

and it is possible to make an estimation of &y, 83, and 83 by using Eq. {2.56).
However, the estimates must be constrained such that the relations

ky = 016203
ks = 8165
ks = 0203
are fulfilled. ]

For indirect self-tuning regulators it is possible to estimate the continuous-
time process parameters [rom discrete-time measurements. The model can
then be zampled and the controller designed for the chosen sampling interval.
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2.7 CONCLUSIONS

In this chapter we have introduced recursive parameter estimation, which is
a key ingredient in adaptive control. The presentation has been focused on
the least-squares method, which is a simple but useful technique. In the next
chapter we will show how the method is used in adaptive systems. System
identification involves several important issues that we have not discussed.
One is model validation; another is computational aspects. These issues are
discussed in detail in Chapter 11.

PROBLEMS

2.1 Consider the function
Vix) = xTAx+b8Tx + ¢

where 1 and b are column vectors, A4 is a matrix, and ¢ is a sealar. Show
that the gradient of function V with respect to x is given by

grad, V= (A+ AT + b
This can be used to find the minimum of Eq. {2.7).
2.2 Consider the FIR model

y(#) = bouit) + byu(t — 1) + e{t) t=12..

»

where {e(f)} is a sequence of independent normal N (0, ¢) random vari-
ables,

{a) Determine the least-squares estimate of the parameters by and b,
when the input signal u is a step. Analyze the covariance of the
estimate when the number of observations goes to infinity. Relate
the results to the notion of persistent excitation.

(b) Make the same investigation as in part (a) when the input signal is
white noise with unit variance.

2.3 Consider data generated by the discrete-time system
y(Ey = boult) + brult — 1) + e(t)

where {e(t)} is a sequence of independent N(0.1) random variabies.
Assume that the parameter & of the model

¥(t} = dull)

is determined by least squares.



2.5

2.6

2.7

Problems B3

{a) Determine the estimates obtained for large observation sets when the
input « iz a step. (This is a simple illustration of the problem of fitting
a low-order model to data generated by a complex model. The result
obtained will eritically depend on the character of the input signal.}

(b) Make the same investigation as in part (a} when the input signal is
a sequence of independent N(0, &) random variables.

Determine which of the input signals below are pergistently exciting of
at least order 4.
{a)
uit) = ap +aysinet @ #0, i=0,1
(b) o
g -0
u(t) = ——————— vl
0= —odig-00""

where v(f) is persistently exciting of order 5.
(c)
g—-05
(g - 04)(g - 0.6)
where v(¢) has a spectrum @,(w) that is not equal to zero in the
mterval 1 <« w < 2.

ult) = vt}

Consider the discrete-time system
y(t+ 1)+ ay(t) = bult) +e(t + 1)

where the input signal u and the noise e are sequences of independent
random variables with zero mean values and standard deviation ¢ and 1.
Determine the covariance of the estimates obtained for large observation
sets.

Consider data generated by the least-squares model
y(t + 1} + ay(t) = bu(t) + e(t + 1) +ce(?) t=12 ...

where {u(#)} and {e(#)} are sequences of independent random variables
with zero mean values and standard deviations 1 and 0. Assume that
parameters @ and b of the model

y{(t + 1) + ayl(t) = bult)

are estimated by least squares. Determine the asymptotic values of the
estimates.

Consider least-squares estimation of the parameters &, and bs in

y[t) = b]&[i) + bg&(t - 1)
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2.8

2.9

2.10

2.11
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Assume that the following measurements are obtained:

" — .
1 1000 -

2 1001 2001
3 1000 2001

Discuss the numerical properties of computing the estimates directly and
by the normal equations.

Consider the model

vt} =a+b-t+elt) t =123, ...

where {e{f)} is a sequence of uncorrelated N(0,1) random variables,
Determine the least-squares estimate of the parameters ¢ and 6. Also
determine the covariance of the estimate. Discuss the behavior of the
covariance as the number of estimates increases.

Consider the model in Problem 2.8, but assume continuous-time observa-
tion, where e(t) is white noise, that is, a random function with covariance
&(#). Determine the estimate and its covariance. Analyze the behavior of
the covariance for large observation intervals.

Consider data generated by
y(t)=b+elt) t=12.. N

where {e(f); ¢ = 1,3,4,...} is a sequence of independent random variables.
Furthermore, assume that there is a large error at ¢ = 2, that is,

e(2) =a
where ¢ is a large number. Assume that the parameter b in the model

yi) =%

is estimated by least squares. Determine the estimate obtained, and
discuss how it depends on . (This is a simple example that shows how
seneitive the least-squares estimate is with respect fo occasional large
errors,)

Consider Example 2.12. Analyze the asymptotic properties of the P-
matrix and explain the simulation in Figs. 2.7{a) and 2.7(b).

2,12 Show that Eq. (2.11) minimizes the weighted least-squares loss function

(2.10).
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2.13 Consider Eqs. (2.21) with the initial condition 8{(0) = 6, and P(0) = Py,
Show that #(¢) minimizes the criterion

V(6.0 = 5 3747 (36) ~ 97 @))* + 5 10— 807 By (8- 60)
i=1

Compare Theorem 2.4.
2.14 Consider the following model of time-varying parameters:
g(t) = ©,8{(t— 1) +v(t)
¥(8) = o"(D8(D) +ed)

where {v(2),t = 1,2,...} and {e(f),i = 1,2,...} are sequences of inde-
pendent, equally distributed random vectors with zero mean values and
covariances Ry and Rg, respectively. Show that the recursive estimates
of @ are given by

B) =6(¢ - 1) + K(t) (3(t) - 9" (08(¢ - 1))
K(t) =©,P(t — Vot - 1) {By + ¢7it - 1)P{t - Dolt - 1))
P{t) =0, Pt - 1)OT + B4

—@,P(t - Up() (Ry+ ¢T(BP(t - Do) o7 (t)Pit - 1)OT

2.15 Show that Eq. (2.28) minimizes Eq. {2.27), and use this to prove Theo-
rem 2.5, Hint: Use Remark 1 in Theorem 2.5 and that the time derivative
of the identity I = PPl is

-1
P _ L, d(P7)

dt dt

2.16 In an adaptive controller the process parameters are estimated according
to the model

P

y(t) + ary(t — 1) + asy(t — 2) = bou(t — 1) + biu( — 2) + e(?)
The controller has the structure
u(t) +rult — 1) = —soy(t) —s1y( — 1)

The reference value is thus zero. Consider the ease in which the controller
parameters are constant.

(a) Show that the parameters ai, o2, bo, and by cannot be uniquely
determined.

(b) Characterize the parameter combinations that can be determined.
(¢} Show that with the controller structure
u{t) + ru(t — 1) + rou(t — 2) = —soy(t) - siy{t — 1) - sov(t — 2)

all process parameters can be estimated uniquely.
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= Estimator

q+a

Figure 2.15 Closcd-loop estimation scheme for Problem 2.17.

2,17 Figure 2.15 shows a closed-loep system for estimation of the unknown
constant b in the pulse transfer funciion H{qg) = &/(g + a). The constant
a is known and is such that |a| > 1. This means that the open-loop system
is unstable, and to have bounded signals for the esiimation, we need to
stabilize the system with a controller. This is done with a P controller
with gain K such that |a + Kb| < 1. The estimator is a least-squares
(LS) estimator that is based on the regression model

¥ty = (t-1)8
where
y(t) = y(t) + ay(t - 1)
ot —1) = uf{t - 1)
=8

{a! Determine the asymptotic LS estimate of 6 = b when d = 0 and {i,}
is a sequence of independent, equally distributed random variables
with zero mean and variance o2 (i.e., u, is a white noise signal).

{b} Determine the asymptotic LS estimate of b when 1z, = 0 andd = d; =
constant.

(c) Discuss the case of least-squares estimation of b when u, is as in part
{a) and d = dy = constant. What should be done to avoid a biased
estimate of &7

2.18 Write a computer program to simulate the recursive least-squares esti-
mation problem. Write the program so that arbitrary input signals can
be used. Use the program to investigate the effects of initial values on
the estimate.

2.19 Use the program from Probiem 2.18 to estimate the parameters a and &
in Problem 2.8, Investigate how the bias of the estimate depends on c.

2.20 Consider the estimation problem in Problem 2.6. Use the computer pro-
gram developed in Problem 2.18 to explore what happens when the con-
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trol signal « is generated by the feedback

u(t) = —ky(?)
Try te support your observations by analysis.

2.21 Consider the open-loop system in Section 2.5 when ¢ = 0. Let the input

signal be a square wave with unit amplitude and a period of 100 samples.
Investigate through simulations the convergence and behavior of the
parameter estimates when varying:

(a) The initial value 6{0).

{b) The initial value of the covariance matrix P(0).
{¢) The forgetting factor A.

{d} The period of the input signal.
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CHAPTER 3

DETERMINISTIC
SELF-TUNING REGULATORS

3.1 INTRODUCTION

Development of a control system involves many tasks such as modeling, de-
stgn of a control law, implementation, and validation. The self-tuning regula-
tor {STR) attempts to automate several of these tasks. This is illustrated in
Fig. 3.1, which shows a block diagram of a process with a self-tuning regulator.
It is assumed that the structure of a process modetl is specified. Parameters of
the model are estimated on-line, and the block labeled “Estimation” in Fig. 3.1
gives an estimate of the process parameters. This bloek is a recursive estimator
of the type discussed irn Chapter 2. The block labeled “Controller design” con-
tains computations that are required to perform a design of a controller with
a specified method and a few design parameters that can be chesen externally.
The design problem is called the underlying design problem for systems with
known parameters. The block labeled “Controller” is an implementation of the
controller whose parameters are obtained from the control design.

The name “self-tuning regulator” comes from one of the early papers.
The main reason for using an adaptive controller is that the process or iis
environment is changing continuously. It is difficult to analyze such systems.
To simplify the problem, it can be assumed that the process has censtant but
unknown parameters. The term self-tuning was used to express the property
that the controller parameters converge to the controller that was designed if
the process was known. An interesting result was that this could happen even
if the model structure was incorrect.

The tasks shown in the block diagram can be performed in many differ-
ent ways. There are many possible choices of model and controller structures.

90
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Figure 3,1 Block diagram of a self-tuning regulator.

Estimation can be performed continuously or in batches. In digital implemen-
tations, which are most common, different sampling rates can be used for the
controller and the estimator. It is also possible to use hybrid schemes in which
control is performed continuously and the parameters are updated discretely.
Parameter estimation can be done in many ways, as was discussed in Chap-
ter 2. There is also a large variety of technigues that can be used for control
system design. It is also possible to consider nonlinear models and nonlinear
design techniques. Although many estimation methods will provide estimates
of parameter uncertainties, these are typically not used in the control design.
The estimated parameters are treated as if they are true in designing the
controller. This is cailed the cerfainty equivalence principle.

The controller shown in Fig. 3.1 is thus a very rich structure. Only a
few possibilities have been investigated. The choice of model structure and its
parameterization are important issues for self-tuning regulators. A straight-
forward approach is to estimate the parameters of the transfer function of the
process. This gives an indirect aduptive algorithm. The controller parameters
are not updated direetly, but rather indirectly via the estimation of the process
model.

Often, the model can he reparameterized such that the controller parame-
ters can be estimated directly. That is, a direct adaptive algorithm is obtained
(compare with the discussion of the direct MRAS in Section 1.4). There has
been some confusion in the nomenclature. In the self-tuning context, indirect
methods have often been called explicit self-tuning control, since the process
parameters have been estimated. Direct updating of the controller parameters
has been called implicit self-tuning control. In the early papers on adaptive con-
trol a direct adaptive controller was often referred to as an adaptive controller
without identification. It is convenient to divide the algorithms into indirect

92 Chapter 3 Determunistic Self-tuning Regulators

and direct self-tuners, but the distinction should not be overemphasized. The
basic idea in both types of algorilhms is to identify some parameters that are
related to the process and/or the specifications of the elosed-loop system.

The purpose of this chapter is to presenl the basic ideas and to illustrate
some properties of self-tuning regulators. It is assumed that the process model
and the controller are linear systems. The discussion will also be restricted
to single-input, single-output {SISO) systems. In most cases we will assume
that the controller is sampled and that estimation and control are performed
with the same sampling rates, Recursive least squares will be used for param-
oter estimation, and the design method is a deterministic pole placement. The
reasons for these cheices are mostly didactie; we would like to present simple
methods that can be used in practice. Least-squares estimation was discussed
in Chapter 2. In Section 3.2 we present the design methed used in a simple
setting. A straightforward combination of least-gsquares estimation and pole
placement design gives an indirect self-tuning regulator. The sampled version
is described in Section 3.3, and the continuous-time versjon is described in
Section 3.4. In Seetion 3.5 we show how a direct self-tuning regulator is ob-
tained. In this section we also discuss hybrid algorithms that combine features
of direct and indirect algorithms. In Section 3.6 we discuss how to modify the
adaptive controtlers so that they can deal with disturbances.

3.2 POLE PLACEMENT DESIGN

A simple method for contrcl design will now be presented. The idea is to
determine a contruller that gives desired closed-loop poles. In addition it is
required that the system follows command signals in a specified manner. This
is a simple method that, properly applied, can give practically useful controllers
as well as uyseful understanding of adaptive control. It is alse the key 1o
understand the similaritics between the self-tuning regulator and the model
reference adaptive controller.

Process Model

It is assumed that the process is deseribed by the single-input, single-output
(SI80) system

Alg)y(t) = B{g) (u{t) + v(t)

where y is the output, u is the input of the process, and v is a disturbance.
The disturbances can enter the system in many ways. Here it has been as-
sumed that they enter at the process input. For linear systems in which the
superposition principle holds, an equivalent input disturbance can always be
found. Furthermore, A and B are polynomials in the forward shifi operater
g. The polynomials have the degrees degA = n and deg B = deg A — dg. Pa-
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Controller v Process
uE‘
— i B ¥
Ru=Tu, -8y "

Figure 3.2 A general linear controlier with two degrees of freedom,

rameter dn, which is called the pole excess, represents the integer part of the
ratio of time delay and sampling period. It is sometimes convenient to write
the process model in the delay operator ¢~!. This can be done by introducing
the reciprocel polynomial

A(g™) = g Alg)
where n = deg A. The model can then be written as

AMg () = B (g7 (ult - do) + v{t — do))

where
Ag N =1l+aigt+... +a,g "
Bl =bo+big ' +... +bug "

with m = n — dy. Notice that since n was defined as the degree of the system,
we have n 2 m + dy, and trailing coefficients of A* may thus be zero.
We will mostly deal with discrete time systems. Since the design method is

purely algebraic, we can handle continuous systems simultaneously by writing
the model

Ay{t) = B (ult) + v()) (3.1)

where A and B denote polynomials in either the differential operator p = d/dt
or the forward shift operator ¢. It is assumed that A and B are relatively prime,
that is, that they do not have any common factors. Further, it is assumed that
A is monic, that is, that the coefficient of the highest power in A is unity.

A general linear controller can be described by

Ru(t) = Tu.(t) — Sy(t) (3.2}

where R, S, and T are polynomials. This control law represents a negative
feedback with the transfer operator 8/R and a feedforward with the transfer
operator T/R. It thus has two degrees of freedom. A block diagram of the
closed loop system is shown in Fig. 3.2. Elimination of # between Egs. (3.1)
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and (3.2) gives the following equations for the closed-luop system:

BT BR
= apps W ag - gs @ .
wlt) = oy S el - s vl
AR + BS AR+ BS
The closed-loop characteristic polynomial is thus
AR + BS = A, (3.4)

The key idea of the design method is to specify the desired closed-loop char-
acteristic polynomial A,. The polyncmials £ and S can then be solved from
Eq. (3.4). Notice that in the design procedure we consider polynomial A, to be
a design parameter that is chosen to give desired properties to the closed-loop
system. Equation (3.4), which plays a fundamental role in algebra, is called
the Diophantine equation. Tt is also called the Bezout identify or the Aryvab-
hatta equation. The equation always has solutions if the polynomials A and
B do not have common factors. The solution may be poorly conditioned if the
polynomials have factors that are close. The solution can be obtained by intro-
ducing polynemials with unknown coefficients and solving the linear equations
obtained. The solution of the equation is discussed in detail in Chapter 11.

Model-Following

The Diophantine equation (3.4) determines only the polynomials R and §.
Other conditions must be introduced to also determine the polynomial T in
the controller (3.2). To do this, we will require that the response from the
command signal u, to the output be described by the dynamics

Amym{t) = Bnitc(t) (3.5)
It then follows from Egs. (3.3) that the following condition must hold:

BT BT _Ba

AR+ BS A, A (3.6)

This model-following condition says that the response of the closed-loop system
to command signals is as specified by the model (3.5}. Whether model-following
can be achicved depends on the model, the system, and the command signal.
If it is possible to make the error equal to zero for all command signals, then
perfect model-following is achieved.

The consequences of the model-following condition will now be explored.
Equation {3.8) implies that there are cancellations of factors of BT and A..
Factor the B polynomial as

B =B*B- (3.7)
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where B* is a monic polynomial whose zeros are stable and so well damped
that they can be canceied hy the controller and B~ corresponds to unstable or
poorly damped factors that cannot be canceled. It thus follows that B~ must
be a factor of B,,. Hence

B.. = B™R}, (3.8)

Since B is canceled, it must be a factor of A.. Furthermore, it follows from
Eq. (3.6) that A, must also be a factor of A.. The closed-loop characteristic
polynomial thus has the form

Ac = A(JAH(B+ (3.9)

Since B* is a factor of B and A, it follows from Eq. (3.4) that it also divides
R. Hence

Rk =RB" (3.10)
and the Diophantine equation {3.4) reduces to
AR '+ B8 = A A, = Al (3.11)
Introducing Eqs. (3.7), (3.8), and (3.9) into Eq. (3.6) gives
T = A.B., (3.12)

Causality Conditions

To obtain a controller that is causal in the discrete-time case or proper in the
continaous-time case, we must impose the conditions

degS < deg R

.1
degT < deg R (3.13)

The Diophantine equation (3.4) has many solutions because if R® and S° are
solutions, then so are

R=R"+QB
S=8"-@A
where @ is an arbitrary polynomial. Since there are many solutions, we may
select the solution that gives a controller of lowest degree. We call this the

minimum-degree solution. Since deg A > deg B, the term of highest order on
the left-hand side of Eq. (3.4) is AR, Hence

(3.14)

deg R = deg A, — deg A

Because of Eqs. (3.14) there is always a solution such that deg S < deg A = n.
We can thus always find a solution in which the degree of & is at most deg A- 1.
This is called the minimum-degree solution to the Diophantine equation. The
condition deg § < deg R thus implies that

degA, > 2degA -1
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It follows from Eq. (3.12) that the condition deg T < deg R implies that
degAm —deg B, > degA —degB"

Adding degB° to both sides, we find that this is equivalent to deg A,, -
deg B,, = dy. This means that in the discrete-time case the time delay of
the model must be at least as large as the time delay of the process, which is
a very natural condition. Summarizing, we find that the causality conditions
(3.13} can be written as

degA. = 2degA -1 (3.15)
deg A, —degB,, > degA —degB = dy '

It is natural to choose a solution in which the controller has the lowest possible
degree. In the discrete-time case it is also reasonahle to require that there be no
extra declay in the controller. This implies that pelynomials K, .S, and T should
have the same degrees. The following design procedure is then obtained.

ALGORITHM 31 Minimum-degree pole placement {MDFF)
Data: Polynomials A, B.
Specifications: Polynomials A,.n, B,., and A,.

Compatibility Conditions:

degA,, = degA

deg B,, = deg B

degA, = degA —degB" - 1
Bn. = B B,

Step 1: Factor B as B = B*B~, where B' is monic.
Step 2: Find the solution R’ and S with deg 8 < deg A from

AR+ B™S = A Ap

Step3: Form R = R'B* and T = A,B,,, and compute the control signal irom
the control law
Ru = Tu, — Sy |

There are special cases of the design procedure that are of interest.

AN zeros are canceled The design procedure simplifies significantly in the
special case in which all process zeros are canceled; then deg A, — degA —
degB - 1. It is natural to choose B, = A,(l)g%. Then the factorization
in Step 1 is very simple, and we get B~ = bo, B* = B/bg. Furthermore,
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T = A, (1)g% /b, and the closed-loop characteristic polynomial becomes A, =
B*A!. The Diophantine equation in Step 2 reduces to

AR + B8 = A, = A A,

This equation is easy to solve because R’ is the quotient and 538 is the

remainder when A A, is divided by A. However, all process zeros must be
stable and well damped to allow cancellation.

No zeros are canceled The factorization in Step 2 also becomes very simple
if no zeros are canceled. We have B* = 1, B~ = B, and B,, = 3B, where
B - An(1)/B(1). Furthermore, deg4, = degA —degB -1 and T = §A,.
The closed-loop characteristic polynomial is 4, = A,A,,, and the Diophantine
equation in Step 2 becomes

AR+ BS =A, = A A,

Examples

The model-following design is illustrated by three examples

EXAMPLE 3.1 Model-following with zero cancellation
Consider a continuous-time process described by the transfer function

1
O e

This can he regarded as a normalized model for a moter. The pulse transfer
operator for the sampling period A = 0.5 s 18

B bog + b 0.1065q + 0.0902

Higp - B _ b th 01065 .17

Alg) ¢ +aig+as  ¢f - 1.6065¢ + 0.6065
We have deg A = 2 and deg B = 1. The design procedure thus gives a first-
order controller, and the closed-loop system will be of third order. The sampled
data system has a zero in —0.84 and poles in 1 and 0.61. Let the desired
clnsed-loop system be

Bn(g) _ broq B 0.1761¢
An(@) @ +8mq+anz g% — 1.3205q + 0.4966

This corresponds to a natural frequency of 1 rad/s and a relative damping
of 0.7. Parameter b,,q is chosen so that the static gain is unity. This model
satisfies the compatibility conditions because it has the same pole excess as
the process and the process zero is stable although poorly damped. To apply

" the design procedure in Algorithm 3.1, we first factor the polynomial B, and
we obtain

(3.16)

(3.18)

B'(g) = q+bi/bo
B7(g)=bo
B;n,(Q) = bmoq}’bﬂ
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Since the process is of second erder, the polynomials R, S, and T will all be of
first order, Polynomial R’ is thus of degree zero. Since the polynomial is monic,
we have R’ = 1. Since deg B* = 1, it follows {rom the compatibility conditions
that deg A, — 0. Choose

Adg) =1
The Diophantine equation {3.11) then becomes
(g% + a1g + az) - 1 + balseg + 51) = q% + a1 + ama
Equating coefficients of equal power of ¢ gives
a1 + boso = Gmy
ag + busl = Um2

These equations can be solved if by # 0. The solution is

5o Ol o)
0= bo
8y = Q2 — A
1= bo
The controller is thus characterized by the polynomials
b
Rig)=B* =q+y
bo
8(g) = sog + s
b
T(g) = A.B, = =2 o
bo

The process in Example 3.1 has a zero that is stable but poorly damped.
The continuous-time equivalent corresponds to a zero with relative damping
£ = 0.06. We will therefore also determine a controller that does not cancel
the zero. This is done in the next example.

EXAMPLE 3.2  Model-following without zero cancellation
Consider the same process as in Example 8.1, but use a control design in which
there is no eancellation of the process zero. Since the process 138 of second order,
the minimum-degree solution has polynomials R, 8, and T of first order and
the closed-loop system will be of third order. Since no zero is canceled, it follows
from the compatibility condition in Algorithm 3.1 that degAo = 1. Since no
process zeros are canceled, we have

Bt =1

B~ =B =byg+b;
It also follows from the compatibility conditions that the mode! must have the
same zero as the process. The desired closed-loop transfer operator is thus

bog + by _ bmog + b
(12 + @pm1g + Ame q2 + Qi + Gmu

Hm(‘?) =j
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where b,y = fby and
_ 14+ am + @my
)6 - b() + bl
which gives unit steady state gain. The Discphantine equaticn (3.4) becomes

(g% + ayg + az)(g +r1) + (bog + by} (s0q +51) = (¢° + @m1q +ama}{g + a0} (3.19)
Putting ¢ = —b,/b; and solving for ry, we get
By % — @miboby + amebd)(—by + aubg)
Pk T bo(b? — arbobs + asbl)

ao‘lmZbg + (G—Q —me — aoaml)bﬁbl + (ao + QA1 — ai)b%
b2 — a1bob; + ayb}

(3.20)

Notice that the denominator is zero if polynomials A{g) and B(g) have a
common factor. Equating coefficients of terms ¢” and ¢° in Eq. (3.19) gives

biltiotnl — Gz — @mil1 + (l? + e — alao)‘

0= B2 _ ayboby + aghy
. bo(Cmi0y — 0182 — Gglpm2 + Guda)
b% - mbobl + agb% {3 21)
o = b1ty — Q12 + Aalnz — Go02)

b% - albobl + agbg
bolaaoms — G‘-% — QpImatty + aoa2‘1ml]
bf - alb{]bk + agb%

Furthermore, it follows from Eq. {3.12) that
T(g) = fAu{g) = Blg + a0) O

Since the design method is purely algebraic, there is no difference between
discrete-time systems and continuous-time systems. We illustrate this by an
example.

EXAMP[.B 33 . Continuous-time system
The process discussed in Examples 3.1 and 3.2 has the tranefer function

b

" e

with ¢ = 1 and & = 1. The design procedure given by Algorithm 3.1 will now
be used to find a continuous-time controller. Since the process is of second
arder, the closed-loop system will be of third order and the minimum-degree
controller is of first order. Polynomial A, has degree two, By, is a constant,
and A, has degree one. We choose

A(s) =5+ 0.
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and let the desired response be specified by the transfer function.
Bn(s} = W
A, 82+ 20 ws + w?
The Diophantine equation (3.4) becomes
sis+a)(s+r1) + b(sgs +51) = (s* + 20 ws + 0*)(s + a,)
Equating coefficients of equal powers of s gives the equations
a+r=20w+a,
ary + bsg = 0% + 28 wa,
bsy = @,
If & # 0, these equations can be solved, and we get
n=2w+a,—a

8,20 + @* - ary
So=
ola,

b

Furthermore, we have B+ = 1, B~ = b, and B/, = @*/b. It then follows from
Eq. (3.12) that

5 =

2

T(s) = B, (s)Ao(s) = % (s + a5 0

An Interpretation of Polynomial A,

It is possible to give an interpretation of the polynomial A, that appears in the
minimum-degree pole placement sclution in the case in which no process zeros
are canceled. To do this, we observe that the pole placement problem can also
be solved with state feedback and an observer. The closed-loop dynamics are
then composed of two parts: one that corresponds to the state feedback and
another that corresponds to the observer dynamics. For a system of degree n
it iz also known that it is sufficient to use an observer of degree n - 1. When
no process zeros are canceled, the closed-loop characteristic polynomial in our
case is A,,4,, where A, is of degree n» and A, is of degree n — 1. By this
analogy we can interpret the polynomial A,, as being associated with the state
feedback and A, as being associated with the observer. We will therefore call
A, the observer polynomicel. In a system with state feedback it is also natural
to introduce the command signals in such a way that they do not generate
observer errors. This means that the observer polynomial is canceled in the
transfer function from command signal to process output.
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Relations to Model-I'eliowing

Many other design methods can be related to pole placement. We will now
show that pole placement can be interpreted as a model-following design. This
is of interest because much work on MRAS is formulated in terms of model-
following. Model-following generally means that the response of a closed-loop
system to command signals is specified by a given model. This means that
both poles and zeros of the model are specified by the user. Pole placement,
on the other hand, specifies only the closed-loop poles. In the minimum-degree
pole placement procedure we did, however, introduce some auxiliary conditions
that included the process zeros. We will now show that the control law given
by Eq. (3.2) can be interpreted as model-following, It follows from Egs. (3.11}
and (3.12) that

T _AB, (AR +B S)B, AB, SB,
R~ R AR " BA. RA,
The control law of Eq. (3.2) can be written as

T S  AB, S, s
“T g% ®YT BA, T RA,“ R’
ABp, s
= muc - E(J’ - yrn)

A block diagram representation of this controller is given in Fig. 3.3. The
figure shows that the controller can be interpreted as a combination of a
feedforward controller and a feedback controller. The feedforward controller
attempts to cancel the plant dynamics and replace it with the response of
the meodel B,,/A,. Also the feedhack attempts to make the output follow this
model. It is thus clear that the contrel law (3.2) can indeed be interpreted as
a model-following algorithm,

LI
B
¥, . i y
JE L@y s B
L "m | ¥m R A
-1

Figure 3.3 Alternative representation of model-following based on output
“feedback.
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Notice thal Fig. 3.3 is useful for the purpose of giving insight but that
the controller cannot he implemented as shown in the figure because the
inverse process model A/B is generally not realizable. Furthermore, A/B
will be unstable if the system is non-minimum phase. However, the cascade
combination of the reference model and the mverse process model is realizable
if the model-following problem is well posed, that is, if Eqs. (3.13} are satisfied.
Notice that the reference model and the inverse process model can be nonlinear
without causing any stability problems because they appear only as part of a
feedforward compensator.

Summary

In this section we have presented a straightforward design procedure that is
relatively easy to use. The key problem in applying pole placement is to choose
the desired closed loop poles and the desired response to command signals.
The choice is easy for low-order systems, but it may be difficult for systems of
high erder when many poles must be specified. Bad choices may result in a
closed-loop system with poor sensitivity. In later chapters we will discuss this
problem in more detail.

In the sampled-data case the sampling interval is a crucial desigr: param-
eter. [t is important to choose the sampling interval in relation to the desired
closed-loop poles.

3.3 INDIRECT SELF-TUNING REGULATORS

Methods for estimating parameters of the model given by Eq. (3.1} were pre-
sented in Chapter 2. These methods will now be combined with the design
method of Section 3.2 to obtain a simple self-tuning regulator. For simplicity
it will be assumed that the disturbance v in Eq. (3.1) is zero.

Estimation

Several of the recursive estimation methods outlined in Chapter 2 can be used
to estimate the coefficients of the A and B polynomials. The equations for
recursive least-squares estimation will be used. The process model (3.1} can
be written explicitly as

y(t) = —ayy(t - 1) —agy(t - 2) - ... —ayy(t —n)
+bou(t—do) + ...+ bpu(t —dy—m)

Notice that the degree of the system is max(n, ds + m). The model is linear in
the parameters and can written as

y(t} = ¢"(z- 1)8
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where
o7 = [cu az ... tn bo ... bm]

oT(t - 1) [——y(tfl} ooyle=n) uit—do) .. wlt—do—m))

The least-squares estimator with exponential forgetting is given by

a(t)
£(t)

ait- 1)+ K(t)e(t)

y(6) - T (- 1)B(E - 1)
Kty=Pt-Dpt-1)(A+e (¢t -1)Pt-Del--1))
Pity= (I-Kit)p"(t-1))P(t-1)/2

. (3.22)

{Compare with Eq. (2.21).) If the input signal to the process is sufficiently
exciting and the structure of the estimated model is compatible with the pro-
cess, the estimates will converge to their true values. It takes max(n,m + dy)
sampling periods before the regression vector is defined. In the determinis-
tic case it takes at least n + m + 1 additional sampling periods to determine
the n + m + 1 parameters of the model, assuming that the process input is
persistently exciting. It thus takes at least

N=n+m+1+max(nm+dgy) (3.23)

sampling periods for the algorithm to converge. With recursive least squares
initialized with a large P-matrix it may take a few more steps. Since the
process input is generated by feedback, it may be difficult to assert that it
is persistently exciting. Presence of process noise may also make convergence
much slower. Convergence issues will be discussed further in Chapter 6.

An Indirect Self-Tuner

Combining the recursive least squares (RLS) estimator given by Eqgs. (3.22)
with the minimum-degree pole placement method (MDPP) for controller design
given by Algorithm 3.1, we obtain the following self-tuning regulator.

ALGORITHM 32 Indirect self-tuning regulator using RLS and MDFP

Data: Given specifications in the form of a desired closed-loop pulse transfer
operator B, /A, and a desired observer polynomial A.,.

Step 1: Estimate the coefficients of the polynomials A and B in Eq. (3.1) using
the recursive least-squares method given by Eqgs. {3.22).

Step 2: Apply the minimum-degree pole placement method given by Alpo-
rithm 3.1 where polynomials A and B are the estimates obtained in Step 1.
The polynomials R, S, and T of the control law are then obtained.
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Step 3: Calculate the control variable from Eq. (3.2), that is,
Ru(t) = Tu.(t) - Sy(t)

Repeat Steps 1, 2, and 3 at each sampling period. Notice that there are some
varations in the algorithm depending on the cancellations of the process zeros.
Also notice that it is not necessary to perform Steps 1 and 2 at each sampling
interval. a

Examples

The properties of indirect self-tuning regulators are iltustrated by the following
two examples,

EXAMPLE 3.4  Indirect self-tuner with cancellation of process zero

Let the process be the same as in Example 3.1 and assume that the process
zero is canceled. The specifications are the same as in Example 3.1, that is,
to oblain a closed-loop characteristic polynomial A,,. The parameters of the
model

Y)Y+ a5t ~ 1) + agy(f - 2) = bou(t — 1) + byuft - 2)

o U, kg
- .
T T T T T

0 20 40 60 B0 100

Time
u

T T T T | Bt

20 a0 60 80 100
Time

Figure 3.4 Ouput and input in using an indirect self-funing regulator to
control the system in Example 3.1. Notice the “ringing” in the control signal
due to cancellation of the zero at -0.84.
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10 15 20
Time

T T T

10 5 20
Time

Figure 3.5 Parameter estimates corresponding to the simulation 1n kg, 3.4,
The true parameters are shown by dashed lines.

which has the same structure as Eq, (3.17), are estimated by using the least-
squares algorithm. Algorithm 3.2 is used for the self-tuning regulator. The
calculations, which were done in Example 3.1, give the control law

ul{t) + rmut— 1) = tou (2) —soy(t) —s19(e - 1)

The ¢ontroller parameters were expressed as functions of the model parameters
and the specifications. Figure 3.4 shows the process output and the control
signal in a simulation of the process with the self-tuner when the command
signal is a square wave. The output converges to the model output after an
initial transient. The control signal has a severe oscillation (“ringing”) with a
period of two sampling periods. This is due to the cancellation of the process
zero at. 2 = —b, /by = —0.84. This oscillation is a consequence of a bad choice
of the underlying design methodology. The initial transient depends critically
on the initial values of the estimator. In this particular case these values were
a1(0) = aa(0) = 0, 5(0) = 0.01, and 5,(0} = 0.2. Notice that it is necessary
that &g # 0. {Compare with Example 3.1.) The initial covariance matrix was
diagonal with P(1,1) = P{2,2) = 100 and P(3,3) = P(4,4) = 1. The reason
for using different values for parameters &; and 13, is that these parameters
differ by an order of magnitude.

The parameter estimates are shown in Fig. 3.5. The behavior of the esti-
mates depends critically on the initial values of the estimator. Notice that the
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estimates converge quickly. They are close to their correct values already at
time ¢ = 5. The eslimates obtained at time ¢ = 100 are

4,(100) = —1.60 (—1.6065) Bo(100) = 0.107 (0.1065)
&2(100) = 0.60 (0.5065) $1(100) = 0.092  (0.0902)
These values are quite close to the true values, which are given in parentheses.
The controller parameters obtained at time ¢ = 100 are
r{100) = 0.85 (0.8467) t5(100) = 1.65 (1.6531)

$0(100) = 2.64 (2.6852) $1(100) = -0.99 (-1.0321)
O

The system in Example 3.4 behaves quite well, apart from the “ringing”
control signal. This can be avoided by using a design in which the process zero
is not canceled. The consequences of this are illustrated in the next example.

EXAMPLE 35 Indirect self-tuner without cancellation of process zero

Consider the same process as in Example 3.4, but use a control design
in which there is no cancellation of the process zero. The parameters are
estimated in the same way as in Example 3.4, but the control law is now
computed as in Example 3.2. Polynomial A, is of first order. As in the previous
examples the initial transient depends critically on the initial state of the

0 78 ¥
-1
T 1 T T T
0 20 40 60 80 100
Time
|
. e
0 L{\ LI',:"
—24
-4 T T T
0 20 40 60 20 100
Time

Figure 3.6 Same as in Fig. 3.4 but without cancellation of the process zero.
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Figure 3.7 Parameter estimates corresponding to the simulation in Fig. 3.6,
The true parameter values are indicated by dashed lines.

recursive estimator. For the design calculation it must be required that initial
values are chosen so that polynomials A and B do not have a common factor.
In this case the initial estimates were chosen to be @;(0) = d2(0) = 0, be(0) =
0.01, and 6,(0) = 0.2. The P-matrix was initialized as a diagonal matrix with
P(1,1} = P(2,2} = 100 and P{3,3) = P{4,4) = 1 as in Example 3.4. Figure 3.6
shows results of a simulation of the direct algorithm with o, = 0. Notice that
the behavior of the process output is quite similar to that in Fig. 3.4 but that
there is no “ringing” in the control signal. The parameter estimates are shown
in Wig. 3.7. The values obtained at time ¢ = 100 are

=~}

1(100) = —1.57 (-1.6065) bo(100) = 0.092 (0.1065)

2(100} = 0.57 (0.6065) by(100) = 0112 (0.0902)

[Tl

The true values are given in parentheses. The controller parameters at time
t = 100 are

71(100) = 0.114 (0.1111) £,(100) = 0.86 (0.8951)
56{100) = 1.44 (16422 81(100) = —0.58 (—0.7471)

A comparison of Fig. 3.5 and Fig. 3.7 shows that it takes significantly longer for
the estimates to converge when nc zero is canceled. The reason for this is that
the excitation is not as good as when there was “ringing” in the control signal.
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There is very little excitation of the system in the periods when the cutput

and the control signals are constant. This explains the steplike behavior of the
estimates.

It may seem surprising that the controller already gives the correct steady-
state value at time ¢ = 20 when the parameter estimates differ so much from
their correct values. The controller parameters are

ri(20) = 0,090 (0.1111)  £(20) = 0.83 (0.8951)
55(20) = L.13  (1.6422) s1(20) = -0.29 (-0.7471)
Since the process has integral action, we have A(1) = 0. It then follows from -
Eq. (3.3) that the static gain from command signal to output is
B(1)T1) T
AMRQ) + B(1)S(1) S
To obtain the correct steady-state value, it is thus sufficient that the controller

parameters are such that S{1) = T(1}, which in the special case is the same
as fy = so + $1. When no poles are canceled, it follows from Eg. (3.12) that
An(l)

T(1) = A(DE,(1) = AW

where B is the estimated B polynomial. Hence

T(1) _ A()Ax()
= s = 1
Sy B(LS()
where the last equality follows from Eg. {(3.11). Notice that we have A(1} = 0.
We thus obtain the rather surprising conclusion that the adaptive controller

in this case will automatically have parameters such that there will be no
steady-state error, m;

These examples indicate that the indirect self-tuning algorithm behaves as
can be expected and that the estimate of convergence time given by Eq. (3.23)
is reasonable. The examples also show the importance of using a good un-
derlying control design. With model-following design it is recommended that
cancellation of process zeros is avoided.

Summary

The indirect self-tuning regulator based on model-following given by Algo-
rithm 3.1 is a straightforward applieation of the idea of seli-tuning. The adap-
tive controller has states that correspond to the parameter estimate ¢, the
covariance matrix P, the regression vector @, and the states required for the
implementation of the control law. The controller in Example 3.4 has 20 state
variables; updating of the covariance matrix I* alone requires ten states. The
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complete codes for the controllers in the examples are listed in the problems
at the end of this chapter.

The algorithm can be generalized in many different ways by choosing other
recursive estimation methods and other control design techniques. The idea is
easy to apply. A detailed discussion of practical implementation is given in
Chapter 11.

3.4 CONTINUOUS-TIME SELF-TUNERS

Continuous-time self-tuners can be derived in the same way as discrete-time
gelf-tuners. To show this, consider a system that can be described by the model
(8.1) with v = 0, that ig,

A{p)y{t) = Bip)ult)
where A(p) and B(p) are polynomials in the differential operator, p = d/dt.
APy =p* +a1p* + +a,
B(p)=>bip" '+ + by

A self tuning regulator can be obtained by applying Algorithm 3.1. The only
complication is that we now must apply recursive least-squares estimation to
the continuous-time model. This was discussed in Section 2.3. Let us recall the
key idea. Since it is undesirable to take derivatives, a stable filtering transfer
function H¢ with a pole excess of n or more is intreduced.

If we introduce the filtered signals

y,v(t) = ny(t) Uf(t) = Hfu(t)
the model (3.1} can be written as
Pyt = 9T (0)0
where
n-1 n—1 T
plt) = [—p e~y piTup oo “I]
T
8= [a1 cer lp bl bn]

By using least squares with exponential forgetting the parameter estimate is
then obtained from Theorem 2.5:

d—i‘gﬂ = P{)e(t) (p”yf(t) raT(t)é(t))

di’igt) = aP(t) - Ppin e (P(D)

We illustrate the procedure given by Algorithm 3.1 by an example.
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EXAMPLE 3.6 Continuous-time self-tuner

Consider the system in Example 3.3, in which the process has the transfer
function

G(s) =

a{s + aj
with @ = 1 and b = 1. Notice that the process has only two unknown parame-
ters, @ and b. The regressor filters in the estimator are chosen to be
1
He(s) = ——
£is) 0

Furthermore, we use an estimator without forgetting, that is, @ = 0. Assume
that it i¢ desired to obtain a closed-loop system with the transfer function

o?
G .
m(8) s2 + 2L ws + @2
The observer peolynomial is chosen to be A,(s) = 5 + a, with a, = 2. The

specifications are the same as in Example 3.4, thatis, { = 0.7and w = 1. In
Example 3.3 we solved the design problem when the parameters a and b are
known. We found that the controller has the form

P sL , @+ @)

uit) = it
0= )
1
AR -
0 i, ¥
71 —_—t— -
T T T T T
0 20 40 60 80 100
Time
2 143
0 V \I\. r
=2
~4 1 T T T T T
0 20 40 60 80 100
Time

Figure 3.8 Output and input when using a continuous-time indirect self-
tuning regulator to control the process in Example 3.6.
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Figure 3.9 Continuous-time parameter estimates corresponding to the sim-

ulation in Fig. 3.8. The lower part shows the estimates in an extended time
seale,

where the controller parameters are given by

rn==%2Aw+a,-a
2,20 + @? — ar

Sy = “T—
ola,

5= b

; n?

0= o
b

Figure 3.8 shows the process output and the control signal in a simulation.
The initial transient depends critically on the initial values of the estimator.
In this case we have chesen &(0) = 2 and b(0) = 0.2. The initial covariance is

diagonal with P{1,1) = P(2,2) = 100. The parameter estimates are shown in
Fig. 3.9. The estimates obtained at ¢t = 100 are

4{100) = 1.004 (1.0000)  5(100) = 1.001 (1.0000)

where the true values are given in parentheses. Notice that only two param-
eters are estimated in this case, whereas four parameters were estimated in
Examples 3.4 and 3.5. a
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3.5 DIRECT SELF-TUNING REGULATORS

The design calculations in the indirect self-tuners may be time-consuming and
poorly conditioned for some parametler values. It is possible to derive other
algorithms in which the design calculations are simplified or even ecliminated.
The idea is Lo use the design equalions to reparameterize the medel in terma
of the parameters of the controller. This reparameterization is also the key
to understanding the relations between model-reference adaptive systems and
self-tuning regulators.
Consider a process described by Eq. (3.1) with v — 0, that is,

Ay(t) = Bu(t)

and let the desired response be given by Eq. (3.5):

Anym (P‘) = Bru, (t)

The process model will now be reparameterized in terms of the controller
parameters. To do this, consider the Diophantine equation {3.11),

AA, =AR'+ B8
as an operator identity, and let it operate on y(t). This gives
AgAny(t) = R'Ay(t) + B"Sy{#) = R'Bult) + B"Sy(t)
1t follows from Eq. (3.10) that '
R'B=RB'B” =RBE
Hence
A,ALy(1) = B~ (Ruft) + Sy(t)) (3.24)

Notice that this equation can be considered a process model that is parameter-
ized in the coefficients of the polynomials B~, R, and S. If the parameters in
the model given by Eq. (3.24) are estimated, the control law is thus obtained
directly without any design calculations. Notice that the model Eq. (3.24) is
nonlinear in the parameters because the right-hand side is multiplied by B~.
The difficulties caused by this can be aveided in the special case of minimum-
phase systems in which B = by, which is a constant.

Minimum-Phase Systems

If the process dynamics is minimum phase, we have deg A, = deg A—deg B -1,
B~ is simply a constant, and Eq. (3.24) becomes

AnAuy(t) = bo (Ru(f) + Sy{t)) = Ru(t) + Sy (3.25)



3.5 Direct Self-tuning Regulators 113

where R is monic, R = bR, and § = boS. Since R and R differ only by R
being moni¢, we will 7ot use a separate notation in the fellowing discussion.
When it is necessary, we will simply note whether or not X ig monic.

When all process zeros are canceled, it is also natural to choose specifica-
tions so that

B = g™ A, (1)

where dy = degA — deg B. This gives response with minimal delay and unit
static gain.

By introducing the parameter vector

8 = [rg ... Ty So ... Sg]

and the regression vector

oty = (uey .. wt-0 ® .. ye-0)
the model given by Eq. (3.25) can be written ag
i) = A (g ) AL (a7) ¥ty = 9Tt - do)® (3.26)

Since 77{¢) can be computed from (7). it can be regarded as an auxiliary ontput,
and a recursive estimate of the parameters can now be obtained as described
in Chapter 2.

This estimation method works very well if there is little noise, but the
operation A{g~1)A%{g ')¥{t) may amplify noise significantly. The following
method can be used to overcome this. Rewrite Eq. {3.25) as

20 = o (Rult) + SY() = R'ugt = do) + S'30 - o) (327)
where 1
“r = B A 05
) .

0= meaa 'Y

and dy = degA — deg B. We have further assumed that degR = degS =
deg(A,An) — do = £ Equation (3.27) can be used for least-squares estimation.

I we introduce
6:[!"0 .. g By ... Sg]

anc
o) = (ur®) ... uflt=0 3 .. vt 0)
it can be written as
y(t) = o7 (t - do)8

The estimates are then obtained recursively from Egs. (3.22). The following
adaptive control algorithm is then obtained.
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ALGORITHM 33 Simple direct self-tuner

Data: Given specifications in terms of A,,, B, and A, and the relative
degree dy of the system.

Step 1: Estimate the coefficients of the polynomials R and § in the model
(3.27), that 1s,

¥ty = Rup(t —do) + 8"ys(t - db)
by recursive least squares, Egs. (3.22).

Step 2: Compute the control signal from
R*u(t) = T'u.(t) - S"ylt)
where R and S are obtained from the estimates in Step 1 and
T =AA,(1) {(3.29)
with deg A, = do — 1. Repeat Steps 1 and 2 at each sampling period. 0

Equation (3.29) is obtained from the observation that the closed-loop trans-
fer operator from command signal u, to process output is

T™B  ThB* T
AR+ BS  boA AnBT T ALA,

Requiring that this be equal to g% A4,,{1)/A, gives Eq. (3.29).

Remark 1. A comparison with Algorithm 3.2 shows that the step correspond-
ing to control design is missing in Algorithm 3.3, This motivates the name
“direct algorithm.”

Remark 2. Notice that it is necessary to know the relative degree dy of the
plant @ priori.

Remark 3. The polynomials R and S contain the factor &y. Notice that the
polynomial R is not monic and that the parameter ro must be different from
zero. Otherwise, the control law given by Bq. (3.2) is not causal. Since dj is the
relative degree of the plant, the true value of ry = by is different from zero.
Any consistent estimate of the parameter will thus be different from zero.
The estimate obtained for finite time may, however, be zero. In practice it is
therefore essential to take some precautions.

Remark 4. Notice that the assumption B~ = by implies that all process zeros
are canceled. This is the reason why the algorithm requires the plant to be
minimum phase.

Examples

Properties of direct self-tuners will now be illustrated by some examples.
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EXAMPLE .7  Direct self-tuner with dy = 1

Consider the system in Example 3.1. Since degA = 2 and degB = 1,
we have deg A, = 2 and degA, = 0. Hence A, = 1, and we will choose
B, = qAn(1). Equation (3.29) in Algorithm 3.3 then gives T' = gA,.(1}. The
controller structure is given by degR = degS = degT = degA -1 = 1. The
model given by Eq. (3.27) therefore hecomes

yi{t) = roup(t — 1)+ ryuep(t — 2) + soy (£ — 1) + saypit 2) {3.30)

where
i) + @it — 1) + amup(t — 2) = ulf)
yi(t) + a1yt — 1) + amyp(t —2) = ¥(2)

It is now straightforward to obtain a direct self-tuner by applying Algo-
rithm 3.3. The parameters of the medel given by Eq. (3.30) are thus estimated,
and the control signal is then computed {rom

f'ou(tf} + Flu(z - 1) = fou(-(t) - §oy(t) - §1y(£ - 1)

where #q, 'y, 3¢, and &, are the estimates obtained and #; is given hy Eq. (3.29),
that is,

50: l+anug +anse

1 F o
0 . ¥
-1 -
0 20 40 60 80 100
Time
u
40 a g0 130
Time

Figure 3.10 Command signal i, process output y, and control signal u
when the process given by Eq. (3.16) is controlled by using = direct self-tuner
with dy = 1, Cormpare with Fig. 3.4.
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T f

15 20
Time

Figure 3.11 Parameter estimates corresponding to the simulation shown
in Fig. 3.10: 7, /F, (solid line), #o/Fy (dashed line), §y/7, (dash-dot line), §, /7,
(dotted line).

Notice that the estimate of ry must be different from zere for the controller to
be causal.

Figure 3.10 shows the process inputs and outputs in a simulation of the
direct algorithm, and Fig. 3.11 shows the parameter estimates. The initial

transient depends strongly on the initial conditions. At ¢ = 100 the controller
parameters are

’;IS—gg; - 0.850 (0.8467) ;—“%%% - 165 (16531)
0 )]
50(100) 4,(100)
= 2.68 . = -1 -1. 1
7(100) 2.68 (2.6852) 7(100) 03 (-1.0321)

The controlier parameters are divided by 7y to make a direct comparison with
Examples 3.1 and 3.3. The correct values are given in parentheses. A compar-
ison of Fig. 3.4 and Fig. 3.10 shows that the direct and indirect algorithms
have very similar behavior. The limiting control law is the same in both cases.
There is “ringing” in the control signal because of the cancellation of the pro-
CEss Zero. o

In a practical case the time delay and the order of the process that we
would like to control are not known. It is therefore natural to consider these
variables as design parameters that are chosen by the user, The parameter
dg is of particular importance for a direct algorithm. In the next example we
show that “ringing” can be avoided simply by increasing the value of dj.

EXAMPLE 3.8  Direct self-tuner with dp = 2

1n the derivation of the direct algorithm the parameter dy was the pole excess
of the plant. Assume for a moment that we do not know the value of dy and that
we treat it as a design parameter instead. Figure 3.12 shows a simulation of
the direct algorithm used in Example 3.7 but with dp = 2 instead of dp = 1. All
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Figure 3.12 Command signal u,, process output y, and control signal u

when the process deseribed by Eq. (3.16) is controlled with a direct self-tuner
with d, = 2.

the other parameters are the same. Notice that the behavior of the system is
quite reasonable without any “ringing” in the control zignal. Figure 3.13 shows
the parameter estimates. The estimates obtained at time ¢ = 100 correspoend
to the controller parameters

71(100) $p(100) §,(100} #p(100)
= -0.33 = = — =
Fo (100} ! 7o {100) 120 Fo(100) 0.67 Fa(100} 0.52
24 )
to/Fo

Figure 3.13 Farameter estimates corresponding to Fig. 3.12: #,/F, (solid
line), /7y (dashed line), §,/F, {dash-dot line), §,/F; {dotted line).
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We thus find the interesting and surprising result that eancellation of the
process zero can be avoided by increasing the parameter dy. This observation
will be explained later when we will be analyzing the algorithms. m]

Feedforward Controd

A nice feature of the direct self-iuner is that it is easy to include feedforward.
Let v be a disturbance that can be measured. By estimating parameters in the
meodel

y(ty = A]-;\—m {Ru(ty + Sy(e) — Uv(t)) (3.31)
and using the control law
Ru(t) = Tu.(t) - Sy(t) — Uv(d)

we obtain a self-tuning controller that combines feedback and feedforward. The
term Tu. in the control law can also be viewed as a feedforward term.

In Algorithm 3.3, polynomials R and S are estimated and the polynomial
T is computed. This means that the different terms of the contral law are
treated differently. It is possible to obtain an algorithm in which all coefficients
of the control law are estimated by treating Tu, as a feedforward term that is
adapted. To do this, we first notice that the desired response is given by

T
Inlt) = F2uelt) = g uelt)

Tt follows from Eq. {3.27) that error e(t) = ¥{(t) — yn(t} is given by

1
elt) = g (Rult) +S¥() - Tuelt))
= R'us(t — do) + 87yt — do) — T e (t — do) (3.32)
where uy, ¥;, and u,; are the filtered signals defined by Eqgs. (3.28) and

1
= B A

Furthermore, deg T = deg R = deg S = deg(A,An)-do and deg Ay, —deg B, =
dp. An algorithm that is analogous to Algorithm 3.3, in which the parameters
of the feedforward polynomial 7' are also estimated is now easily obtained by
estimating the parameters in Eg. (3.32).

Non-minimum-Phase (NMP) Systems

The case in which process zeros cannot be canceled will now be discuased.
Consider the transformed process model Eq. {3.24), that is,

A,Any(t) = B~ (Ru(t) + Sy{t))
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where deg B = deg.S = deg(A4,4,) — deg B~. If we introduce
X =B"R and - $=B"8
the equation can be written as

¥t = o l (Ruft) + Sy@)) = Roup(t ~ do) + S yrlt — do) (3.33)

where u; and y; are the filtered inputs and outputs given by Egs. (3.28}.
Notice that the polynomial & is not monic. The polynomials & and § have
a common factor, which represents poorly damped zeros. This factor should
be canceled before the control law is caleulated. The following direct adaptive
control algorithm 1s then cbtained.

ALGORITHM 34 Direct self-tuning regulator for NMF systems

Data: Given specifications in terms of A,,, B, and A, and the relative degree
dy of the system.

Step 1: Estimate the coefficients of the polynomials X and S in the model of
Eq. {3.33) by recursive least squares.

Step 2: Cancel possible common factors in X and § to obtain R and §.

Step 3: Calculate the control signal from Eq. (3.2} where R and § are those
obtained in Step 2 and T is given by Eq. (3.12).

Repeat Steps 1, 2, and 3 at each sampling period, O

This algorithm avoids the nonlinear estimation problem, but more parame-
ters have to be estimated than when Eq. (3.24) 1s used because the parameters
of the polynomial B~ are estimated twice. The estimation is straightforward,
however, because the model is linear in the parameters. The Euclidean algo-
rithm in Chapter 11 can be used in Step 2 to eliminate cammon factors of
polynomials ® and .S. This step is crucial because an unstable common factor
may cause instabilities.

Calculation of polynomial T should be avoided. To do this, notice that

_ B B}
Ym = A, e
The error ¢ = y — ¥, can then be written as
B-
elt) = g (Rult) = Sy(0) = T (1)
= Rrupft —do) + S yrlt — do) — T ucr(t - do) (3.34)

By basing parameter estimation on this equation, estimates of polynomials &,
S, and T can be determined. Notice that to estimate eoefficients of 7T, it is
necessary that the command signal be persistently exciting.
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Mixed Direct and Indirect Algorithms

Another direct algorithm can be derived in the particular case in which no
process zeros are canceled, [n this case we have B~ = B, and the model
Eq. (3.24) becomes

AA,y(t) = B (Ru(t) + Sy(t))

which can also be written as

¥ty = Afﬁm (Rult) + Sy(t)) = B* (R7us(t — do) + 8 w/(t - do)) (3.35)

The following algerithm is a hybrid algerithm that combines features of direct
and indirect schemes.

ALGORITHM 3.5 A hybrid self-tuner

Data: Given polynomials A, and A,

Step 1: Estimate parameters of polynomials A and B in the medel
Ay = Bu

Step 2: Estimate parameters of polynomials R and S in Eq. {3.35) where B
is the estimate obtained in Step 1.

Step 3: Use the control law
Ru =Tu. — Sy

where R and S are obtained from Step 2 and T' = A, where

a

Remark 1. lInstead of being computed, polynomial T can also be estimated by
replacing Step 2 by the following step:

Step 2’: Estimate parameters of polynomials K and § and p from the model

B
e(t) = y(t) — ymlE) = A (Ru(t) + 8y(t) — toAcu. (1)}
B (R"uf(t - do) + S"yf(t - d@) — IQA;LLC_{(E - do)) (336)
where B is the polynomial obtained in Step 1. It is then assumed that deg Ap, =
deg A.

Remark 2. Instead of the Diophantine equaiion being solved at each step, two
process models are estimated. This implies that an additional iteration of the
least-squares cstimator has to be done at each sampling time.
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3.6 DISTURBANCES WITH KNOWN CHARACTERISTICS

So far, we have concentrated on servo problems that are common in aerospace
and mechatronics, In process control, regulation problems are more common.
It is then important to consider attenuation of disturbances that act on the
process. The disturbance may entler the process in many different ways. For
simplicity we will assume that it enters at the process input as shown in
Figure 3.2. This assumption is not very restrictive. If the disturbance is denoted
by v, the system is then described by Eq. (3.1). We will first use an example
to illustrate that load disturbances will cause problems.

EXAMPLE 39  Effect of Load Disturbances

Consider the svstem in Example 3.5, that is, an indirect self-tuning regulator
with no zero cancellation. We will now make a simulation that is identical to
the one shown in Fig. 3.6 except that the load disturbance will be v(¢) = 0.5 for
¢t > 40. A forgetting factor 4 = 0.98 has also been introduced; otherwise, the
conditions are identical to those in Example 3.5. The behavior of the system
is shown in Fig. 3.14. Compare Fig. 3.14 with Fig. 3.6. Figure 3.14 shows that
a load disturbance may be disastrous. It follows from the discussion in Exam-
ple 3.5 that the correct steady-state value will always be reached provided that

}
1 ]
0 U, ¥
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T T T T T
1] 20 40 60 &0 100
Time
| u
2]
0
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4
T T T T 1
0 20 40 60 80 LY
Time

Figure 3.14 Output and control signal when for a system with an indirect
self-tuner without zero canceling when there is a load disturbance in the form
of a step at the process input at time ¢ = 40.
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Figure 3.15 Parameter estimates corresponding to Fig. 3.14.

the steps are sufficiently long. Notice that the response is strongly asymmetric.
The reagon for this is that the controller parameters change rapidly when the
control signal changes; see Fig. 3.15, which shows the parameter estimates.
Rapid changes of the estimates in response to command signals indicates that
the model structure is not correct. The parameter estimates also change sig-
nificantly at the step in the load disturbance. When the command signal is
constant, the parameters appear to settle at constant values that are far from
the true parameters. 8

There are many ways to deal with disturbances, The internal model prin-
ciple is used in this section. An alternative is to estimate the disturbance and
compensate for it in a feedforward fashion. An in-depth discussion of different
methods and their advantages and disadvantages is found in Chapter 11.

A Modified Design Procedure

The pole placement procedure can be modified to take disturbances into ac-
count. In many cases the important disturbances have known characteristics.
This can be captured by assuming that the disturbance v in the model (3.1) is
generated by the dynamical system

AdU —e (337)
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where ¢ is a pulse, a set of widely spread pulses, white noise, or the equivalent
continuous-time concepts. For example, a step disturbanee is generated in
discrete-time systems by

Adg)=g¢-1
and in continuous-time systems by
Aslp) =p
With the controller of Eq. (3.2} we find

BT . BR
YT AR+ BS“ T AJAR+ BS)®

(3.38)
L AT BS

AR+ BS % A AR+ BS)®

The closed-loop characteristic polynomial thus contains the disturbance dy-
namics as a factor, This polynomial typically has roots on the stability bound-
ary or in the unstable region. It follows from Eqs. (3.38) that to maintain a
finite output in case of these disturbances, A, must be a factor of R. This would
make y finite, but the controlled input « may be infinite. This is, of course,
necessary to compensate for an infinite disturbance.

It has already been mentioned that the Diophantine equation has many
solutions. Compare with Eqgs. (3.14). If R® and 8° are sclutions to the Dio-
phantine equation

AR+ BS® = A7

it follows that
E=XR'+YB

339
S§=X8"-YA (3:39)

satisfies the equation _
AR + BS = XA}

If a controller B° §° that gives the characteristic polynomial A? has been
obtained, we can thus obtain a contreller with characteristic polynomial X Al
by using the controller (3.39). Suppose that we have designed a controller RO
and S® and that we would like to have a new controller in which R = R'A,;. We
then choose a stable polynomial X that represents the additional closed-loop
poles, and we determine R’ and Y such that

R=AR =3R°+YB (3.40)

The new controller is then given by Egs. {3.38).
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Integral Action

In the special case in which the disturbance is a constant, that is, A; = ¢ - 1,
we have to add an additional closed-loop pole. Hence

X =g+x
and Eq. (8.40) becomes
(g- DR = (g +x2)R" + yoB
Putting g = 1 gives one equation to solve for yo. Hence

{1+ x)R(1)

Yo = B(1)

(3.41)

Inserting X and Y = y, into Eqs. (3.39) gives the new controller.

Modifications of the Estimator

Disturbances will change the relations between the inputs and the outputs
in the model. Load disturbances such as steps will have a particularly bad
effect on the low-frequency properties of the model. Several ways to deal with
this problem are discussed in Section 11.5. One possibility is to include the
disturbance in the model and estimate it; another, which we will use here, is
to filter the sigmal so that the effect of the disturbance is not so large. In the
model given by Eq. {3.1) the equation error is B (g)v. This could be a very large
quantity if B(1} # 0 and v is a large step. If the disturbance v in Eq. (3.1} can
be described by Eq. {3.37) we find that Eq. (3.1) can be written as

AqAy(t) = AaB(u{t) + v(t)) = AgBy(t) + e(t)

Hence
Aye(t) = Bug(t) + e(t) (3.42)

By introducing the filtered signals y, = Agy and u; = Aju we thus obtain
a model in which the equation error is e instead of v, where e is significantly
smaller than v. For example, if v is a step and Ay = ¢ — 1 as in Example 3.9,
we find that ¢ is zero except at the time where the step in v ccecurs.

The next example shows that the difficulties encountered in Example 3.9
can be avoided by using a self-tuner with a modified estimator and a modified
control design. :

EXAMPLE 310  Load disturbances: Modified estimator and controller
We now show that the difficulties found in Example 3.9 can be avoided by
modifying the estimator and the controller. We first introduce a controller
that has integral action by applying the design procedure that we have just
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Figure 3,16 Output and control signal with an indireet self-tuner with
integral action and a modified estimator.

described. To do this, we consider the same gystem as in Example 3.5 where
the controller was defined by

Rl=g+n, 89 = s0g + 53

The closed-loop characteristic polynomial A, has degree three. To obtain a
conitroller with integral action, the order of the closed-loop system is increased
by introducing an extra closed-loop pele at g = —xp = 0. It then follows from
Eq. (3.41) that

1+
B b(] + b1

Hence X = ¢ and Y = ¥y, and Eqs. (2.39) now give

Yo =

R =qlg +r1) + yolbog + b)) = (g - 1)(g — b1¥0)
S = q{soq + 81} - yo(¢® + 1q + @2) = {30 — ¥o)g° + (s1 — a1y} — azyo

The estimates are based on the model (3.42) with Ay = ¢ — 1 to reduce the
effects of the disturbances. Figure 3.16 shows a simulation corresponding to
Fig. 3.14 with the modified self-tuning regulator. A comparison with Fig. 3.14
shows a significant improvement. The load disturbance is reduced quickly.
Because of the integral action the control will decrease with a magnitude
correzponding to the load disturbance shortly after { = 40. The parameter
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Figure 3.17 Parameter estimates corresponding to Fig. 3.16.

estimates are shown in Fig. 3.17, which indicates the advantages in using the
modified estimator. Notice in particular that there is a very smal! change in
the estimates when the load disturbance occurs. [

A Direct Sclf-tuner with Integral Action

It is also siraightforward to introduce integlrators in the direct self-tuners.
Consider a process model given by

Alg)y(t) = Blg)ul) +v(e) (3.43)

where d = deg A(g) — deg B{qg). It is assumed that v is constant or changes
infrequently. Let the desired response to command signals be given by

Anlq)y() = Am(Lu{t — d) (3.44}

where deg A, = d. Let the cbserver polynomial be A,{g). The design equation
is

AR + BS = B*A A, (3.45)

where B = boB*. If we require that the regulator has integral action, we find
that the polynomial R has the form

R=RB' =R,B*(g-1) = R\B*A (3.46)
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Equation (3.45) then becomes

AAR, + b8 = A A, (3.47
Hence
AAmy = AR1AY + BoSy
= BR{Au + boR'Av + oSy
= bo{R'Au + 8y) + boR'Av (3.48)

where Eq. (3.43) was used to obtain the second equality. Notice that the last
term wil! vanish after a transient if v is constant, If we rewrite Eq. (3.48) in
the hackwards operator, ignoring v, we get

ALg A (gl + ) = bo(R* (@A (@ Wl = 8'(@ Ix0)  (B489)

This equation can be used as a basis for parameter estimation, but there are

several drawbacks in doing so. First, the operation AJA7, is a high-pass filter

that is very sensitive to noise. Furthermore, it follows from Eq. (3.47) that
5oS*(1) = AUDAL(L) = As(1)An(1) (3.50)

All the parameters in the S polynomial are thus not free. If all parameters are
estimated, there is, of course, no guarantee that Eqg. (3.50) holds. However, it
is easy to find a remedy. A polynomial S* with the property given by Eq. {3.50)
can be written as

BoS* = A(1)An(1) + (1 —¢ 18" (g™")
= A (1)A.(1) + 8" (g hA’
Equation (3.49) then becomes
Ag AL gy + d) — A(D)A(1)y(2)
= bo(R"(g Hau(e) + 5" (@A)

= R* (g7 )Au(t) + S (g7H)ATy(E) (3.51)
Division by A’ A} now gives
Wt d) - WA o e - S @ (352)
Alg VAL () e
where ) »
_ -
uf(t) - A;[q_l)A:n{q_l) H{t}
I

yelt) = A OAL @D (8

Natice that the difference operation eliminates levels and that division by
A A, corresponds to low-pass filtering. Thus the net effect is that the signals
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are band-pass filtered with filters that are matched to the desired closed-loop
dynamics and the specified observer polynomial.

To complete the algorithm, it now remains te specify how the control law is
obtained from the estimated parameters. To obtain the response to command
signals given by Eq. (3.44), it follows from Eq. (3.51) that

R (g Hault) + S (A (E) + A (DAL (L) = Aj(0 AR (Du (D)

A controller with integral action may perform poorly if there are actuators that
saturate. The feedback loop is broken during saturation, and the integrator
may drift to undesirable values. This phenomenocn, which is called windup,
can be avoided if the control algorithm is modified to

A3(a™) (860 - An(Luc(6))
- — A(DAR L)) - 5 lg AN
- (Rr(@Ha - Ay Jul)

uit) =sataz(?)

(3.53)

The windup phenomenon is discussed in detgil in Section 11.2. In summary,
Algorithm 3.6 is obtained.

ALGORITHM 3.6 A direct self-tuning algorithm
Step I: Fstimate the parameters in Eq. (3.52) by recursive least squares.

Step 2: Compute the conirol signal from Eqs. (3.53) by using the estimates
from Step 1. n

This algorithm may be viewed as a practical version of Algorithm 3.3.

3.7 CONCLUSIONS

Deterministic self-tuning regulators have been developed in this chapter. The
controllers may be viewed as an attempt to automate the steps of modeling
and control design that are normally done by a control system designer. By
specifying a model structure, modeling reduces to recursive parameter estima-
tion. Control design results in a map from process parameters to controller
parameters. Simple estimation methods (least squares) and simple control de-
sign techniques (pole placement) have been used in this chapter. The control
design was based on the certainty equivalence principle, which means that the
uncertainties in the estimates are neglected in computing the control law. Twe
classes of algorithms have been discussed: indirect and direct algorithms. The
indirect algorithms are a straightforward implementation in which process pa-
rameters are estimated and the controller parameters are computed by using
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gome design equations. In the direct algorithms the controller parameters are
estimated directly. To do this, design equations are used to reparameterize the
process model in the controller parameters. This makes it possible te establish
relations between MRAS and STR, as is discussed in Chapter 5.

FROBLEMS

31

3.2

3.3

In sampling a continuous-time process madel with A = 1 the following
pulse transfer function is obtained:

z+12
z? —z 4+ 0.25
The design specification states that the discrete-time closed-loop poles
should correspond 1o the continuous-time characteristic polynamial

s?r2s1 1

H(z) =

(a) Design a minimal-order discrete-time indirect self-tuning regulator.
The controller should have integral action and give a closed-loop
system having unit gain in stationary, Determine the Diophantine
equation that solves the design problem.

(b} Suggest a design that includes direct estimation of the controller
parameters. Discuss why a well-working direct self-tuning regulator
is more difficult to design for this process than is an indirect self-
tuning regulator.

Consider the process
1
~s{s +a)
where @ is an unknown parameter. Assume that the desired closed-loop
system is

G(s)

w2
s+ 2 ws + w2

Construct continuous- and discrete-time indirect self-tuning algorithms
for the system.

Gm (3 ) =

Consider the system
G(s) = G1{s)Gais)

where b
Gifs) = s+a

C
Gole) = 59

where ¢ and b are unknown parameters and ¢ and ¢ are known. Construct
discrete-time direct and indirect self-tuning algorithms for the partially
known system.
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A process has the transfer function

b

)= %D

where b is a time-varying parameter. The system is controlled by a
proportional controller

ult) = & (u.(t) — ¥(t)

It is desirable to choose the feedback gain so that the closed-loop system
has the transfer function

1
GO = Fr

Construct a continuous-time indirect self-tuning algorithm for the system.

The code for simulating Examples 3.4 and 3.5 is listed below. Study the
code and try to understand the details,

DISCRETE SYSTEM reg

“Tndirect Self-Tuning Regulator based on the model

" H(q)y=(b0*q+bl)/(q"2+alxq+al)

“using standard RLS estimation and pele placement design
"Polynomial B is canceled if cancel>0.5

INPUT ysp ¥y

OQUTPUT u

STATE yspl y1 ul vi
STATE thi th2 th3 th4
STATE f1  f2 £3 14
STATE pii pi2 pi3 pld

"set point and process output
"control variable
*controller states

"paramster estimates
"regression variables
Hocovariance matrix

STATE p22 p23 p24
STATE p33 p34
STATE p4d

NEW nyspl nyi nul nvi

NEW nthl nth2 nth3 nthd

NEW nfi nf? nf3 nfd

NEW nl1i ni2 n13 ni4 n22 n23 n24 n33 n34 ndd
TIME t

TSAMP 1is

INITIAL

*Compute sampled Am and Ao
a=exp (-z*wth)

aml=—2%a*cos (weh*sqrt (1-z*z})
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amZ=a*a
aop=IF wxTo>100 THEN 0 ELSE -exp(-h/To)
ao=IF cancel>(.5 THEN 0 ELSE -acp

30RT

"1.,0 Parameter Estimation

"1.1 Computation of P#f and estimator gain k
pfl=pl1*f14p12xf2+pl13xf3+pld*f4
pE2=p124f 1422+ £ 2+p23*£3+p244 4
pE3=pl3+f1+p23+f2+p33+£I+p34*£4
pE4=plaxf 1+p24*E2+p34xf3+pad=ta
denom=lambda+f 1 #pf 1+£24pf2+£3*pf3+fd*pid
ki=pfil/denom

k2=pf2/denom

k3=pf3/denom

kd4=pf4/denom

"1.2 Update estimates and covariances
eps=y-fl*thl-f2%th2-f3+«th3-f4*thd
nthi=thi+kl+*eps

nth2=th2+k2*eps

nth3=th3+k3*eps

nth4=thd+kd*eps
ni1l=(p11-pf1+k1)/lanbda
n12=(pi2-pf1+k2)/lambda
n13=(p13-pf1+k3)/lanbda
n14={pl4-pf1*k4)/lambda
n22={p22-p£2*k2) /lanbda
n23=(p23-pf2xk3) /lanbda
n24=(p24-pf2*k4) /lambda
n33=(p33-pf3+k3) /lanbda
n34=(p34-pf3+k4) /lanbda
n44=(pdd-pf4*k4)/lambda

*1.3 Update and filter regression vector
nfl=-y
nf2=£1
nf3=u
nfd=£3

"2.0 Control design
"2.1 Repname paramsters
al=nthl

a2=nth2
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b0=nth3
bl=nth4

"2.2 Solve the polynomial identity AR+BS=Aoim
n=bl*bil-ai+«b0*bl+a2*b0*bo
rif=(ao*am2+HL0" 2+ (a2-am2-ao*aml) *bO+bl+(actaml-al)+*+b172)/n
wl={a2+*aml+a2+ac-al*aZ-an2*ao)*bl
s00=(wl+{(-al*aml-al*ac-a2+al " 2+am2+aml*aa)*bl) /n
w2={(-al*am2*ao+a2*am2+a2+ami*ac-a2"~2) «b0
510={w2+(-a2*ani-a2+*ao+al*aZ+am2+ac)*bl)/n

"Z.3 Compute polynomial T=AoxAm{1)/B(1)
bs=b)+b1l

as=1+aml+am?2

bmO=as/bs

"2.4 Choose control algorithm

r1=IF cancel>0.5 THEN bi/bC ELSE rid

s80=[F cancel>0.5 THEN (aml-al)/b0 ELSE s00
21=IF cancel>0.5 THEN (am?-a2)}/b0 ELSE s10
t0=IF cancel>®.5 THEN as/b0 ELSE bn(

t1=IF cancel>(.5 THEN 0 ELSE bmQ+ao

"3.0 Control law with anti-windup
v=—aoxv1+t0+ysptti*xyspl-sO*y-si*yl+{ao-ri)+ul
u=IF v<-ulin THEN -ulim ELSE IF v<ulim THEN v ELSE ulim

"3.1 Update controller state

nyl=y

nul=u

nvi=v

nyspl=ysp

"4.0 Update sampling time

ts=t+h

"Parameters

lambcda:1 "forgetting factor

To: 200 "observer time constant
z:0.7 "desgired closed loop damping
w:il "desired closed loop natural frequency
h:t "sampling period

ulim:1 "limit of control signal
cancel:1 "switch for cancellation

thi:-2 "initial estimates
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th2:1

th3:0.01

th4:0.01

pl1:100 "initial covariances
p22:100

p33:100

p44:100

END

Consider the simulation of the indirect self-tuning regulator in Exam-
ple 3.5. Investigate how the transient behavior of the algerithm depends
on the initial values of # and P and the forgetting factor.

Consider the indireci. self-tuning regulator in Example 3.5. Make a sim-
ulation over longer time periods, and investigate how the paramecters ap-
proach their truc values. Also explore how the convergence rate depends
on the forgetting factor A.

Consider the indirect self~tuning regulator in Example 3.5. Show that no
steady-state error is obtained if

ap+ap =1

Modify the simulation used to generate Figs. 3.6 and 3.7, plot the pa-

rameter combination @, + &, and check how well the above condition is
satisfied.

Consider the indireet self-tuning regulator in Example 3.5. Change the
specifications on the closed-loop system, and investigate how the behavier
of the system changes.

3.10 Consider the indirect selt-tuning regulator in Example 3.5. Modify the

3.11

3.12

simulation program so that the parameters of the process can be changed.

Investigate experimentally how well the adaptive system can follow rea-
sonable parameter variations.

Apply the indirect self-tuning regulater in Example 3.5 to a process with
the transfer function .
Gls) = s+ 1)?

Study and explain the behavior of the error when the reference signal is
a square wave.

The code for simulating Example 3.6 is listed below. Study the code and
try to understand all the details.

CONTINUOUS SYSTEM reg
"Continucus time STR for the system b/[s(s+a}]
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"Desired response given by am2/(s"2+aml*s+am?2)
"Observer polynomial s+ao

INPUT y yap

UUTPUT u

STATE yf yf1 uf ufl xu
STATE thil th2

STATE pll1 pl2 p22

DER dyf dyfl duf dufl dxu
DER dthl dth2

DER dpll dpl2 dp22

"Filter input and output
dyf=yf1
dyf1=—aml*yf1+am2* (y-yf)
duf=ufi
duf 1=-ami*uf1+am2+ (u-uf)

"Update parameter estimate
fl=-yf1l

f2=uf

e=dyfl-fixthl-f2%th?2
pEi=pl1*f1+pl2*£2
pE2=pl2#f 1+p22+f2
dthi=pfi*e

dth2=pf2*e

"Update covariance matrix
dpli=alphaxpll-pfl*pfl
dp12=alpha*pi2-pfL*pf2
dp22=alpha*p22-pf2xpf2
det=pll*p22-pl2*pl2

"Control design

a=~thl

b=thZ

rl=arl+ac-a
s0=(am2+aml*ac-a*r1)/b
sl=an2*ao/b

t0=am2/b

"Control signal computation
dxu=-ac*xu-{si-ao+*s0)*y+(ao-ri)+u
v=tOxysp-sO*y+xu
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u=if v<-ulip then -ulim else if v>ulim then ulim else v

"Parameters

ami:t. 4

am2:1

alpha:0

ac:2

ulim:4

END

- 3.13 Consider the simulation of the continuous-time indirect self-tuning regu-

lator in Example 3.6. Investigate how the transient behavior of the algo-
rithm depends on the initial values of & and P.

3.14 Consider the indirect self-tuning regulator in Example 3.6. Make a sim-
ulation, and investigate how the convergence rate depends on the forget-
ting factor .

3.15 Consider the system in Problem 1.9.

{a) Sample the system, and determine a diserete-time controller for the
known nominal system such that the specifications are satisfied.

(b} Use a direct self-tuning controller, and study the trangient for differ-
ent initial conditions and different values of the variable parameters
of the system.

(¢} Assume that e = 0 and thal u, is a square wave. Simulate a self-
tuning controiler for different prediction horizons.

(d) Investigate the behavior when the disturbance d is a step. What
happens when the controller does not have an integrator?
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CHAFPTER 4

STOCHASTIC AND PREDICTIVE
SELF-TUNING REGULATORS

4.1 INTRODUCTION

Tn Chapter 3 the key issue was to find self-tuning controllers that give de-
sired responses to commmand signals. In this chapter we discuss self-tuners for
the regulation problem. The key issue i1s now to design a controller that re-
duces disturbances ag well as possible. Stochastic models are useful to describe
disturbances. For this reason we start in Section 4.2 by describing a simple
stochastic control problem. This leads to a minimum-variance controller and
ite generalization, the moving-average controller. In Section 4.3 we present a
direct adaptive controller that has the surprising property that the moving-
averape controller is an equilibrium solution. This surprising property was
one of the motivating factors in the original work on the self-tuning regula-
tor. The mintmum-variance controller has the drawback that its properties are
critically dependent on the sampling pericd. In Section 4.4 some extensions
are therefore presented. Linear quadratic Gaussian self-tuners are discussed
in Section 4.5, and adaptive predictive control is discussed in Section 4.6.

4.2 DESIGN OF MINIMUM-VARIANCE
AND MOVING-AVERAGE CONTROLLERS

In this section we derive controllers for linear stochastic systems. It 1s assumed
that the process can be described by a pulse transfer function and that the
disturbances acting on the system are filtered white noise. A steady-state
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regulation problem is considered. The criterion is based on the mean square
deviations of the output and the contrel signal.

Process Model

Assume that the process dynamics are characterized by

_Bula)
T Ailg) 2

where A,{¢) and Bi{q) are polynomials in the forward shift operator without
any common factors.

It is assumed that the action of the disturbances on the system can be
described as filtered white noise. Since the system iz linear, we can reduce all
disturbances to an equivalent disturbance v at the system output. The output
is thus given by

x(#)

y(&) = x(t) + v(t)

where Crla)
g
v(t) = ——~eft)
® Azlq} (
Ci{g) and Ay(gq) are polynomials in the forward shift operator without any
common factors, and [e(t)] is a sequence of independent random variubles
{(white noise) with zero mean and standard deviation 0.

The process can now be reduced to the standard form

A(q)¥(0) = Bglult) + C{g)elt} 4.1)
where
A= AA
B = BlA; (4.2)
C = Ci1A,

Beeause of the assumptions, the three polynomials have no common factor. The
medel (4.1) is thus a minimal representation. The palynomials are normalized
such that both the 4 and C polynomials are monie, that is, the leading coef-
ficients are unity. Finally, the C polynomial can be multiplied by an arbitrary
power of ¢ without changing the eorrelation structure of C {g}e{t). This is nsed
to normalize { such that

degC =degA=n

The A and B polynemials may have zeros inside or outside the unit dise. It
is assumed that the zeros of the C polynomial are inside the unit disc. By
spectral factorization the polynomial C(g) can be changed so that all its zeros
are ingide the unit disc or on the unit circle. An example shows how this is
done.
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EXAMPLE 41 Modification of the polynomial
Consider the polynomial
Clz)=2z+2

which has the zero z = —2 outside the unit disc. Consider the signal

u(t) = Clgle(t)

where {e(f)} is a sequence of uncorrelated random variables with zerc mean
and unit variance. The spectral density of v is given by

P 1 7] N i
Ot = o C(¢ ®)C (e7")

Because
CECE) = (2 +2)(71 +2) = (L+22 (1 +22)

(22 + 1}(2z71 + 1)
= 4(z + 05}z +0.5)

It

the signal v may also be represented as

v(t) = C"(g)elt)
where
C{z) =2z+1
is the reciprocal of the polynomial C (z) (see Section 3.2). O

If the calculations (4.2) give a polynomial C that has zeros outside the
unit dise, the polynomial is factored as

c=0Cc*C

where € contains all factors with zeros outside the unit dise. The C polyno-
mial is then replaced by CC" *. The model (4.1) is an innovations representa-
tion. Tt will be shown later that e{t) is the innovation or the errorin predicting
the signal () over one sampling period. The € polynomial can be interpreted
as the characteristic polynomial of the estimator or predictor.

Criteria

In steady-state regulation it makes sense to express the criteria i.1_1 terms of
the steady-state variances of the output and the control signals. This leads to
the performance criterion

J = B{y*(t) + pu’(t)} (4.3)

where E denotes mathematical expectaiion with respect to the noise process
acting on the system. The control law minimizing (4.3) is the linear quadratic
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Gaussian (LQG) controller. If p = 0, then the resulting controller is called the
minimum-variance (MV) coniroller.

The properties of the control signal when the minimum-variance controller
is used depend critically on the sampling interval. A short sampling interval
gives large variance in the control signal, and a long sampling interval gives
a low variance. Notice that the loss function (4.3) is defined in discrete lime,
that is, only the behavior at the sampling instances is considered.

To define the design problem, it is also necessary to define the admissible
controllers. It will be assumed that u(z) is allowed to be a function of ¥(f),
e —1), o, ult— 1), u(t—2),...

Minimum-Variance Control

It is now assumed that o = ¢ and that the process is minimum-phase, that is,
that the B polynomial has all zeros inside the unit disc, Before we solve the
general problem, we consider a simple example.

EXAMPLE 4.2  Minimum-variance control of a first-order system
Consider the first-order system

y(t+ 1) +ay(t) = bult} +eft + 1) + ce(?) (4.4)
where {¢| < 1 and {e(t)} is a sequence of independent random variables with
unil variance,

Consider the outpat at time ¢ + 1. From (4.4} it follows that by using w(f)
it is possible to change y(t + 1) arbitrarily. Further, (¢ + 1) is independent of
y(t) and u(t); thus

vary(t + 1) = vare{t+ 1) = 1

Given measurements up to time #, we can use Eq. (4.4} to compute e(t). The
controller

2(t) = ay{t) — ce(t)

. (4.5)

gives
¥(t + 1} = et +1) {4.6)

which gives the lower bound of the variance of y. 1f Eq. (4.5) is used all the
time, then from Eq. (4.8), it follows that ¥{¢) = e(f), and we get the controller

a(t) = S5 50 &7)

a

The minimum-variance controller can in the general casc be derived by
using similar ideas as Example 4.2. Define

do = deg A — deg B
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as the pole excess of the system, This is the same as the time delay in the

system. The inpul at time ¢ will influence the output first at time ¢ + dy. Now
consider

y(E+dy) = i ul(t +do) + :i elt +dp) {4.8)

Let the polynomial F of degree d), - 1 be the quotient, and let the palynamal
G of degree n - 1 be the remainder when g% -1C is divided by A. Hence

g*1Cg) _ Glg)
T B Y

This can he interpreted as a DHophantine equation,
q% 'C(q) = Alg)Fig) + Glg) (4.9)

Hence the output at ¢ + dy can be written as

¥t +dp) = %u(s +dp)+ Fe(t + 1) + (—IAE et}

where
Flg) =q% "+ fig% 2 + ...+ fu 1 (4.10)
Gig) = gog" " + 218" P + ..+ Zan (4.11)
From Eq. (4.1) we can defermine e(¢):

) = 5 y(6)— gul)

From the measurement, of y(£) and «(t) it is thus possible to compute the noise
sequence, the inncvations. This equation is an observer in which the dynamics
are given by the C pelynomial. It now follows that

B GB" GA
y(t + do) = Fe(t + 1) + (qufn - ‘LA?) u(t) + ‘;—cy{:]
- Bg ¢ 6 4G
= Feit + 1) + 24 (q“" c -G) uft) + = 3
= Feit + 1) + 9%—‘? u(t) + % y(t) (4.12)

where Eq. (4.9) has been used to obtain the last equality. The polynomials G,
gBF, and C are all of degree n. This implies that we have divided ¥(f + dbn)
in two parts. The first part, F(g)e(t + 1), depends on the noise acting on the
system from £ + 1, ..., £ + dg. The second part,

50+ ol = L2 uty + % 500 (1.13)

depends on measured cutputs and applied inputs, including the u(t) that we
want to determine. From Egs. (4.12) it follows that #(t + dp|t) is the mean
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square prediction of y(i + dp) given data up to and inciuding time ¢{. The
prediction error is given by

F{t + dolt) = w{t + do) ~ It + dolt) = Flgle(t + 1)
and the variance of the prediction error is
var j(t + dolt) = oM (L+ 7 + 5 + .+ fa1)
Minimum variance of the output is now obtained by the contrel law

Glg)

20 = B FE)

»(®) (4.14)

Using this contreller gives
y(t+do) = Flglell + 1)
= et +dy) + f1€(t +dg — 1)+ ..+ ﬂ;b_le(z + 1) (4.15)

and the minimum output variance is

vary{(t) = 62 (Y + fE + fi+ ..+ o )

which is the same as the variance of the prediction error. Using the controller
{4.14) gives the closed-loop characteristic equation

g% 'C(q)B(g) = 0

This implies that there are dy— 1 poles at the origin, n poles at the zeros of the
C polynomial, which are inside the unit disc, and = — d; poles at the zeros of
the B polynomial. Since the system was assumed to be minimum-phase, these
poles are also inside the unit dise. Obgerve that minimum-variance control is
the same as predicting the output dy steps ahead and then choosing the control
signal such that the predicted value is equal to the desired reference value.
See Fig. 4.1.

The minimum-variance contiroller can be interpreted as a pole placement
controller, which was discussed in Section 3.2. This is seen by multiplying
Eq. (4.9) by B, that is,

g ’CB = AR +BS (4.16)
where
R = BF
$=G

The pole placement design leads to the contreller

wlt) =~ 30 =~ 0
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Figure 4.1 Minimum variance control is based on prediction dy steps ahead.

Nonminimum-Phase Systems

When the system is nonminimum phase, it is not possible to place some of
the closed-loop poles at the zeros of the B polynomial. It can be shown that
the optimal controller minimizing Eq. (4.3) with p = 0 gives the following
closed-loop characteristic equation:

g° B (@)B “(@)C(g) =0
that is, the process zeros outside the unit disc, B~ (g), are replaced by the zeros
defined by the reciprocal polynomial, B ~*(g}. See Astrom and Wittenmark
(1990) in the references at the end of the chapter. The controlier
s
£ = — t
u(f) = —g ()
is now obtained from the Diophantine equation
g 'B*B~'C = AR + BS (4.17)
Compare Eq. (4.16).

Moving-Average Controller

The minimum-variance controller leads to a c¢losed-loop system in which the
output is a moving average of order dy ~ 1 (see Eq. (4.15}). It is possible to
design controllers such that the output is a moving average of higher order.
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Instead of placing dy — 1 closed-loop peles at the origin, we may place  — 1
poles, where d = dy.

The moving-average coniroller can be derived as follows. Factor the B
polynomial as

Big) = B (q)B (g)

where B* corresponds to well-damped zeros. To obtain a unique factorization,
it is sssumed that B~ is monic. Determine R and S from

¢ 'B*C = AR ~ BS {4.18)

It follows that B* must be a factor of B, that is, R = R1B*. With the feedback
law

Ay
wt) = —p ¥
we get
Ay(f) = B (—%) yi(t) + Ce(d)

or
R CB*R,

__EN = 2P g
An+Bs Y= gipg W
R - -

= qd_lle(() = (1+P’lq 1+.“+rd_1q Hl)e(i)

where deg R; = d - 1 with

¥(z)

d = degA —degB"

Since the controlled cutput is a moving-average process of order d — 1, we call
the strategy moving-average (MA) controf. Notice that no zeros are canceled if
B =1

which means that
d=degA =n

The minimum-variance controller and the moving-average controller are simi-
lar. The only difference is the value of the integer d, which controls the number
of process zeros that are canceled. With d = dy, all process zeros are canceled:
with d = degA = n, no process zeros are canceled.

EXAMPLE 43  Moving-average controller
Consider the system (4.1} with

Alg) = ¢* +ag + ag
B(q) = bgq + by
Clg) = 0'2 +o1g + 2
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In this case, ;5 = 1. The minimum-variance contreller is oblained from
Eq. (4.9), giving the controller

ey —ay) +(es as)qg!
ult) = ———- bi);_-i-_‘(glql—}_ 3.-(5)
and the closed-loop system is
yit) = eft}

The minimum-variance controller can be used only if [b,/bs| < 1, that is, for
the minimum-phase case.

The moving-average controller is obtained by solving Eq. (4.18). In this
case, d = 2 and B*{g) = 1. This gives the Diophantine equation

q(q® + c1g +¢2) = (§° + arg +az)(g + r) + (bog + b1} {s0q + 51}

Notice that this is the same as Eq. (3.19) wilth A,{g) = ¢ and A, (g} = Clg).
The solution is thus given by Egs. (3.20) and {3.21):

_ {ag —cadboby + (e1 - a1}b]
! b3 + aiboby + ash]

bi(a} —ag - cr1a1 +e3) + bo{c1az — a1az)
b% + a1bgby + azb%

I

S

bilasas — cia2) + bo(ascs -~ a3)
b‘i’ 4= a]bobl + agb%

81 =
The closed-loop system is

¥(e) = (1 +rig7Ye(?) O

LQG Control

The pole placement and LQG problems are closely related. In the LQG formu-
lation a loss function is specified. Minimization of the loss function leads to a
fixed-gain controller that can be interpreted in terms of pole placement. The
details are given in Section 4.5. To obtain the LQG sotution, it is first necessary
to solve the spectral factorization problem, that is, to find the nth-order monic,
stable polynomial P(g) that satisfies

rP(@)P(g 1) = pA(@)Alg™") + Blg)Blg™") (4.19)

The LQG-contreller is then obtained as the sclution to the Diophaniine equa-
tion

C{g)P{q) = Alg)R(g) + B(9)S{q) (4.20)
To get a unique solution with deg R = deg S = n, it is necessary to make some
further restrictions fo the solution given by Eq. (4.20). See Thecrem 4.3 in
Section 4.5. The interpretation of Eq. (4.20) is that the LQG-controller places

the closed-loop poles in P(g), given by the spectral factorization, and in C{g),
which characterizes the disturbances.
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Summary

The minimum-variance controller, the moving-average controller, and the LQG-
controller can all be interpreted as pole placememt design as discussed in
Section 3.2. The minimum-variance controller is obtained by solving the Dio-
phantine equation (4.16) for the minimum-variance case or Bq. (4.17) for
the nonminimum-variance case. The moving-average controller is given by
Eq. (4.18) and the LQG-controller by Eq. (4.20). The closed-loop character-
istic polynomial is chosen differently for sach of the design methods.

4.3 STOCHASTIC SELF-TUNING REGULATORS

Indirect Self-tuning Regulator

A straightforward way to make a self-tuning regulator for the process (4.1) is
to estimate the parameters in the A, B, and C polynomials by using, for in-
stance, the extended least squares {ELS) algorithm or the recursive maximum-
likelihood (RML) algorithm. (Sce Section 2.2.) The estimated parameters are

then used in the design equation {4.9) if minimum-variance control is desired
or in Eq. (4.20) if LQG control is desired.

EXAMPLE 44  Stochastic indirect self-tuning regulator

Consider the process (4.4) in Example 4.2 with ¢ = -0.9,b = 3, and ¢ = —0.3.
The minimum-variance controller is given by the proportional controller

u(t) = 5= (0 = —sox(t) = ~02y()

This gives the closed-loop system
yit) = e{t)

The ELS method is used to estimate the unknown parameters a, b, and ¢. The
estimates are obtained from Eq. (2.21) with

gT = (a b c]
oT(E—1) = [—y(t—l) u(t - 1) f(t—l)]
e(t) = ¥(t) ~ Tt - 1Ot - 1)

The controller is ©
_al) - efd)
H’(t} - 5(5) y(t
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Figure 4.2 Output and input when an indirect self-tuning regulator based
on minimum-variance cantral is used to control the system in Example 4.4,

Figure 4.2 shows the result of a simulation of the algorithm. The initial values
in the simulation are

&l0) - 0
b(0) = 1
20)=0
P(0) = 1007

Figure 4.3 shows the accumulated loss
[
Vi =Y 50)
i=1

when the optimal minimum-variance contreller and the indirect self-tuning
regulator are used. The curve of the accumulated loss of the STR is al-
most parallel to the optimal curve. This means that the performance of the
self-tuning regulator is almost optimal except for a short startup transient.
Figure 4.4 shows the estimated process parameters. The parameter estimates
have not converged to the true values during the simulated period. However,
the controller parameter $p(t) = (&(t) — £{2)) /b(t) converges faster, as can be
seen in Fig. 4.5. For a fixed controller the closed-loop system is stable when
~0.03 < sp < 0.63. Notice that during some of the first steps the controller
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Figure 4.3 The accumulated loss when a self-tuning regulator and the
optimal mimmum-variance controller are vsed en the system in Example 4.4,

parameter 5p(1) is such that the closed-loop system would be unstable if the
controller were frozen to those values.

The reason for the poor convergence of the three estimated process param-
eters is that the controller converges rapidly to a minimum-variance controller.
After that there is poor excitation of the process. The example shows that the
sell-luning controller compares well with the optimal contreller for the known
systern. From the control law it can be seen that there may be numerical prob-
lems when b{t) is gmall. a

Direct Minimum-Variance and Moving-Average STR

The design calculations for the indirect self-tuning regulators include the so-
lution of a system of equations such as the Diophantine equation {4.18) or
(4.20). The time to solve the Diophantine equation may be long in comparisan
with the sampling period. A self-tuning regulator that directly estimates the
controller parameters eliminates the design caleulations. It is thus desirable to

Figure 4.4 The estimated parameters &(¢), b{t), and ¢(2) when the system in
Example 4.4 is contralled. The dashed lines ecorrespond to the true parameter
values,
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Figure 4.5 The controller parameter §,(¢) when the system in Example 4.4
iz controlled. The dushed line is the optimal parameter for the minimum-
variance controller.

construct direct self-tuning algorithms. Deterministic direct self-tuners were
discussed in Section 3.5. The idea is 10 use the specification and the process
model to make a reparameterization of the system. The same idea will now
be used for stochastic systems of the form (4.1). In Section 4.2 it was shown
that minimum-variance control is the same as predicting the output dy steps
ahead and then determining the control signal u[t) such that the predicted
value is equal to the desired output. Consider the reparameterization (4.12),
and rewrite the model in the backward shift operator. This gives

1

y(t + d@) = E (Rtu,(t) + S‘y(.’:)) + R;E(t + Cl()) (421)
where R} = P and deg R, = dp — 1. Using Eq. {4.18), we get, in the same
way,

B ¥
Cr.

y{t +d) = =— (R'u(t) + 8" ¥(6)) + Rielt + d) (4.22)

where deg Ry - d - 1.

The factors 1/C* and B~ /C* in Eqgs. (4.21) and (4.22), respectively, can be
interpreted as filters for the regressors. {Compare Section 3.5.) Both equations
are now written in predictor form, where the controller polynomials R and S
appear directly in the model. These equations can be used as a motivation for
ihe following algorithm.

ALGORITHM 41 Basic direct self-tuning algorithm

Data: Given the prediction horizon d, let & and [ be the degrees of the R*
and 8* polynomials, respectively. Let €*/FP* be a siable filter.

Step 1:  Estimate the coefficients of the polynomials B* and S* of the model

y(t+d) = R (g Vs (t) + S* g Ny +e(t +d) {(4.23)
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where
RigYD=ro+rg '+ +rg™*
S g7y~ so+sg e+ sg”
and
L |
) = i ute)
® -1
7t = FL 0

using Eg. (2.21) with

&{t) = () — Rup(t —d) - 8 y,(t —d) = y{t) — @7 (¢ — )0t - 1)

00 - Tl () B O . y(e-D)

BT = [rg PP o T | S{]
Step 2: Calculate the control zignal from
RY{g ' ult) = -8 (¢7")y(t) (4.24)
with B* and §° given by the estimates obtained in Step 1.

Repeat Steps T and 2 at each sampling period. C

Remark 1. Notice that this algorithm is the same as Algorithm 3.3 when
i, =}, but with different filters.

Remark 2. The parameter rg can either be estimated or be assumed to be
known. In the latter case it is convenient to write R* as

R YH=r (l ity riq’k)

and use

e(t) = y(&) — roup(t —d) — @7 (t — DYt ~ 1)

i —1
@T{t)z%—))- {rgu(t—]) L orou{t —E) y(&) ... y(t—I)]
87 = [r’l s Ty So ... Sg]
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Asymptotic Properties

The models of Eqgs. {4.21) and {4.22) can be interpreted as reparameterizations
of the process model of Eq. (4.1) in terms of the controller parameters. They
are identical to the model of Eq. (4.23) in Algorithm 4.1 if the filter §*/P*
is chosen to be 1/C* and B*" /C*, respectively. The regression vector is then
uncorrelated with the errors, and the least-squares estimate can be cxpected to
converge to the true parameters. The C* and B * polynomials are not known,
however. The surprising result is that the algorithm also self-tunes to the
correct controller even when the filter is not correct. This property inspired
the authors of this book to introdice the term “self-tuning.” The following
result shows that the correct controller parameters are equilibrium values for
Algorithm 4.1 for an incorrect choice of @*/P* also. A more detailed analysis
of siability and convergence is found in Chapter 6.

THEOREM 41 Asymptotic properties 1

Let Algorithm 4.1 with @* /P = 1 be used with a least-squares estimator. The
parameter rq = by can be either fixed or estimated. Assume that the regression
vectors are bounded, and assume that the parameter estimates converge. The
closed-loop system obtained in the limit is then characterized by
+ tiy{t) = = +1,...,.d+1
y(t+tiy{e) =0 T =d.d (425)
yt+ () =0 r=dd+1,..,d+k

where the overbar indicates a time average. Also, & and [ are the degrees of
the polynomials B* and S8°, respectively.

Proof- 'The model of Fq. (4.23) can be written as
yt+d) = T ()0 + &t + d)
and the control law becomes
oT(HH(E+d) =0 . (1.26)

At an equilibrinm the estimated parameters § are constant. Furthermore, they
satisfy the normal equations (2.5), which in this case are writien as

t 3
1S btk v i - 1 - 0k @6+ )
k=1 k=1

By using the control law it follows from Eq. (4.26) that

1y L1y N7 .
lim 7 ; pl)y(e +d) = lim = ; piR)p7 (k) (8 + )~ Bk + )
If the estimate §(¢) converges as ¢ — oo and the regression vector (k) is
bounded, the right-hand side goes to zero. Equation (4.25) now follows from
@’ /P = 1 and the definition of the regression vector in Algorithm 4.1. O
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Stronger statements can be made if more is assumed about the system to
he controlled.

THEOREM 42 Asymptotic properties 2

Assume that Algorithm 4.1 with least-squares estimation is applied to Eq. (4.1)
and that

min(k,{) = n-1 (4.27)
1f the asymptotic estimates of R* and S* are relatively prime, the equilibrium
solutien is such that

yE+o)yt)=0 t=dd+1.. (4.28)
that is, the output is a moving-average process of order ¢ — 1.
Proof: The closed-loop system is deseribed by
R u(t) = —8*y(t)
A*y(t) = B ult — dy) + Celt)
Hence
{A'R* + ¢ ®B*8")y = R"C’e
(A'R* + g ™ B*S*)u = -8*C"e
Introduce the signal w defined by
(A*R* + @ *B*S"\w = C*e (4.29)
Hence
y=Rw and u=—S"w (4.30)
The condition of Eq. (4.25) then implies that
Ruwyit+z)=0 t=dd+1....d+I
Swltyt+z)=0 t=dd+1,...d+k
If we introduce
Cuy(T) = wit)y(t + 7)

the preceding equations can he written as

(Yo Tt T ... Tk ¢ ... 0O 7
0 ro L] Fa ... Ti
- Curldd)
0O 0 rg L8] Ty g -0
30 51 8g ... & o0 ... 0O : -
0 s 8 52 ... 8§ le"(d k- Z)
L 0 ... 0 8n & 8 ... 8
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Since the Sylvester matrix on the left is nonsingular when E* and S* are
relatively prime {compare Section 11.4), it follows that

Cult)y =0 T=dd+1,....d+k+1
The covariance function satisfies the equation
F'lgWCunit)=0 120
The system of Eq. {4.29} has the order

n+k=n+max{kl)
£
E+l+12zn+max(k,l)
or, equivalently,
min{k{yzn-1
it follows that
Cwy{r)':o T:d,d-i-l,“.
It also follows from Eq. (4.30) that

Cz)=0 t=dd+l,...

which compietes the proof. O

Remark .. The algorithm thus drives the correlation of the output to zero
starting at lag 7 = d. It follows from Theorem 4.1 that the correlations at lags
d,d+1,...,d 1 will always be zero at equilibrium. If there are enocugh
parameters in the controller, the covariance of the output will be zera for
all higher lags. Notice that the condition: of Eqg. (4.28) is easily checked by
monitering the covariances of the cutput,

Remark 2. It is pussihle to influence cancellation of the process zeros simply
by choosing the integer d. With d = dy a controller that cancels all zeros is
obtained. With d = n the controller wiil not cancel any process zeros. O

Theorems 4.1 and 4.2 imply that if the estimates converge, and if there
are sufficiently many parameters in the controller, then Algorithm 4.1 will
converge to the moving-average controller.

Examples

The properties of the minimum-variance and maoving-average self-tuners are

illustrated with two examples.
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Tl
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Time
Figure 4.6 The parameter /f; in the controller, when the process in

Example 4.5 is controlled by using the direct minimum-variance self-tuning
caniroller.

EXAMPLE 45  Direct minimum-variance self-tuning regulator

Consider the same process as in Example 4.4. The process model of Eq. (4.23)
is now

¥t + 1) = rou(t) +soxt) + €(t+ 1)

It is assumed that ry is fixed to the value 7, = 1. Notice that this is different
from the true value, which is 3. The parameter s, is estimated by using the
least-squares method. The control law becomes

-

u(t) = —i—‘;y(t)

Figure 4.6 shows §y/rg, which is seen to converge rapidly to a value corre-
sponding to the value of the optimal minimum-variance controller, even if 7y is
not equal to its true value. This is also seen in Fig. 4.7, which shows the loss
function when the self-tuner and the optimal minimum-variance coutroller are
uscd. Compare Figs. 4.3 and 4.5. 0

600 A

Self-tuning control

200 Minimum variance control

0 160 200 300 400 500
Time
Figure 4.7 The loss function when the direct self-tuning regulator and the
optimal minimum-variance controller are nsed on the system in Example 4.5.
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EXAMPLE 46 MA control of a nonminimum-phase system
Consider an integrator with a time delay 7. For the sampling period 2 > 7 the
system is described by
CA@) =ql@-1)
B(g)=(h-7)g+7 =(h-1)(qg+D)

where
T

b =
) h-1
The noise is assumed to be characterized by
C@ =ql@+c) lel<1

The sampled-data system is nonminimum-phase if 7 > h/2. This implies that
the basic minimum-variance self-tuner can be used only if 7 < A/2. Let the

and do=1

(a) o ’
0
-5
T T T T
0 100 200 300 400
Time
20 i
LU
0 . o
=20
T T T T
0 100 200 300 400
Time
(b)
5 P
-5
T T T T
0 100 200 300 400
Time
20
LU
0 hriewens
—20 jl T T T T
0 100 200 300 400
Time

Figure 4.8 Simulation of the self-tuning algorithm on the integrator with
time delay in Example 4.6. At £ = 100 the delay is changed from 0.4 to 0.6.
(a)d=1;(b)d = 2.
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controller have the structure

elt) = —So()y(t) - A {Dult - 1)

Simulations of the system are shown in Fig. 48 for A = 1 and ¢ = -0.8.
The time delay is initially 0.4 and is increased to 0.6 al time £ = 100, at
which time the sampled-data system gets a zero outside the unit circle. Figure
4.8(a) shows the results obtained withd = 1, the minimum-variance structure.
The parameters first converge toward the minimum-variance controller. At
t = 100 the sampled-data system gets a zero outside the unit circle, The
self-tuning regulator then tries to cancel the zero, and the closed-loop system
becomes unstable after some time. It does not become unstable exactly at
t = 100 because it takes a while for the controller parameters to change,
The control signal is limited to 20, which explains why the signals do not
grow exponentially. The forgetting factor is 4 = 0.99. Figure 4.8(b) shows the
results for the algorithm with d = 2, The moving-average controller is a stable
equilibrium for both 1 = 0.4 and ¢ = 0.6. There will be a shift in the parameter
values when the delay is changed, but the closed-loop system is stable.

The controller that gives the smallest attainable variance of the output
gives the standard deviations 1.000 and 1.004 when 7 = 0.4 and 0.6, respec-
tively, while the moving-average controller gives the standard deviations 1.003
and 1.007 when t = 0.4 and 0.6, respectively. Degradation in the performance
when the moving-average controller is used in this example is thus minor. 0O

44 UNIFICATION OF DIRECT SELF-TUNING REGULATORS

The moving-average self-tuner is attractive because of its simplicity. It is easy
to explain intuitively how the algorithm works, and the algorithm is casy to
implement. This has led to great interest in the algorithm. The algorithm can
be explained as follows: Determine the structure of a predictor that can be
used to predict the output d steps ahead. The parameters of the predictor are
estimated in real time. On the hasis of the estimated parameters the control
signal is determined such that the predicted output of the process is equal to
the reference value. The algorithm has been analyzed extensively. The closed-
loop bandwidth depends critically on the sampling period A and the prediction
horizon d, se both must be chosen with care. The algorithm may result in
a controller in which process zeros are canceled; the cancellations depend on
the chuice of prediction horizon. Many variants of the algerithm have heen
suggested, A number of these can be described in a unified framework, as we
will demonstrate.
Consider the model of Eg. {4.1), and introduce the filtered cutput

a1
yrle) = Sk ()
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where @* and P* are stable polynomials. The filtered output satisfies the
equation

“fg WP (g () = BHg M@ (g7 ult — do) + O (g 1R (@ elt)

Introduce the identity

Qg™ = Ag )P (g Ri(gT ) + g 48 (g
Then

yilt +dy) = {(8*yp(t) + B*@ Riu(®)) + Rie(f + do)

C* Q“
Introducing

. 1 1
yplt) = Wq'li yr(t) = my(f)

gives the model

yr(t+do) = o (S*y(t) + B*Rju(t)) + Rie(t + do) (4.31)
Ry analogy with Eq. (4.21) this model structure could be used with Algo-
rithm 4.1 to derive a self-tuning regulator for minimization of the variance
of v;. This reparameterized model now suggesis the following generalized self-
tuning algorithm.

ALGORITHM 42 Generalized direct seif-tuning algorithm

Data: Given the prediction horizon, d, the order of the controller, deg R* and
deg S*, the stable observer polynomial, A}, and the stable polynomials @* and
P, deﬁne the filtered signals

_@ / 1

3= Fovl A = 5y

Step 1: Estimate the coefficients of the pelynomials K* and 5* of the model

*

. R S
yf(t+d)|7A; )+A;

yr(t) + et +d) (4.32)

using the least-squares method.

Step 2: Calculate the control signal from

S
utt) =~ = 340
with B* and S given by the estimates obtained in Step 1.
Repeat Steps 1 and 2 at each sampling period. O
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From Eq. (4.31) and Theorems 4.1 and 4.2 it foilows that if the estimates
converge, then the closed-loop system will be

yi{t) = tielt)

or -
¥(@) = o Le(t) {4.33)
where R} is given by the identity
C*Q* = A'P'R} + ¢ B 'S’ (4.34)
and the control signal is given by
g° s
wlt) = 5 ¥(0) = — e ) (4.35)

where R* = B**R}. The closed-loop poles will thus be influenced by @~, and
additional zeros can be introduced through P*. The introduction of the filter
@/ P* gives what is sometimes called a detuned minimum-variance algorithm.

Algorithm 4.2 is essentially the same as Algorithm 4.1 applied to fiHered
signals. The filter @*/P* and the prediction horizen will determine the pulse
transfer operator of the closed-loop system. The optimal observer polynomial
is C*, which is unknown. Instead, an approximation A} is used. The observer
polynomial A} will determine the convergence properties. This will not influ-
ence the asymptotic properties as long as the filter @/P* and its inverse are
stable.

Minimum-variance control may result in large control signals. One way to
decrease the variation of the control signal is to generalize the loss function
such that it also contains a penalty on the control signal. Linear quadratic
controllers are of this Lype; a minor drawback with linear quadratic self-tuning
regulators is the computational burden. One way to simplify the problems is
to use a loss function of the form

M 2 *p - :
E{(P iy + do))” + (@ (@ Hute))” |93}
where
= (3B, ¥t~ 1), oo (O}, uft), ult - 1), ..., u(0)}
that is, the data available at time ¢. The resuliing controller is sometimes called
a generalized minimurmn-variance controller, This controller can be interpreted

in the qame framework as above. To illustrate this, assume that P* = 1 and
that @ = /7. This gives the loss function

E{y (£ + dy) + pre( \y} (4.36)

Notice that the loss function depends only on the output ¥ at tume t + dy, that
is, at only one time instant. Loss functions of the form (4.36) are sometimes
called one-stage loss functions.
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Figure 49 Equivalent systems.

Assume that the process is governed by Eq. (4.1). By using the represen-
tation of the process dynamics given by Eq. {4.21) it can be shown that the
control law that minimizes Eq. (4.36) is

(R" + r£ C’) u(t) = —8*¥(#) (4.37)
0
where
R" = R1R®

and R* and 8" are given by Eq. (4.16).

By using the same idea it is possible to construct a new system, which
has Eq. (4.37) as its minimum-variance controller. Augment the original ays-
tem with a parallel connection with the pulse transfer operator pa~®frg (see
Fig. 4.9). This is in fact a standard technigue to obtain an equivalent controller
with a bounded gain. The input-output relation of the augmented system is

A'yalt) = (B“ + rﬂA*) ult — do) + C*e(t)
1)
The minimum-variance control law for this system is given by

R (B* + 2 A‘) u(t) = 8 ya(t) (4.38)

Fa

where R} and S* satisfy Eq. (4.16). It follows from Fig. 4.9 that

%m=ym+%¢“Mﬂ
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Then Eq. (4.38) can be written as

(R;B* + P A*R;) u(t) = - §* (y[t} + ﬂq'dwu(t))

ry o
or
(R‘;‘B“" + f- (AR +q—'f°s*)> ult) = —-S*3(0)
¥}
Equation (4.16) gives

(R‘IB* + 2 c*) wlt) = — 5" ()
o

which is identical to Eq. (4.37). Notice that with the control law of Eq. {4.38)
the canceled factor is not B* but B* + pA*/ry. This implies that problems can
be expected when the system is nonminimum-phase and close to the stability
boundary.

In the generalized minimum-variance control algoritbm it is assumed that
C*(g~'} = 1. The algorithm can thus be obtained simply by adding a parallel
path to the original system and applying an ordinary self-tuning regulator
based on minimum-variance control to the augmented system. The control
gain is adjusted simply by changing the parameter p of the parallel path.

The preceding analysis shows that Algorithm 4.2 is very flexible. It can
be used for many different types of specifications, not only for minimum-
variance contrel. This is very important for the implementation of self-tuning
regulators.

Self-tuning Feedforward Control

Feedforward control is a very useful way to reduce the influence of known
disturbances. Examples of measurable disturbances can be temperatures and
concentrations in incoming product streams in chemical processes, outdoor
temperature in climate control systems, and thickness of the paper in paper
machines. Command signals can also be interpreted as a measurable distur-
bance. The controller in Eq. (3.2) can be interpreted as feedforward from the
command signat. To use feedforward, it is pecessary to know the dynamics of
the process. It is, however, also possible to establish self-tuning feedforward
compensation. One way to do thig is to postulate a model structure of the form

y(t +d) = R*u(t) + S*y() + T'u(t) + £(t + d)
where v(f) is the measurable disturbance acting on the system. The signal ¢
could also be the reference value. The polynomials R*, 8%, and T* arc estimated
in the usual way, and the control law is chosen to be
Sx Tt
= —— y(t) - t

ut) = — gz y(t) — rold)
Self-tuning feedforward control has been used successfully in many industrial
applications.
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Examples

The behavior of Algorithm 4.2 is illustrated through two examples.

EXAMPLE 47  Effect of filtering
Consider the process
¥t} + ay{t — 1} = bult — 1) + el(t) + ce(t — 1)

where @ = -09, & = 3, and ¢ = —0.3, which is the same process as in
Examples 4.4 and 4.5. Let the filter be

Q@ _lraw’

P 1+pg!
The identily of Eq. (4.34) gives the solution

Sg = Cctgy—a—
8 =coq1 —a;h
The control law is given by Eq. (4.35), with
RiP'B™ = b(1+pg™h)
Y, kp,=-03 pi=0 pi=0.3

!{v‘h v FLS

(hi (a)

0 0.02 0.04 V.

Figure 410 The output variance, V,, and input variance, V.., as functions of
q; of the system in Example 4.7 when p, = —0.3, 0, and 0.3, Three different
cases are indicated by dots: (a} p; = ¢ = 0; (b)) p1 = 0, @0 = 0. {c)
m=-03,q,=-09.
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Figure 411 Simulation of the generalized self tuning algorithm on the
system in Example 4.7 when (a) p, = ¢, = [ (minimum-variance control);
M p, =04, = =038 (e) p; = —0.3, g; = —0.9 {open-loop system).

The closed-loop system hecomes

L4pig!
i) = —- et
¥ = 7o)
so+slq"1
Iy
“O= g Y

There are many different ways to choose the filler @ /P~ In principle it should
be a phasc-advance network. This implies that the closed-loop system given
by Eq. (4.33) will be low-pass filtered. Figure 4,10 shows how the output and
input variances change with g, for some values of p,. Case (a) in Fig. 4.10
corresponds to minimum-variance control. In case {b} the output variance is
increased by 10%, and the input variance is reduced by about 60% compared
with the minimum-variance case. In case (c) the input variance is zero; that
is, the system is open-loop. Figure 4.11 shows the accumulated losses for the
input and the vutput when the generalized self-tuning algorithm is used. Cases
{(a), {b), and (c) are the same as in Fig. 4.10. O

EXAMPLE 48  Generalized minimum variance self-tuning controller

The self-tuning controller that minimizes Eq. (4.36) will now be used to control
the same system as in the previous example. The controller in Eq. (4.37), with



4.4 Unification of Direct Self-tuning Regulaters 163

't

(.02 0.04 V),

-

Figure 412 The output variance V, as a function of the input variance V,
in Example 4.8 for different values of p: (a) p = 0; {b) p = 4; [e) p = 100,

R* and 8" given by Eq. {4.16), is

¢ —da

uit) = T b+p(l+ag )

Ya(t)

Figure 4.12 shows the output variance as a function of the inpul variance
for different values of p. The curve has the same gross behavior as shown in
Fig. 4.10. However, the parameter p may be easier 1o choose than the filter in
Example 4.7. Figure 4.13 shows the accumulated losses of the output and the
input for different values of p when the self-tuner in Algorithm 4.1 is used on
the augmented system shown in Fig. 4.9. Compare Fig. 4.11. O

Summary

There are many ways to make direct self-tuning regulators with good prop-
erties. The amount of computation is moderate, since the design calculations
arc eliminated. It has been shown that the generalized direct self-tuning al-
gorithm, Algorithm 4.2, is very flexible. By using the filter @*/F* and the
prediction horizon, it is possible to determine the behavior of the closed-loop
system. It is possible to ehoose, for instance, moving-average control, general-
ized minimum-variance control, or pole-zero placement conirol.

The observer polynomial does not influence the asymptotic properties. It
will instead infiuence the transient properties and can be used to improve the
convergence properties of the algorithm, The robustness and sensitivity of the
algorithm are also influenced by the filter @*/P~.

For simplicity, Algorithm 4.2 has been derived for the regulator case, mn
which the reference value is equal to zero. It is easy to modify the algorithm
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Figure 4.13 Simulaiion of the generalized minimum variance self-tuning
algorithm on the system in Exampte 4.8 when (a) p = 0 {mintmum-variance
eontrol); {b) p = 4; {¢) p = 100 ("almost” open-loop control).

such that the output follows a referenee trajectery; some ideas are suggested
in the problems at the end of this chapter and in Section 11.3.

45 LINEAR QUADRATIC 5TR

The linear quadratic design procedure can also be used as the design method
in a self-tuning regulator. Consider the process model

Algyr(t) = Blgiu(t) + Clglelt) (4.39)
and the steady-state loss function
Jyu = B {00} - ya @) +p’0) (440)

The optimal feedback law that minimizes Eq. (4.40} for the system of Eq. (4.39)
is given by the following theorem.

THEQREM 43 LOG control

Consider the system in Eg. {4.39). Let the monic polynomials A{g) and C{g)
have degree n. Assume that C{g) has ali its zeros inside the unit dise, and
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assume that there is no nontrivial polynomial that divides A(g), B{g), and
C(q). Let Az(g) be the greatest common divisor of A(g) and B(g}, let A} (g) of
degree [ be the factor of A;(g) with all its zeros inside the unit disc, and let
Az {q) of degree m be the factor of A{g) that has al! its zeros outside the unit
disc or on the unit circle.

The admissible contrel law that minimizes Eq. (4.40) with p > 0 is then
gven by

Rigu(t) = -Sig)y(t) + T(g)yn(2) (4.41)

where R and S are of degree n + m

R(q) = A; (q)R(q)

N (4.42)
S(g) ==z"5{q
and R(g) and S§{q) satisfy the Diophantine equation
ALQA; (@R () + ¢"Bi{7)S(q) = Pi{q)C(9) (4.43)

with degfi’[q} = degS(q) = n and 5‘(0) = 0. Furthermore,

Alg) = A1(q)As(q)

B(g) = Bi(q)Au(g)

B{g) = Bi(g)A;{q)
The polynomial P(g) is given by

P(q) = Az (g)P(g) (4.44)
where P;{q) is the solution of the spectral factorization problem

rPyg)Ps(qt) = pAL@A; (@)A1(e A (@} + Bu(g)Bu(e 1) (4.45)

with deg P1{¢) = deg A, (g} + deg A;{g). The polynomial T(g) is given by

T(g} = taq™ C{q)
where

ty = P1(1)/B1{1) J

A proof of the theorem is feund in Astrém and Wittenmark {1990).
Remark. By using Egs. {4.42) the identity (4.43) can be written as

A(g)R(g) + B(g)S(a) = A ()P (q)C(q)

The LQG solution can thus be inlerpreted as a pole-placement controller,
where the poles are positioned at the zerog of Az, Pq, and C. The coniroller
also has the property that A; divides R. This i3 an example of the internal
model principle. Using the internal model principle implies that a model of the
disturbarnce is included in the controller, )
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To solve the design problem, it is necessary to solve the spectral factoriza-
tion problem of Eq. (4.45) and to solve the Diophantine equation Eq. (4.43).
The solution to the LQG problem given by Theorem 4.3 is closely related to
the pole placement design problem. The solution to the spectral tactorization
problem gives the desired closed-loop poles. The second part of the algorithm
can be interpreted as a pole placement problem.

An alternative solution to the design problem is to use a state space
formulation. The process model of Eq. (4.39) can be wriiten in state space
form as _ _ _

x(¢11) = Ax(t) + Bu{t) + Ke(t)
3(£) = Cx(8) +elt)

where the matrices A, B, C, and K are given in the canonical form

(4.46)

-ty i o ... 0
A:[ 5 -

—fIn-1 0 .1

—tly 0 R
E:[o 0 By bm]T
¢ = (1 0 .. 0]

_ T
K = [Cl—l:ljl cn—an]

where m = n—dp. The model in Eq. (4.46) is called the innovation model, and K
is the optimal steady-state gain in the Kalman filter, that is, 2(z+1{¢) = x(¢+ 1).
It is also possible to derive the filter for Z(¢|¢), which is given by

) = (g - A+ KCY ' (Bult) + Ky(t))

By using the definitions of A, K, and C it is easily seen that det(q/ -A+KC) =
C(g). That is, the optimal observer polynomial is equal to C(g).
Introduce the loss function

N
J.=E {ZxT (OQux(t) + pu?(t) + xT(N)Qox(N)} (4.47)
=1
The optimal controiler is given by
ult) = —L(OE(|t) (4.48)}

where L(t) is a time-varying feedback gain given through a Riccati equation
' o T T "

S = (A-BL@) S@+H(4-BLE) +Q +pLI LI

(4.49)
L{t) = (p 4 BTS(t+ 1)1‘3) BTS¢+ 1A
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with S(N) = Q. The limiting controlier

L=lmZLp

o

is such that the closed-loop characteristic equation is
Plg)~detjg—A+RBL)=0

where P{g] is the same as in Eq. {4.44).

The two solutions to the LQG control problem suggest two ways to con-
struct indirect linear quadralic sel-tuning regulators. In both algorithms it is
first necessary to estimate the A, B, and € polynomials in the process model
of Eq. (2.39). This can be done by using the recursive maximum-likelihood
method or the extended least-squares method. This leads to the following al-
gorithm.

ALGORITHM 43 Indirect LOQG-STR based on spectral factorization

Data: Given specifications in the form of the parameter p in the loss function
of Eq. {4.40) and the order of the system.

Step 1: Estimate the coefficients of the polynomials A4, B, and C in Eq. {4.39).

Step 2: Replace A, B, and C with the estimates obtained in Step 1 and solve
the spectral factorization problem of Eq. (4.45) to obtain P(q).

Step 3: Solve the Diophantine equation of Eq. (4.43).
Step 4: Caleulate the control signal from Eq. (4.41).
Repeat Steps 1, 2, 3, and 4 at each sampling period. O

The state space formulation gives the following algorithm.

ALGORITHM 44 Indireci LOG-5TR based on the Riccati equation

Data: Given specifications in the form of the parameters o, &1, and p in the
loss function of Eq. {4.47) and the order of the system.

Step 1: Estimate the coefficients of the polynomials A, B, and € in Eq. {4.39).

Step 2: lReplace A, B, and C with the estimates obtaimed in Step 1 and solve
the algebraic Riceati equation or iterate Eqs. (4.49) to cbtain L.

Step 3: Calculate the contrql signal from Eq. (4.48).
Repeat Steps 1, 2, and 3 at each sampling period. ]

Notice that if @, = CTC, the steady-state solution to Egs. (4.49) will give
the same result as the minimization of Eq. (4.40). Algorithms 4.3 and 4.4 are
indirect algorithms that are able to handle nonminimum-phase systems and

168 Chapter 4 Stochastic and Predictive Self-tuning Regulators

varying time delays. The computations are more extensive for these algorithms
than for the simple self-tuning regulators discussed above.

Solution of the spectral factorizatien or the Riceati equation is the major
computation in an LQG self-tuner. These caleulations can be made in many
different. ways. The Riccati cquation can be solved by using an eigenvalue
method or by some iterative method. The iterative methods will in general
lead to shorter code. 1n general the Riceati equation is iterated several steps. To
guarantee that the calculations can be done in a prescribed sampling interval,
it iz necessary to truncate the iterations; it is important that a reasonable
result be obtained when the iteration is truncated. For instance, the polynomial
P in the spectral factorization must be stable. This is guaranteed for some
algorithms. In some algorithms it is suggested that the Riceati equation be
iterated only one step at each sampling.

4.6 ADAPTIVE PREDICTIVE CONTROL

Algorithm 4.1 is one way to make a controller with a variable prediction
horizon. The underlying control problem is the moving-average controller. The
moving-average controller may also be used for nonminimum-phase systems,
as wasg illustrated in Section 4.3,

In using the minimum-variance controller or the moving-average controller
the output is predicted only at. one future time. The prediction horizon d is then
a design parameter. The predicted output can also be computed for different
prediction horizons and then used in a loss function. Several ways to achieve
predictive control have been suggested in the literature; we now discuss and
analyze some of these. The case with known parameters is first analyzed before
the adaptive versions are discussed.

Predictive control algorithms are based on an assumed model of the pro-
cess and on an assumed scenario for the future control signals, This gives a se-
quence of control signals. Only the first one is applied to the process, and a new
sequence of control signals is calculated when a new measurement is obtained.
This is called a receding-horizon controller. There are many variants of pre-
dictive control, for instance, model predictive control, dyrnamic matrix control,
generalized predictive control, and extended horizon conirol. The methodology
has been used extensively in chemical process control.

Output Prediction

Ome basic idea in the predictive control algorithms is to rewrite the process
model to get an explicit expression for the output at a future time. Compare
Eq. (4.22). Consider the deterministic process

Atlg )y = B (g ult — do) (4.50)
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and introduce the identity

1= A g HFe V+g ‘Gye™) (4.51)
where
degF; =d -1
degGy;=n-1

The subseript d is used to indicate that the prediction horizon is d steps. It
iz assumed that d > dy. The polynomial identity of Eq. (4.51) can be used to
predict the output d steps ahead. Hence

vt td) = AFy(t +d) + Goy(t) = B Fjult + d —do) + Giy(t)  (4.52)
Compare Eq. {4.12). Introduce

B g WFig™) = Rylg™ ) + ¢ @ VR
where
degB) = d —dyg
degBRy=n-2

The coefficients of R}, are the first d —dg + 1 terms of the pulse response of the
open-loop system. This can be seen as follows:

—dy @ *
¢ "B dor o . -aCx
92 _gB Zd
A* 9 ( 2t 5

(4.53)

. - . e 1y, Bllg NGeT)
do pt (—1 (et 1) Be g1 d (d4edy)
@ “Rylg ) +q "R+ . q

‘ « Alg )
The powers of the last two terms are at least —(d + 1). It then follows that R}

is the first part of the pulse response, since deg B} = d - d.
Equation (4.52) can be written as

y(t +d) = Ry{g ult + d—do} + Rifg Mult - 1)+ Gilg ")y()
= Rylg ult + d — do) + 74iD) (4.54)

R (g Yu(t +d — dy) depends on ufz),....ull+d - dy), and 34(¢) is a function of
u(t-1), u{t-2), ..., and y(z), y(t -1}, .... The variable y4(¢) can be interpreted
as the constrained prediction of y(! + d) under the assumption that «(#) and
future control signals are zero. The cutput at time ¢ +d thus depends on future
control signals (if d > dy), the control signal to be chosen, and old inputs and
outputs. If d > do, it is necessary to make some assumptions about the future
control signals. One possibility is to assume that the eontrol signal will remain
eonstant, that is, that

u(t)y =u(t+ 1) = = ult +d - do) (4.55)
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Another way is to determine the control law that brings (¢ + d) to a desired
value while minimizing the control effort over the prediction horizon, that is,
10 minimize

tod

> utk) (4.56)

ket
A third way is to assume that the increment of the control signal will be zero
after some time. This is uscd, for instance, in generalized predictive control
(GPC), which is discussed below.

Constant Future Control

Consider Eq. (4.54) and assume that the predicted outpul is equal to the
desired output, that is, y(t + d) = yn(Z + d). If we assume that Eq, (4.55)
holds, then u{¢) should be chosen such that

(e +d) = (Ry(1) + g ' Ry(g™") u(t) + Gilg™ ) (t)

This gives the controel law

afey - Inlt )= Citg D0 ()
Ry(1) + Ry Mg ™!

This control signal is then applied to the process. At the next sampling instant
a new measurement is obtained, and the control law of Eq. (4.57) is used again.
Note that the value of the control signal is changed rather than kept constant,
as was assumed when Eq. {4.57) was derived. The receding-horizon control
principle is thus used. Note that the control law is time-invariant, in contrast
to a fized-horizon linear guadratic controller.

We now analyze the closed-loop system when Eq. (4.57) is used to control
the process of Eq. (4.50). It is now necessary to make the calculations in the
forward shift operator, since poles at the origin may otherwise be overlooked.
The identity of Eq. (4.51) can be written in the forward shift operator as

¢! = Alg)Fulg) + Gala) (4.58)
The characteristic polynomial of the closed-loop system is
P(g) = Alg) (@"'Ra(1) + Ra(q)) + Ga(q}Blg) (4.59)

where
degP =degA+n-1=2n-1

The design equation (Eq. 4.58) can now be used to rewrite Plg):

Big)g™? ' = A(q)B(q)Falq) + Galy)B(g)
= A{g) (¢"Ralq) + Ralq)) + Gala}B{q)
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Hence )
Alg}Ratg) + Galg)Bla) = Blg)g" * ' - Alg)q" *Ralq)
which gives

P(g) = ¢" 'A@RL) + ¢ (¢“B(@) - A@R.(@))

If the process is stable, it follows from Eq. {4.53) that the last term vanishes
as d — ~c. Thus

lim P(g) = ¢" 'A(g)Ra(1) if A(z) is a stable polynomial

-

The properties of the predictive control law are illustrated by an example.
EXAMPLE 49  Predictive control

Consider the process model

y(t + 1} + ay(t) = bult)
The identity of Eq. {4.58) gives

¢ =(g+a)g? + g+ faa) + &
Hence
F{q] _ qu’—l _ aqd—z + and—S Foo+ (_a)d—].
Glg) = (-a)*
fa(g) = 6F(q)
Rylg) =0
and the control law becomes, when v, = 0,
(o) - (~a)’ (-a)'(1+ )

— = ~——" Ty
bi—ar @57 " - o ¥
The characteristic polynomial of the closed-loop system is

(—a)¥(l+a
P(Q)ZQ“'G"'—I"_(_‘T)[;)
which has the pole
o
__ax(a)
2d = 1= (_a)d

If ¢ < 0 the location of the pole is given by

0<ps < —a |e| <1 (stable open-loop system)
0<py <l la| > 1 (unstable open-loop system)
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Figure 4.14 The closed-laop pole py; = (a? — ¢)/{a” - 1} as function of d for
different values of a.

The closed-loup pole for different values of a and d is shown in Fig. 4.14. The
example indicates that it can be sufficient to use a prediction horizon of five to
ten samples. ]

It is possible to generalize the result of Example 4.9 to higher-order sys-
tems. The conclusion is that the closed-loop response will be slow for slow
or unstable systems when the prediction horizon inereases. The restriction of
Eg. (4.55) is then not very useful.

Minimum Control Effort

The control strategy that brings y{¢ +d) to ym{f +d) while minimizing Eq. (4.56)
will now be derived. Equation (4.54) is

yit +d) R;(q'l)u(t +d — do) + Fa(E)

= rgplt(t + V) + - +rau(t) - yu(t)

i

where v = d — dj. The condition
Yt +d) = yu(t +d) = Jalt) + Rilg Du(t +d - do)

can be regarded as a constraint while minimizing Eq. {4.56). Intreducing the
Lagrangian multiplier 4 gives the lose function

2J = u(t) + v ult +v)? + 24 (yu(t + d) — Fa() — Riyle Nult +v))
Equating the partial derivatives with respect to a(t), -, u(t +v) and 4 to zero

gives
uft) = Argy

u(t+v) = Argo
Ymlt + d) — ylt) = raoult + v} + -+ ravu{t)
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This sct of equations gives

) = P+ ) =5t
i
where

v
o
E Tdi
=t}
Tdv

M=
Using the definition of y,{¢) gives

Hult) = ym(t +d) ~ Riu(t — 1) - Gay(®)

or

nlt+d) = Gip(0)

ufe) = 2 _ ymlt+d+n-1) - Gulg)y(t)

i+ q IRy, uq '+ Ralg)

Using Eq. (4.60} and the model of Eq. (4.50} gives the closed-loop characteristic
palynomial

(4.60)

Plg) = Alg) (¢" ' + Ry(q)) + Galq)B(g)

This is of the same form az Eq. (4.56), with R4(1) replaced by £. This implies
that the closed-loop poles approach the zeros of " 1 A{g) when A{qg) is stable
and when d -» cc. What will happen when the open-loop system is unstable?
Consider the following example.

EXAMPLE 410 Minimum-effort control

Consider the same system as in Example 4.9, The minimum-effort controller
is in this case given by

1ra®+--+a@ VN  pla¥ -1
(~a)*! - (~a) Ha? - 1)

u="0

which gives (when y,, = 0)

{_a)d a?.d—l(az - 1)
= — i = i
u(t) P yit) @ 1) ¥(t}
The pole of the closed-loop system is
C g a e -1) & '+a
Pa = a¥ -1 = a¥-1
which gives
r}im Pe = —Q le| <1 (stable apen-loop system]
}fjm pe = —1/a le| > 1 {unstable open-loop system)
e

For this example the minimum-effort controller gives a better closed-loop sys-
tem than if the future control is assumed to be constant. m]
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Generalized Predictive Control (GPC)

The predictive controllers discussed so far have considered the output at only
one future instant of time, Different generalizations of predictive control have

been suggested, in which different loss functions are minimized. One possibility
is to use

Ny N,

et 2 <
J(NLNo, N = B9 S (_v[i ) =yt + k}) + 3 pau k- 1)
h=N) E=1
(4.61)
where
A=1-g"

is the difference operator. Different choices of N1, N2, and N, give rise to the
different schemes suggested in the literature.

The methodology of generalized predictive control is illustrated by using
the loss funetion of Eq. (4.61) and the process model

¥ *i et

A'lq y(0) = Brlg Yt do) + 2 (s.62)
This model is sometimes called the CARIMA {controlled auto-regressive inte-
grating moving-average} model. It has the advantage that the controller will
automatically contain an integrator. (Compare Section 3.6.} As with Eq. (4.50},
the following identity is introduced:

1= A" g WFig 1-q" +q “Gila™) (4.63)
This can be used to determine the output ¢ steps ahead:

yit +d) = F3BAu(t +d — d) + G3y(t) + Fie(t +d)

F1is of degree d — L. The optimal mean squared error predictor, given measured
output up to time ¢ and any given input sequence, i3

5t +d) = FiB*Ault +d —dy) + Giy(t) (4.64)

Suppose that the future desired outputs, yn, (¢ + k), & = 1, 2,... are available.
The loss function of Eq. {4.61) can now be minimized, giving a sequence of
future control signals. Notice that the expeclation in Eq. (4.61} is made with
respect to data obtained up to time ¢, assuming that no future measurements
are available. That is, it is5 assumed that the computed contrel sequence is
applied to the system. However, only the first element of the control sequence is
used. The calculations are repeated when a new measurement is obtained. The
resulting controller belongs to the confusingly named class called open-loop-
optimal-feedback control. As the name suggests, it is assumed that feedback 1s
used, but it is computed only on the basis of the information available at the
present time.
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In analogy with Eq. (4.54} we get

yt+ 1) = RilgNault +1 - do + 71 (8) - Fle(t +1)
¥t +2) = Riy(q NAult +2 — do) + ¥a(t) ~ Fae(t - 2)

y(t + NY = Ry(g )ault + N - dy) + yult) + Fye(t + N)

Each output value depends on future control signals (if 4 > dg), measured
inputs, and future noise signals. The equations ahove can be written as

y=RAu+¥%+e

where
y= (sesn oyeem)’
Au = (Au(t+1—-d0) du(£+N---d0)]T
7= (80 .. o)
e = [F{e[t+1) F;\,e(HN)]T

From Eq. (4.53} it follows that the coefficients of R, are the first d —dp + 1
terms of the pulse response of g “B*/(A*A), which are the same as the first

d —dg + 1 terms of the step response of g B8*/A’. The matrix R is thus a
lower triangular matrix:

o 0 0

I8 ro 0
R:

Ty-1 Nz ... T

If there is a dead time in the system, dy > 1, then the first d) — 1 rows of R.
will be zero. Also introduce

T
m= (omlt+1) o yalt+N))
The expected value of the loss function can be written as
JLN,N) = E{(y - Yu) (¥ — ¥m) + pAu” Au}
= (RAU+ ¥ -ym) (RAU+ § ~ ¥m) + pAu" Au  (4.65)

Minimization of this cxpression with respect to Au gives

Au = (R'R + pI) 'R (ym - 7) {4.66)
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The first component in Au is Au(t), which is the control signal applied to
the system. Notice thal the controller automatically has an integrator. This is
necessary to compensate for the drifting noise term in Kyq. {4.62).

Notice that R is independent of the measurements and the old control
signals. Only y,, and § depend on the measurements. The controller (4.66} is
thus a time-invariant controller if the process is time-invariant. The predictive
controller can thus be interpreted ir: terms of a pole placement controller. For
instance, N, = Ny =n+ 1, N; 2 2(rn + 1) - 1, and p = 0 leads to a deadbeat
controller.

The calculation of Eq. (4.66) invelves the inversion of an N x N matrix,
where N is the prediction horizon in the loss function. To decrease the compu-
tations, it is possible to introduce constraints on the future eontrol signals. For
instance, it can be assumed that the control increments are zero after N, < N
steps:

Auft+k-1)=0 k>N,

This implies that the control signal is assumed to be constant after N, steps.
Compare the constraint of Eq. (4.55). The control law (Eq. 4.66) then changes
to

Au = (R Ry +pI}V 'Ry (ymm — §) (4.67)

where R, is the N x N, matrix

o 0 0 3
ri rn
R; =
4]
rN oy TN-2 ... TN-N,

The matrix to be inverted is now of order NV, X N,,.

One advantage of the receding horizon controllers is that it is possible to
include constraints in the states and the control signal. References to this are
given at the end of the chapter. Onc disadvantage with the GPC is that there
are many parameters to determine, and it is not obvious how to choose the
parameters to got a stable closed-loop system.

The output and control horizons can be chosen as follows: The lower limit
N, in Eq. {(1.61) indicates the first output that will be used in the loss function.
The first output that is influenced by u(2) is y(¢ +do). If the time delay is known,
then N, = d, is the obvious choice. When the time delay is unknown, Ny = 1
or N1 = domin could be used, where dy. 1s an estimate of the lower limit of the
delay, For unknown delays the order of the B polynomial should be increased
to make it possible to include all possible values of dp. This will make the
adaptive GPC quite insensitive to variations in the time delay.
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The maximum output horizon N; can be chosen such that Nk is of the
same magnitude as the risc time of the plant, where A is the sampling time
of the controller. If the system is nonminimum phase, then N; should be
chosen such that N2 exceeds the degree of the B polynomial. This will imply
that the maximum output horizon is longer than a possible negative-going
nonminimum-phase transient.

The control horizon N, is an important design parameter. As a rule, N,
should be longer the more complex the process is. For processes that are
unstable or close to the stability boundary it is necessary to use a N, that is
at least equal to the number of unstable or poorly damped poles. For simpler
processes, N, = 1 often gives good results.

To make the generalized predictive controller adaptive, it iz necessary
at each step of Lime to estimate the A* and B* polynomials. The predicted
values for different prediction horizons are computed, and the control signal
is caleulated from Eq. (4.67). The adaptive generalized predictive controller
is thus an indirect eontrol algorithm. The predictions of Eq. (4.64) can be
computed recursively, which will simplify the computations. Finally, N, is
usually chosen to be small, which implies that only a low-order matrix needs
to be inverted, The adaptive version of GPC has shown good performance and
a certain degree of robustness with respect to the choice of model order and
poorly known time delays.

To investigate the closed-loop properties of the system in using GPC, we
firat determine the control signal Au(?) from Eq. (4.67):

Ault) = [1 0 .. 0] (RyRy +pI)  RaT (yom - 7)
= [Ch OCN] (Ym — 7}
Further, from Eq. (4.62}, using Eq. (4.54),
Ridu(t — 1)+ GIy(b) RI;:A g™+ G
y = : = ; ¥
Ry Au(t - 1) + G y(t) _::N_liﬁ ¢ty G

The closed-loop system has the characteristic equation
RIATAGHT + B*CY
A*A+[a1 ay] :
RyA*Aq®~t + B*Gy
The identity of Eq. (4.63) gives
B* = A'AB*F} + ¢ *GyB"
= A'A(R; + g 9% URY) 1+ g 2GyB"
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This gives the characteristic equation
(B - A*AR})q
A*A+[a1 (x;\v} :
(B - A"ARY)g"

N
= A"A + g (B* - A'AR)) (4.68)
i=1
Equation (4.68) gives an expression for the ¢losed-loop characteristic equation,
but it is still difficult to draw any general conclusions about the properties of
the elosed-loep system even when the process is known.
I N, =1, then
r;
P+ Ejv:] r j
If p is sufficiently large, the closed-loop system becomes unstable if the open-
lonp process is unstable. However, if both the control and cutput horizons are
increased, the problem is the same as a finite-horizon linear quadratic control
problem and should thus have better stability properties.

The model predictive controllers such as GPC have the drawhack that there
are many parameters to choose. Even if there are rules of thumb for choosing
the paramcters, it is sometimes difficnlt to determine the parameters such that
the closed-loop system is stable (see Problem 4.12). This diffieulty exists both
when the process is knuwn and when an adaptive (GPC algorithm is used.

It is easily seen that the GPC control problem can be interpreted as a
stationary LQG control problem but with time-varying weighting matrices or
as a finite horizon LQG problem. Compare the loss functions {4.47) and (4.61}).
The staticnary L@Q(G problem and the associated Riccati equation have been
extensively studied, and there is much knowledge about the properties of the
closed-loop system. The drawback of the infinite-horizon LQG formulation is
that it cannot handle constraints in the states or the control signal. Different
ways to formulate and solve the constrained receding herizon problem are
given in the references at the end of the chapter.
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4.7 CONCLUSIONS

This chapter has reviewed different self-tuning regulators. The basic idea is to
make a separation between the estimation of the unknown parameters of the
process and the design of the controller. The estimated parameters are assumed
to be equal to the true parameters in making the design of the controller. It is
sometimes of interest to include the uncertainties of the parameter estimates in
the design. Such controllers are discussed in Chapter 7. By combining different
estimation schemes and design methods, it is possible to derive self-tuners with
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different properties. M this chapter, enly the basic ideas and the asymptotic

properties are discussed. The convergence of the estimates and the stability of

the closed-loop system are discussed in Chapter 6.

The most important aspect of self-tuning regulators is the issue of param-
eterization. A reparameterization can be achieved by using the process model
and the desired clogsed-loop response. The goal of the reparameterization is to
make a direct estimation of the controller parameters, which usually implies
that the new model should be linear in the controller parameters.

Only a few of the proposed self-tuning algorithms have been treated in
this chapter. Different combinations of estimation methods and underlying
control problems give algorithms with different properties. One goal of the
chapter has been to give a feel for how self-tuning algorithms can be developed
and analyzed. It is important that the desired closed-loop specifications are
carefully chosen in applying a self-tuner. A design method that is unsuitable
when the process is known will not become better when the process is unknown,

It is also possible to derive self-tuning regulators for multi-input, multi-
output (MTMQ) systems. The MIMO case is more difficult to analyze. One main
difficulty is to define what the necessary a priori knowledge is in the MIMO
case. It is quite straightforward to derive a self-tuning algorithm corresponding
to the generalized direet self tuning regulator for the restricted case when the
delays between the different inputs and outputs are known,

PROBLEMS

4,1 Consider the process and controller in Example 4.4. The controller pa-
rameter &, may be very large if & is small. Discuss alternatives to ensure
that the controller parameter stays bounded.

4.2 Consider the basic direct self-tuning eontroller in Algorithm 4.1. Discuss
different ways to incorporate reference values in the controller. What are

the properties of the following three ways for taking care of the reference
value?

{a) Use the difference y — u,. instead of y in the algorithm, and introduce
an integrator in the controller.

(b) Estimate the parameters uging the model
¥t+dy=Ru+8y-Tu.+¢
and let the controller be
Ru=-8y+Tru

{¢) Use the difference u, — y inctead of y in the algorithm, and introduce
an integrator in the controller.

4.3 Show that the control equation (4.37) minimizes the loss function (4.36).
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4.4

4.5

4.6

4.7

4.8

4.9

4.10
4.11

4.12
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Consider the system in Example 4.6. Assume that%the process is known.
Compute the optimal minimum-variance controller and the least attain-
able output variance when (a) 7 = 0.4 (the minimum-phase case) and
(b} £ = 0.6 (the nonminimum-phase case). (Hirnt: Use Theorem 4.3 for
the nonminimum-phase case.)

Make the same calculations as in Problem 4.4 but for the moving-average
controlier with & = 2.

Consider the generalized minimum-variance controller of Eq. (4.37).
Compute the closed-loop characteristic equation. Discuss when the de-
sign method may give an unstable closed-loop system. For instance, is it
useful for the process in Example 4.6 when 7 = 0.6?

Copsider the process in Kxample 4.6 when t = 0.6 and = 0, Use

Eq. (4.67) to compirte the closed-loop poles for different values of N when
N, =1

Show that the moving-average controller with B** = 1 and d = n
corregponds to a state deadbeat controller,

Consider the process in Example 4.3. Assume that

Alg) = ¢ —15¢+ 07
Blg)=g+b
Clg)=q¢*—¢q+02
Determine the variance of the closed-loop system as a function of by

when the moving-average controller is used. Compare with the lowest
achievable variance,

Show that the control law (4.66) minimizes the loss function (4.65).

Consider the process in Example 4.5. Investigate through simulation
what vatues of 7o can be used. Make the simulations with and without
bounds on the control signal. How sensitive is the choice of initial values
in the algorithm?

Congider the system {4.62) with e(t) = 0 and

Afg ) =1-4¢" +4g7t = (1-2¢7)
B¢ ") =q ' -1999q7"

The open-loop process is unstable, and there iz a near pole-zero can-
cellation. Assume that p = 0.1 and compute the generalized predictive
controller that minimizes Eq. (4.65) for different values of N. How large
must N be to get a stable closed-loop system? (The problem is adopted
from Bitmead ef al. (1990).) (Hint: Don’t give up until N > 25.)
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4.13 Coosider the system in Problem 1.9.
(a) Sample the system and assume that e is discrete-lime measurement
noise. Determine the minimum-variance controller for the system.
(b) Simulatfe a self-tuning moving-average controller for different predic-
tion horizons.

4.14 Make the same investigation as in Problem 4.12 but for the process in
Problem 1.10,
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CHAPTER 5

MODEL-REFERENCE
ADAPTIVE SYSTEMS

5.1 INTRODUCTION

The model-reference adaptive system (MRAS) is an important adaptive con-
troller. It may be regarded as an adaptive servo system in which the desired
performance is expressed in terms of a reference model, which gives the desired
response to a command signal. This is a convenient way to give specifications
for a servo problem. A block diagram of the system is shown in Fig. 5.1. The
system has an ordinary feedback loop composed of the process and the con-
troller and another feedback loop that changes the controller parameters. The
parameters are changed on the basis of feedback from the error, which is the

¥m

[ Model

¥

Adjustment |
| mechanism

Controller parameters

¥

Yy

Controller “m  Plant ¥

Figure 5.1 Block diagram of a model-reference adaptive system (MRAS).
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difference between the output of the system and the output of the reference
model. The ordinary feedback loop is called the inner loop, and the parameter
adjustment loop is called the outer loop. The mechanism for adjusting the pa-
rameters in a model-reference adaptive system can be obtained in two ways:
by using a gradient method or by applying stability theory.

In the MRAS the desired behavior of the system is specified by a model,
and the parameters of the controller are adjusted based on the error, which is
the difference between the outputs of the closed-loop system and the model.
Model-reference adaptive systems were originally derived for deterministic
continuous-time systems. Extensions to discrete-time systems and systems
with stochastic disturbances were given later.

The presentation in this chapter follows the historical development. The
MIT rule is derived in Section 5.2. This rule has cne parameter, the adaptation
gain, that must be chosen by the user. In Section 5.3 we discuss methods to de-
termine the adaptation gain. Section 5.4 presents Lyapunov’s stability theory,
and Section 5.5 shows how this theory can be used to derive stable adaptation
laws. These laws are similar to those obiained by the MIT rule. In Section 5.6
we introduce the theory for input-output stability. This gives another way of
viewing adaptive control systems, which is presented in Section 5.7. In Sec-
tion 5.8 we show how MRASs can be obtained for cutput feedback of general
linear systerns. Section 5.9 gives a comparison between self-tuning regulators
and MRASs. Adaptive control of nonlinear systems is briefly discussed in Sec-
tion 5.10. The chapler is summarized in Section 5.11. Further insight into
medel reference adaptive systems is given in Chapter 6.

52 THE MIT RULE

The MIT rule is the original approach to model-reference adaptive control. The
name is derived from the fact that it was developed at the Instrumentation
Laboratory (now the Draper Laboratory) at MIT.

To present the MIT rule, we will consider a cloged-loop systemn in which the
controller has one adjustable parameter 8. The desired closed-loop response 1s
specified by a model whose output is yn. Let e be the error between the output
y of the closed-loop system and the output y,, of the model. One possibility is
to adjust parameters in such a way that the loss function

Ji8) — %ez (5.1)

is minimized. To make J small, it is reasonable to change the parameters in
the directien of the negative gradient of o, that is,

dé et oe

e T B AT

(5.2)
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This is the celebrated MIT rule. The partial derivative de/08, which is called
the sensitivity derivative of the system, tells how the error is influenced by
the adjustable parameter. If it is assumed that the parameter changes are
slower than the other variables in the system, then the derivative d¢/88 can
be evaluated under the assumption that € is constant.

There are many alternatives to the loss function given by Eq. {(5.1). If it 1s
chosen to be

J(0) = I (63)
the gradient method gives
dé de |

i —}/% signe (5.4)
The first MRAS that was implemented was based ¢n this formula. There are,
however, many other possibilities, for example,

98— ysign ( 20 sign(e)
g, = ~vsign| o7 | signle

This is called the sign-sign algorithm. A discrete-time version of this algorithm
is used in telecommunications, in which simple implementation and fast com-
putations are required. (See Section 13.2.)

Adjusting many parameters Equation (5.2) also applies when there are many
parameters to adjust. The symbol & should then be interpreted as a vector and
Je/8@ as the gradient of the error with respect to the parameters.

Examples

We now give two examples that illustrate how the MIT rule is used to obtain
a simple adaptive controller, and we also show some properties of adaptive
systems.

EXAMPLE 5.1  Adaptation of a feedforward gain

Consider the problem of adjusting a feedforward gain. In this problem it is
assumed that the process is linear with the transfer function kG (s), where G{(s)
is known and k is an unknown parameter, The underlying design problem is
to find a feedforward controller that gives a system with the transfer function
Gn(s) = koG (s}, where kg is a given constant. With the feedforward controller

i = Bu,

where u is the control signal and i, the command signal, the transfer function
from command signal to the output becomes 8kG(s). This transfer function is
equal to G (s} if the parameter ¢ is chosen to be

_ ko

9= %
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Figure 5.2 Block diagram of an MRAS for adjustment, of & feedforward gain
based on the MIT ruje.

We will now use the MIT rule to obtain a method for adjusting the parameter
& when % is not known. The error is

e=y—ym = kGip)Ou: — koG phu

where u, is the command signal, y,, is the model output, y is the process output,
@ is the adjustable parameter, and p = d/dt is the differential operator. The
sensitivity dertvative is given by

Jde k
86_ - kG(}])u(r - k‘; Ym
The MIT rule then gives the following adaptation law:
g ok 5.5
P 4 %o Yme = —V¥mé (5.5}

where ¥ = ¥'k/kp has been introduced instead of ¥, Notice that to have the
correct sign of ¥, it is necessary to know the sign of 2. Equation (5.5) gives the
law for adjusting the parameter. A block diagram of the system is shown in
Fig. 5.2.

The properties of the system can be illustrated by simulation. Figure 5.3
shows a simulation when the system has the transfer function

G(sy = ——
) s§+1

The input i, is a sinusoid with frequency 1 rad/s, and the parameter values
are & = 1 and ky = 2. Figure 5.3 shows that the parameter converges toward
the correct value reasonably fast when the adaptation gain is ¥ = 1 and that
the process output approaches the model output. Figure 5.3 also shows that
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Time
Figure 5.3 Simulation of an MRAS for adjusting a feedforward gain. The
process (solid line) and the medel (dashed line) outputs are shown in the

upper graph for ¥ = L. The controller parameter is shown in the lower graph
when the adaptatien gain ¥ has the values 0.5, 1, and 2.

the convergence rate depends on the adaptation gain. It is thus important
to know a reasonable value of this parameter. Intuitively, we may expect that
parameters converge slowly for small ¥ and that the convergence rate increases
with 7. Simulation experiments indicate that this is true for small values of ¥
but also that the behavior is quite unpredictable for large y. ]

An example of a practical problem that fits this formulation is control of
robots with unknown load, in which the process transfer function from the
motor current to the angular velocity is

k
G(s) = J—;

where k; is the cwrrent to torque constant and J is the unknown moment
of inertia. Another example is the dynamics of a CD player, in which the
gensitivity of the laser diode is the unknown process parameter.

A remark on notation In analyzing the MRAS with time-varying parameters
it is important to consider the fact that the parameter @ is time-varying. The

eXpression
Gip)6u)

where p = d/dt is the differential operator should be interpreted as the -

differential operator G(p) acting on the signal fu. When 8 is time-varying,
this is different from 6G(p)u. For example, if G(p) = p, we have

G(p)(u) = p(6u) = 7 Z—I: + % i = G{pu) +u(pd)

Care must thus be taken in manipulating expressions and block diagrams.
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Notice that no approximations were needed in Example 5.1. When the
MIT rule is applied to more complicated problems, however, it is necessary to
use approximations to obtain the sensitivity derivatives, Thix is illustrated by
another example,

EXAMPLE 5.2 MRAS for a first-order system

Consider a system described by the maodel

dy
— = — h.6
it ay + bu (5.6)

where u is the contral variable and » is the measured output. Assume that we
want to obtain a closed-loop system described by

d i
(‘;’t = —am.}’m + bmur:
Let the controller be given by
u(t) = Bu.(t) — O:¥(¢) (5.7)
The controller has two parameters. If they are chosen to be
b
91 = 9? = -
Lo (5.8)
0, = 8; = =

the input-output relations of the system and the model are the same. This is
called perfect model-following.
To apply the MIT rule, introduce the error

€=y Y¥m

where v denotes the output of the closed-loop system. It follows from Egs. (5.6)
and (5.7} that
b8,
= — U,
p+a+ by
where p = d/dt is the differential operator. The notation used is discussed in
Section 1.5, The sensitivity derivatives are obtained by taking partial deriva-
tives with respect to the controller parameters ¢, and ts:
de b "
a6, B p+a+b02 ¢

¥

de b6, b

90, (pra+b82c” pratbhy’

These formulas cannot be used directly because the process parameters ¢ and
b are not known. Approximations are therefore required. One possible approx-
imation is based on the observation that p + a + 83 = p + a,, when the
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Figure 5.4 DBlock diagram of a model-reference controller for a first-order
process.

parameters give perfect model-following. We will therefore use the approxima-
tion

p"'a'*be?%,u"’ﬂm

which will be reasonable when parameters are close to their correct values.
With this approximation we get the following equations for updating the con-

troller parameters:
dt 4 pP+am

d92 Om

@ ()

In these equations we have combined parameters b and a,,, with the adaptation
gain ¥', since they appear as the product y'd/a,.. The sign of parameter b
must be known to have the correct sign of y. Notice that the filter has also
been normalized so that its steady-state gain is unity.

The adaptive controller is a dynamical system with five state variables
that can be chosen to be the model output, the parameters, and the sensitivity
derivatives. A block diagram of the system is shown in Fig. 5.4. The behavior
of the system is now illustrated by a simulation. The parametcrs are chosen
tobea =1, b = 0.5, and @, = b, = 2, the input signal is a square wave with
amplilude 1, and ¥ = L. Figure 5.5 shows the results of a simulation. Figure 5.6
ghows the parameter estimates for different values of the adaptation gain y.
Notice that the parameters change most when the command signal changes

(5.9)
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Figure 5.5 Simulation of the system in Example 5.2 using an MRAS. The
parameter valuesare ¢ =1, b = 0.3, a = b, =2, and y = L

and that the parameters converge very slowly. For y = 1, the value used in
Fig. 5.5, the parameters have the values 8, = 3.2 and 8; = 1.2 at time ¢ = 100,
These values are far from the correct values 6 = 4 and 85 = 2. However,
the parameters will converge to the true values with increasing time. The
convergence rate increases with increasing y, as is shown in Fig. 5.6.

The fact that the control is quite good even at time ¢ = 10 is a reflaction of
the fact that the parameter estimates are related to each other in a very special
way, although they are quite far from their true values. This is illustrated in
Fig. 5.7, where parameter #; is plotted as a function of 8; for a simulation
with a duration of 500 time units. Figure 5.7 shows that parameters do indeed

80 100
Time

0] 20 40 o0 80 1040
Time

Fipure 5.6 Controller parameters &, and &, for the system in Example 5.2
when y = 0.2, 1 and 6.
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g

&
Figure 5.7 Relation between controller parameters ¢, and #; when the
gystem in Example 5.2 is simulated for 500 time units. The dashed line shows
the line &; = &, — a/b. The dot indicates the convergence point.

approach their correct values as time increases. The paraméter estimates
quickly approach the line #2 = &, — a/b. This line represents parameter values
such thal the closed-loop system has correct steady-state gain. O

Error and Parameter Convergence

The goal in model-reference adaptive systems is to drive the errore = ¥y~ yp; to
zero. This does not necessarily imply that the controller parameters approach
their correct values, as is illustrated in the following example.

EXAMPLE 53  Lack of parameter convergence
Consider the simple system for updating a feedforward gain, discussed in

Example 5.1. Assume that G(s) = 1. The process model is y = ku, the control
law is ¥ = @u., and the desired response is given by y,, = kou.. The error is

e = (kO — kodu, = k(0 — 8%,

where 0° = ko/k. The MIT rule gives the following differential equation for
the parameter:
a6

= 2.2 -90
F YR u (8 - 87)
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This equation has the solution

a(t) = 6% + (8(0) — 8%)e 7+ (5.10)

where ,

I, = [uf(r) dr
0

and #(0) is the initial value of the parameter €. The estimate converges toward
its correct value only if the integral I; diverges as { — o0, The convergence is

exponential if the input signal is persistently exciting. (Comparc with Sce-
tion 2.4.) The error 15 given by

. e(t) = ku (t)(0{0) - 0% L

Notice that the error will always go to zero as { — oo because either the integral
I, diverges or else u,{#) — 0. However, the limiting value of the parameter &
will depend on the properties of the input signal. O

Example 5.3 illustrates the fact that the error e goes to zere but that
the parameters do not necessarily converge to their correct values. This is
a characteristic feature of all adaptive systems. The input signal must have
certain properties for the parameters to converge. The conditions required were
discussed in Chapter 2; compare with the notion of persistent excitation, which
was introduced in Section 2.4,

5.3 DETERMINATION OF THE ADAPTATION GAIN

In Section 5.2 we found that it was straightforward to obtain an adaptive
system by using the MIT rule. The adaptive control laws had one parameter,
the adaptation gain y, which had to be chosen by the user. The simulation
experiments indicated that the choice of the adaptation gain could be crucial.
In this section we will discuss methods for determining the adaptation gain.

Consider the MRAS for adaptation of a feedforward gain in Example 5.1.
We thus have a system with the transfer function 2 {s), where G{s) is known
and k is an unknown econstant. It is assumed that G{s) is stable. We would
like to find a feedforward control that gives the transfer function koG (s). The -
system is described by the following equations:

¥ = kG(p)u
¥m = koG (p)uc
u = 8u.,
€=Y—Y¥m
dé

a —YY¥me
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where 1. is the command signal, v, is the model output, ¥ is the process
oulput, 0 is the adjustable parameter, and p = d/dt is the differential aperator.
Elimination of the variables 1 and y in these equations gives

e ;
gt rym RG(PIOu) = vy, (5.11)

This equation is a compact description of the behavier of the parameters
that we call the parameter equation. Notice that y, may be considered a
known function of time. If G(s) is a rational transfer function, Eq. {(5.11)
is a linear time-varying ordinary differential equation. Such equations may
exhibit very complicated behavior. It is not possible to give a simple analytical
characierization of the properties of the system, particularly how they are
influenced by the parameter y.

A Thought Experiment

To get some insight into the behavior of the system given by Eq. (5.11), we
consider an experiment with the adaptive system such that the equation sim-
plifies considerably. An understanding of the behavior of the system under such
circumstances will give us some insight, but it will of course not give the full
picture.

Consider the following experiment: Assume thal the value of parameter 8
is fixed, that the adaptation mechanism is disconnected, and that a constant
inpul. signal «, is applied. The adaptation mechanism 1s then connected when
all signals have settled to steady-state values. The behavior of the parameter
is then given by

de .
o+ 7yl (RG(R)O) = y(¥),)" (5.12)

which is a linear time-invariant system. This equation is linear with constant
coefficients. Tts stability ig governed by the algebraic equation

s+ ¥y ulkG(s) =0 (5.13}

We can immediately conclude that the behavior of the parameter is determined
by the quantity

b= yytulh (5.14)

A picture of how the zeros of Eq. (5.13) vary with parameter g is easily obtained
by plotting the root locus with respect. to the parameter. We can conclude that
if Eq. (5.13) has zeros in the right half-plane, then the parameters will diverge
even in the very special conditions of the experiment. Intuitively, we may also
expect the analysis to approximately deseribe the case in which the command
signal is changing slowly with respect to the dynamics of G(#).

Equation (5.13) can also be used to determine a suitable value of the
adaptation gain, as is illustrated in Example 5.4.
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EXAMPLE 5.4  Choice of adaptation gain

Consider the system in Example 5.1 with G(s) = 1/(s+ 1),k = 1, and ko = 2.

Assume that the reference signal has unit amplitude. Eguation (5.13) then
bhecomes

2 2

SCHs+ =S s+ Yy ulk=0

A reasonable choice is to make yy2utk = 1. If we disregard the transients, the
average value of y,u, is 2. This gives ¥ = 0.5, which ig the value used in one
of the simulations in Fig. 5.3. (]

Normalized Algorithms

It follows from Eq. (5.13) that the adaptive system will he unstable if the
transfer function G{s) has pole excess larger than 1 and parameter x in
Eq. (5.14) is sufficiently large. The parameter y is large if the signals are large
or if the adaptation gain is large. The behavior of the system depends strongly
on the signal levels, This will be illustrated by a numerical experiment.

EXAMPLE 55  Stability depends on the signal amplitudes
Consider the system in Example 5.1 Let the transfer function G be given by

1

Gls) = 4————
) 82 4+ s +as

Equation (5.13) then becomes

Srattas+pu=0

where 4 = yy° u’k. The equation has all its roots in the left half-plane if
Y¥mitok < aiap (5.15)

Since this inequality involves the magnitude of the command signal, it may
happen that the equilibrium solution corresponding to one command signal is
stable and the solution corresponding to another command signal is unstable,
This is illusirated by the simulation results shown in Fig. 5.8, where parame-
ters are chosen su that & = 41 = @z = 1. In the simulation the adaptation rate
y was adjusted to give a good response when i, is a square wave with unit
amplitude. In this case we have u? = ¥2, = 1, and inequality (5.15)} gives the
stability condition ¥ < 1. A reasonable value of ¥ is ¥ = 0.1, which was used
in the simulation. Figure 5.8 shows clearly that the convergence rate depends
on the magnitude of the command signal. Notice that the solution is unstable
when the amplitude of u, is 3.5. The approximate model predicts instability
for u, larger than 3.18. Alse notiee that the response is intolerably slow for
low amphitudes of u.. O
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Figure 5.8 Simulation of the MRAS in Example 5.5. The command signal
is a square wave with the amplitude (&) 0.1, (b) I, and {¢j 3.5. The model

output y,, is a dashed line; the process output is a selid line. The following
parameters are used: k =a; =a; = 8% = 1, and y = 0.1,

The example indicates clearly that the choice of adaptation gain is crucial
and that the value chosen depends on the signatl levels. Because of this it seems
natural to modify the algorithm so that it does not depend on the signal levels.
To do this, we will write the MIT rule as

dg .
ar 14
where we have introduced ¢ = —3Je/88. Introduce the following modified
adjustment rule:
d8 ype
R o 516
dt a+pTp (5.16)

where parameter ¢ > 0 is introduced to avoid difficulties when ¢ is small.
Notice that we have written the equation in such a way that it also holds
when @ is a vector; in that case, ¢ is also a vector of the same dimension.
If we repeat the analysis of the thought experiment, we find that Eq. (5.13)
ie replaced by
o
o+ mOT mo
Since @° is proportional to 2, the roots of this equation will not change
much with the signal levels. The adaptation rule given by Eq. (5.16) is called

+¥ G(s) =0
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Figure 5.9 Simulation of the MRAS in Example 5.5 with the normalized
MIT rule. The command signal 13 a square wave with the amplitude (a) 0.1,
{b) 1, and (c} 3.5. Compare with Fig. 5.8. The model output v, is a dashed
line; the process output is a solid line. The parameters used are & = a; =
a; =6"=1,=0001,and y = 0.1

the normalized MIT rule. The improved performance with this algorithm is
illustrated in Fig. 5.9. A comparison with Fig. 5.8 shows that normalization is
useful.

Notice that the normalized adjustment rule performs very well even in
the cases in which difficuities were encountered with the MIT rule. It 15 in
fact possible to make the modified adjustment rule work very well over a wide
range of command signal amplitudes. Notice that the normalization is obtained

automatically with algorithms based on parameter estimation. {Compare with
Example 2.16.)

Summary

Hawving derived the MIT rule and investigated some of its properties, we can
now summarize some of the key issues. The model-reference control problem
can be described as follows: Let the desired performance be specified by a refer-
ence model having the transfer function G, (s), and let the closed-loop transfer
function of the plant be G{s,#), where @ are the adjustable parameters, Fur-
thermore, let u. be the command signal. The model-reference adaptive system
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tries to change the controller parameters so that the error

e(t) = (G(p.8) — Gm(pNuc (1)
goes to zero. The MIT rule given by

W

where ¢ =  Je/0f and y is the adaptation gain, can be interpreted as a
gradient method for minimizing the error. The MIT rule can be applied in
many different cases; a few examples have been given in this section. The
choice of the adaptation gain is critical and depends on the signal levels. The
normalized algorithm

de pe

@ T E e

o+ pTe

is less sensitive to signal levels, Notice that a normalization of a similar type is
obtained antomatically in the self-tuning regulator. Compare with Eq. (3.22).
Preliminary numerical experiments indicate that the systems obtained
with the MIT rule work as expected for small adaptation gains, Very complex
behavior may be obtained for high adaptation gains. To proceed to develop our
understanding of adaptive systems, we will investigate the stability problem.
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There is no guarantee that an adaptive controller based on the MIT rule will
give a stable closed-loop system. It is clearly desirable to see whether there
are other methods for designing adaptive controllers that can guarantee the
stability of the system. As a first step in this direction we now present the
Lyapunav stability theory. For the benefit of students who are encountering
Lyapunov theory for the first time, we first prove a stahility theory for time-
invariant systems. We then state a more powerful theorem for time-varying
systems, which can be used to design adaptive conirollers.

Lyapunov’'s Theory for Time-invariant Systems

Fundamental contributions to the stability theory for nonlinear systems were
made by the Russian mathematician Lyapunov in the end of the nineteenth
century. Lyapunov investigated the nonlinear differential equation

dx
T=rw  fioy=0 (517)

Since f(0) = 0, the equation has the solution x(t) = 0. To guarantee that a
solution exists and is unique, it is necessary to make some assumptions about
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f(x). A sufficient assumption is that f(x) is locally Lipschitz, that is,

1y - fOll < Ljx -9l L >0

in the neighborhood of the origin. Lyapunov was interested in investigating
whether the soluticn of Eq. (5.17) is stable with respect to perturbations. For
this purpose he introduced the following stability concept.

DEFINITION 51 Lyapunov stability

The solution x{¢) = 0 to the differential equation (5.17) is cailed stable if for
given € > 0 there exists a number &(e) > 0 such that all solutions with initial
conditions
ll<@)lf < &
have the property
fxit)l <& for 0t <x (5.18)

The solution is unsiable if it is not stable. The solution is asympfotically stable
if it is stable and & can be found such that zll solutions with ||x(0)|| < & have
the property that ||x(t}]l » G as £ — 2. m|

Remark 1. 1If the solution is asymptotically stable for any nitial value, then
it is said to be globally asympiotically stable.

Remark 2. Notice that Lyapunov stability refers to stability of a particular
solution and not to the differential equation. m|

Lyapunov developed a method for investigating stability that is based on
the idea of finding a function with special properties. To describe these, we
first introduce the notion of positive definite functions.

DEFINITION 5.2 Positive definite and semidefinite functions

A continuously differentiable funetion V : R® — R is called positive definite in
a region {7 « RB" containing the origin if

1. V{0y=20

2. V(x) >0, xceUandx#0

A function is called positive semidefinite if Condition 2 is replaced by V{x) = 0.
]

A positive definite function has level curves that enclose the origin. Curves
corresponding to larger values of the function. enclose curves that correspond
to smaller values. The situation in the two-dimensional case is illustrated in
Fig. 5.10. If we can find a function so that the velocity vector, dx/dt = f{x),
always points toward the interior of the level curves, then it seems intuitivety
clear that a solution that starts inside a given level curve can never pass to
the outside of the same level curve. We have the following theorem.
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Vix)=const

Figure 5.10 Ilusiration of Lyapunov’s method for investigating stability.

THEOREM 51 Lyapunov’s stability theorem: fime-invariant systems
If there existz a function ¥V : R® — R that is positive definite such that its
derivative along the solution of Eq. (5.17),

dv. _ avT dx  avT

-&—t‘ = —3:\: E = —ax (x) = —W(x) (5.19)

is negative semidefinite, then the solution x{t} = 0 to Eq. {5.17) is stable. If
dV fdt is negative definite, then the solution is also asymptotically stable. The

function V is called a Lyapunov funection for the system (5.17).
Moreover if

dv

E?<0 and V(x) > when |[z|]|—»x

then the solution is globally asymptotically stable.
Proof: Given £ > 0 such that {x|fx|| € £} € U, determine £ and & such that

£ = min V{x) = max ¥V (x) (5.20)

Ixl=¢ lx =&
Consider initial conditions such that
llx(0)[| < &
Since V is positive definite, it then follows from Definition 5.2 that
Vie(®) < £

To prove that inequality (5.18) holds, we proceed by contradiction. Assume that
£ is the smallest value such that ||x(z,)|| = &. It follows from Eq. (5.20) that

Vix(t)) 2 ¢
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Furthermore,

) iy
V(&) = V (x(0)) + / %dt = V (x(0)) —fW(x[s)) ds (5.21)
i o

Since W(x) is positive semidefinite, it follows that
Vix(t)) < V(x(@) < £

and we have thus obtained a contradiction and it can he concluded that
lx(8)]] < € for all ¢, which by Definition 5.1 implies that the solution x() = 0 1s

stable. To prove asymptotic stability, we notice that it follows from Eq. (5.21}
that

0< ] Wixishrds = V(0 - V{x{t)) < ¢

Since W{x) and x(¢} are continuous, it then follews that

lim W(x(t}) =0

=g

If W{x) is positive definite, this implies that x(t) —» 0 as t — 2. ]

Remark. Notice that it follows from the proof that if the derivative of the

Lyapunev function is negative semidefinite, the solution converges to the set
{=| W(x} = O} o

Finding Lyapunov Functions

Lyapunov’s theorem is very elegant. However, it is necessary to have meth-
ods for constructing Lyapunov functions. There is no universal method for
constructing Lyapunov functions for a stable system. To apply the method,
we therefore have to resort to trial and error. A good first attempt is to test
quadratic functions, However, for linear systems we have the following impor-
tant resulf.

THEOREM 52 Lyapunev functions for linear systems
Assume that the linear system

dx

— =4 5.22
priaiis (5.22)
is asymptotically stable. Then for each symmetric positive definite matrix @
there exists a unique symmetric positive definite matrix P such that

ATP +PA=-Q 5.23)
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Furthermore, the function
Vix) = 2" Px (5.24)
is a lyapunov function for Eq. (5.22).
Proof: Let §} be a symmetric positive definite matnx. Define
£
P(t) = f A0 QeM 9 g
0

The matrix P is symmetric and positive definite hecause an integral of positive
definite matrices is positive definite. The matrix P also satisfies

dP

dt

Sinee the matrix A is stable, the limit

=ATPLPA+ @

P, = }im Pty
exists. This matrix satisfies Eq. (5.23). It can also be shown that the solution
to Eq. {5.23) is unique, which completes the argument. O

For a stable linear system we can thus always find a quadratic Lyapunov
function. To use Theorem 5.2 to construct a Lyapunov function, we simply

choose a positive matrix @ and solve the linear equation (5.23) for P. The
following example shows how it can be done.

EXAMPLE 56 Lyapunov functions for a linear system
Consider Lhe linear system {5.22} with

a, a
A - [ 1 ag ]
Qs 4
where it is assumed that all eigenvalues of A are in the left half-plane. Let the
matrix § be
g1 O
o= (% .)
qz
where 1 and g, are positive, Assume that the matrix P has the form
(o)
Pz B3

Eguation (5.23) then becomes

26 203 0 21 -1
s 1y +ay dy P2 = 0
Q 203 Py P3 —gz

This is a linear equation. Theerem 5.2 implies that it always has a solution
when A is stable and that the selution is a positive definite matrix P. O
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Lyapunov Theory for Time-variable Systems

We now consider time-variable differential equations of the type

% = f{x,1) (5.25)

The origin is an equilibrium peint for Eq. (5.25) if f(0,t}) = 0 V¢ 2 0. It is
assumed that f is such that solutions exist for all ¢ = t,. To guarantee this,
it is assumed that £ is piecewise continuocus in £ and locally Lipschitz in x in
a neighborhood of x{t} = 0. We now investigate the stahility of the solutien
x(t) = 0.

In the time-varying case the solution will depend on ¢ as well as on the
starting time #o. This implies that the bound § in Definition 5.1 will depend
on ¢ and #;. The definition on stability can be refined to give uniform stability
properties with respect to the initial time. We have the following definition.

DEFINITION 53 Uniform Lyapunov stability
The solution x(2} = 0 of Eq. {5.25) is uniformly stable if for £ > 0 there exists
a number §(g) > 0, independent of ¢, such that

lalto)l| < 8 = [lx(B)] <& V2>t 20

The solution is wnifermly asymptotically steble if it is uniformly stable and
there is ¢ > 0, independent of #;3, such that x(¢) -> 0 as ¢ — co, uniformly in
to, for all |[x(t)|| < e. o

To state a stability theorem for solutions to Eq. (5.25), we first have to
introduce the so-called class K functions.

DEFINITION 54 {lass K function

A continuous function @: [0,a) — [0,00) is said to belong to class K if it is
strictly increasing and (0} = 0. It is said to belong to class K., if ¢ = > and
a(r) — oo as r — coc. N}

For time-varying systems the following stability theerem can now be
stated.

THEOREM 53 Lyapunov’s stability theorem: Time-varying systems
Let z = 0 be an equilibrium point for Eq. (5.25) and D = {z € R*||la)} < r}.
Let V be a continuously differentiable function such that

o llx])} £ Vixt) € el {(5.26)

%‘{— = —86_‘1‘[ + % flz,t) £ —aa(||x]))
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for Vt = 0, where a, 3, and o3 are class K functions. Then x = 0 is uniformly
asymptotically stable,

Proof: A proof can be found in Khalil (1992). a
Remark 1. The derivative of V along the trajectories of Eq. (5.25) is now
given by

dv. 3V aVv

@ = =Y

Remark 2. A function V(x,t) satisfying the left inequality of (5.26) is said to
be positive definite. A Tunction satisfying the right inequality of (5.26) is said
to be decrescent,

Remark 3. To show gstability for time-variable systems, it is necessary to
bound the function V(x, £} by a function that doesnt depend on . O

When using Lyapunov theory on adaptive control problems, we often find
that dV /di¢ only is negative semidefinite. This implies that additional con-
ditions must be imposed on the system, The following lemma gives a useful
result.

LEMMA 51 Barbalat's lemma

If g is a real function of a real variable ¢, defined and uniformly continuous
for t > 0, and if the limit of the integral

jg(S) ds
0

as f tends to infinity exists and is a finite number, then
}im g{t) =0 O
Remark. A consequence of Barbalat's lemma is thul if g € Lg and dg/dt is
bounded, then
limg(#) =0 ]
i
When applying Lyapunov theory to an adaptive control problem, we get
a time derivative of the Lyapunov funetion V, which depends on the control
signal and other signals in the system. If these signals are bounded, Lemma 5.1

and the remark that follows can be used on dV /df to prove stability. We have
the following theorem.

THEOREM 54 Boundedness and convergence set

let D = {x € R*|||x{| < r} and suppose that f(x,£} is locally Lipschitz on
D x[0,20). Let V be a continuously diffcrentiable function such that

ai(lixl]) < Vix.2) < aslfixl)
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and

v av. av . ]

E = ﬁt_ + a (x,t} = —W(’»C) < 0
¥t = 0, ¥x € D, where @ and «p are class X functions defined on [0, r)
and W({x) is continuous on . Further, it is assumed that dV /dt is uniformly
continuous in £,

Then all sclutions to Eq. (5.25) with j|x(ts)i| < @5 (xy(r)) are bounded and

satisfy

Wix(t))--0 as t—x

Moreover, if all the assumptions hald globally and ¢r; belongs to class K, the
statement is true for all x(ty) € E”. O

A proof of a stight modification of this theorem can be found in Khalil
(19923, The theorem states that the states of the system are bounded and that
they approach the set {x € D\ W(x) = 0. In the theorem it is assumed that
dV /d¢ is unifermly eontinueus, that is, that the continuity is independent of
t. A sufficient condition for this is that V is bounded.

55 DESIGN OF MRAS USING LYAPUNOV THEORY

We will now show how Lyapunov's stability theory can be used to construct
algorithms for adjusting parameters in adaptive systems. To do this, we first
derive a differential equation for the error, e = ¥ - y,,. This differential equa-
tion contains the adjustable parameters. We then attempt to find a Lyapunov
function and an adaptation mechanism such that the error will go to zero.
When using the Lyaponov theory for adaptive systems, we find that dV /di
is usually only negative semidefinite. The procedure is to determine the error
equation and a Lyapunov funetion with a bounded second derivative. Theorem
5.4 is then used to show boundedness and that the error goes to zero. To show
parameter convergence, it is necessary to impose further conditions, such as
persistently excitation and uniform observability, on the reference signal and
the system. (See the references in the end of the chapter.) We start with a
simple example.

EXAMPLE 57  First-order MRAS based on stability theory
Consider the problem in Example 5.2. The desired response is given by

d
"5_;3 = —lm¥m + bptte
where a,, > 0 and the reference signal is bounded. The process is deseribed by
dy

pri —ay + bu
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The controller is
w— fhu. — Gy
Introduce the crror
g =%¥—¥n

Since we are trying to make the error small, it is natural to derive a differential
equation for the error. We get

de
dt
Notice that the error goes to zero if the parameters are equal to the values
given by Eqgs. {5.8). We will now attempt to construct a parameter adjustment

mechanism that will drive the parameters &, and #; to their desired values.

For this purpose, assume that &y > 0 and intreduce the following quadratic
function:

= —ampe— (bfz +a —ay)y + (B0 — b)) u,

1 . : 1 2
vV (e, 91,92) = § (Bz + bi}’ (beg +a-— ﬂm)z + E (bgl - bm.Y)

This function is zero when e is zero and the controller parameters are equal
to the correct values. For the function to qualify as a Lyapunov function the
derivative dV /di must be negative. The derivative is

dv _ de 1 Cdéy 1o . d6
g et y(b82+a Q) o +}’(b91 bm) 0
1 de
= —ame2 + '-y'- (bg;,: +a— ﬂ'.m) (d—tz - }'ye)
1 de
+ y (b0 — bn) ( dtl + yuce)
If the parameters are updated as
@
e~ °
5.27
o (5.27)
a
we get
Ve
a "

The derivative of V with respect to time is thus negative semidefinite bul
not negative definite. This implies that Vi) < V(0) and thus that e, ¢, and
0z must be bounded. This implies that ¥ = e + y,, also is bounded. To use
Theorem 5.4, we determine

d*v de

= 2ane— = ~2a,e(—ame — (b +0 —ay)y + (661 — bm}uc)
de* dt
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-l {7, (s}

Figure 511 Block diagram of an MRAS based on Lyapunov theory for a
first-order system. Compare with the controller based on the MIT rule for the
same system in Fig. 5.4.

Sinee ., e, and y are bounded, it follows that V is bounded; hence dV /dt is
uniformly continuous. From Theorem 5.4 it now follows that the error ¢ will go
to zeru. However, the parameters will not necessarily converge to their correct
values: it is shown only that they are bounded. To have parameter convergenee,
it is necessary 1o impose conditions on the excitation of the system. {Compare
with Example 5.3.)

The adaptaticn rule given by Fgs. (5.27) is similar to the MIT rule given hy
Eqgs. {5.9), but the sensitivity derivalives are replaced by other signals. A hlock
diagram of the system is shown in Fig. 5.11. Compare with the corresponding
block diagram for the system with the MIT rule in Fig. 5.4. The only difference
is that there is no filtering of the signals «, and y with the Lyapunov rule, In
both cases the adjustment law can be written as

df

o - ree (5.28)

where 8 is a vector of parameters and

o (- 3)"

for the Lyapunov rule and

e ()
4 P+ e Y
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Figure 5.12 Simulation of the system in Example 5.7 using an adaptive
controller based on Lyapunov theory. The parameter valuesare g = 1,5 = 0.5,
@, = b, = 2, and ¥ = 1. (a) Process (solid line) and model {dashed line)
outputs. (b} Cantrol signal.

for the MIT rule. The adjustment rule obtained from Lyapunov theory is
simpler because it does not require filtering of the signals. Figure 5.12 shows a
simulation of the system for the ease G(s) = 0.5/(s+ 1) and G, (s) = 2/(s +2).
The behavior is quite similar to that obtained with the MIT rule in Fig. 5.5.
Notice, however, that arbitrary large values of the adaptation gain y can be
used with the Lyapunov approach.

Figure 3.13 shows the parameter estimates in the simulation for different
values of adaptation gain ¥. For comparison we have also shown the parame-
ters obtained with the MIT rule, O

State Space Systems

We will now show how Lyapunov’s theory can be used to derive stable MRASs
for general linear systems. The idea is the same as used previously. It can be
deseribed as follows:

1. Find a controller structure.
2. Derive the error equation.

3. Find a Lyapunov function and use it to derive a parameter updating law
such that the error will go to zero.

Consider a linear system described by

4% _ Ay + Bu (5.29)
dt

Assume that it is desired to find a control law so that the response Lo command

210 Chapter 5 Muodel-Reference Adaptive Systems

Time

Figure 5.13 Controller parameters #, and &; for the system in Example 5.7

when ¥ = 0.2, 1, and 5. The dotied lines are the parameters obtained with
the MIT rule. Compare Fig. 5.6.

signals is given by

dxp,
e Ap X, + Bmll, (5.30)
A general linear conirol law for the aystem given by Eq. (5.29) is
u=Mu —Lx {5.31)
The closed-loop system then becomes
(;JE ={A-BL)x+BMu, = A.(8)x + B.(F)u, (5.32)

The control law can be parameterized in different ways. All parameters in the
matrices L and M may be chosen freely. There may alse be constraints among
the parameters. The general case can be captured by assuming that the closed-

loop system is described by Eq. (5.32}, where matrices A, and B, depend on a
parameter g.

Compatibility conditions It is not always possible te find parameters & such
that Eq. {5.32) is equivalent to Eq. (5.30). A sufficient condition is that there
exigts a parameter value 6° such that
A (8% = A
) ~ &r 539
Bc (9 ) = Bm

This condition for perfect model-following is fairly stringent. When all param-
eters in the control law can be chosen freely, it implies that

A-A, =BL
B, =BM
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This means that the eolumns of matrices A — A, and B,, are linear combi-
nations of the columns of matrix 8. If these conditions are satisfied and the

columns of B and B,, are linearly independent, then the matrices L and M
are given by

L =(BTB)'BT(A-An) = (BLB)Y B (A - Ay)
M = (BYBY'BTB,, = (BB} 'BlB,
The error equation Introduce the error defined as
e =X — Xp

Subtracting Eq. (5.30) from Eq. {5.29) gives

de dx dx

== -2 =A B_Amm'Bmc

dt T & dr orTerT A “
Adding and subtracting A,.x from the right-hand side give

j—: =Ape+{A-A, - BL)x+{(BM - B,}u.

= Age + (A — Andx + (BeAB) — Brue
= Ane+¥ (86" (5.34)
To obtain the last equality, it has been assumed that the conditions for exact

model-following are satisfied. This is required for 8" to exist. To derive a
parameter adjustment law, we introduee the Lyapunov function

1
2

where P is a positive definite matrix. The function V is positive definite. To
find out whether it can be a Lyapunov function, we calculale its total time
derivative

av

di

Vie,8) = = (ye"Pe + (8- 8") (6 - 6"))

7 48

A _ g0y _ a
= 2eQe+y(8 a9 Pe + (8 — 0°) I

_ Y a0yt de T
=-ge Qe+ (8- 67) (dt+y‘{‘ Pe)

where € is posilive definite and such that
ATP+PA, = -Q

Notice that it follows from Theorem 5.2 that a pair of positive definite matrices
P and @ with this property always exist if A, is stable.
If the parameter adjustment law is chosen to be
do

= = -y¥! Pe (5.35)
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we get

dV_ Y
e e Qe

The time derivative of the Lyapunov function is negative semidefinite. By using
Lemma 5.1 in the same way as in Example 5.7 it can be shown that the error
goes to zero. Notice that we have assumed that all stales x are measurable.

Adaptation of a Feedforward Gain

We now attempt to use Lyapunov theory to derive parameter adjustment laws
for the problem of adjusting a feedforward gain. We consider the case in which
the plant has transfer function 2G(s), where G(s} is known and % is unknown.
The desired response is given by the transfer function koG (s). This problem
was discussed previously in Examples 5.1 and 5.3. The error is given by

e = (kG(p)8 — koG (p)u. = kG(P)(O — 6" )u.

where 8% = ko/k. To use Lyapunov theory, we first introduce a state space
representation of the transfer function G. The relation between the parameter
@ and the error e can then be written as

dx

— = B(® - 8",

T Ax + B(8 - 8%, (5.36)
e=Cx

If the homogeneous system i = Ax is asymptotically stable, there exist positive
definite matrices P and @ such that

ATP+PA=-9Q (5.37)
Choose the following function as a candidate for a Lyapunov funetion:
1
V= 3 {y2"Px + (0 - 8%

The time derivative of V aleng the differential equation {(Egs. 5.36) is given by

dV _ y [(dx” rpdx oy €6
Using Eqs. (5.36), we get
dV vy

I _gmyT T _ gt
= L ((Ax + Buc(o - 07) Px + x"P (Ax + Bu.(6 6"))
L ad
+ & 9)-—dt

I A _ b @ T
= 2xQx+(9 8)(dt+yucB Px)
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If the parameter adjustment law is chosen to be

‘fi_i' = —yu. BPx (5.38)

we find that the derivative of the Lyapunov function will be negative as long
as x £ 0. The state vector x and the error ¢ = Cx will go to zero as ¢ goes to
infinity. Notice, however, that the parameter error & — 6° will not necessarily
go to zero.

Output feedback The result obtained is quite restrictive because it requires
that all state variables are known. A parameter adjustment law that uses
output feedback can be obtained if the Lyapunov function can be cheszen so
that

B'P=C
where C is the output matrix of the system in Eq. (5.34). With this choice of
P it follows that

BTPx=Cx=e
and the adjustment rule becomes
gﬁ = —yu.e
@ T

The appropriate condition is given by the celebrated Kalman-Yakubovich lem-
ma. The following definition is needed to state this lemma.

DEFINITION 55 Positive real transfer function
A rational transfer function G with real coefficients is posifive real (PR) if

ReG(s) >0 for Res =0 (5.39)

A transfer function G is sirictly positive real (SPR) if G(s - £) is positive real
for some real £ > 0. m|

The concept of SPR is discussed further in Section 5.6. Let it suffice to
mention that G(s) = 1/(s + 1) is SPR and G(s) = 1/s is PR but not SPR. The
following result gives a state space interpretation of SPR.

LEMMA 52 Kalman-Yakubovich lemma

Let the time-invariani linear system

%:Ax+3u
y=0Cx

be completely controllable and completely observable. The transler function

G(s) = C(sI - A)'R
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18 strictly positive real if and only if there exist positive definite matrices P
and € such that

ATP + PA = -Q
and
BTp=C o

A proof of this result is given in Section 5.6. There is a more general version
of the theorem that applies to systems with a direct term from input to cutput.
The simpler version is sufficient for our purposes.

THEOREM 55 MRAS using the Lyapunov rule

Consider the problem of adapting a feedforward gain. Assume that the transfer
function G is strictly positive real. Then the parameter adjustment rule

de

';i—t' = —FYUu.E (540}
where y is a positive constant, makes the output error ¢ in Eqs. {5.36) go to
zero. ]

The contro} law of Eq. (5.40) is very similar to the contrel law obtained
by the MIT rule, Eq. (5.5). This is illustrated in Fig. 5.14, which shows block
diagrams of both systems. The only difference between the systems is that
the connection to the first multiplier comes from the model output for the MIT
rule and from the command signal for the Lyapunov rule. This seemingly small
difference has major consequences, however.

A remark on the assumptions It may seem strange that such drastically
different behaviors can be obtained by minor meodifications of the system. It
also seems strange that it is possible to use arbitrarily high adaptation gains.
This is because the assumption that a transfer function is positive real ia very
strong. It follows from Definition 5.5 that Re G{i@} > 0 if the transfer function
G(s) is positive real. Thie means that the Nyquist curve of G is in the right
half-plane. Such a system is stable under proportional feedback with arbitrarily
high gain. The closed-loop system can be made arbitrarily insensitive to the
gain variations. The result is of limited practical value because of the strong
assumptions that are made.

Summary

In this section we have shown that it is possible to construct parameter adjust-
ment rules based on Lyapunov's stability theory. The adjustment rules obtained
in this way guarantee that the error goes to zero, but it cannot be asserted
that the parameters converge to their correct values. The adjustment rules
ohtained are similar to those obtained by the MIT rule. However, the rules
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Figure 5.14 Block diagrams of the adaptive systems for fecdforward gain
compensation obtained by (a} the MIT rule and (b} the Lyapunov rule.

are not normalized. The adjustment rules have the remarkable property that
arbitrarily high adaptation gains can be used. This property depends on the
strong assumptions that are made. This is discussed further in Chapter 6.

56 BOUNDEDR-INPUT, BOUNDED-OUTPUT STABILITY

Systems can be deseribed from two points of view: the internal or state space
view or the external or input-output view. The state space approach is based on
a detailed deseription of the inner structure of the system. In the input-output
approach, a system is considered to be a black box that transforms inputs to
outputs. In Section 5.5 we approached stability from the state space view. In
this section we develop stability theory frem the input-output view. In the next
section the results are applied to design of adaptive eontrollers.

We start with a brief presentation of the operator view of dynamical sys-
tems, This leads naturally to the concept of bounded-input, hounded-vutput
(BIBO) stability. The fundamental results like the small gain theorem and the
passivity theorem are then presented. In Section 5.5 we found that the notion
of positive real was essential. This notion, which is closely related to passivity,
will also be discussed.
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The Operator View of Dynamical Systems

Signals are elements of a normed space X, which we call the signal space. A
system S is considered as an operator S : X — X For simplicity we consider
systems with cne input and one output and the signals are real functions from
R to R. Several choices of norms are considered, for example, the Ly norm

lall = ([ dt)%

llelf = sup |u(6)f

Ut gou

or the sup norm

A drawback of using Lo is that it must be assumed a priori that all signals
go to zero as ¢ — no. The notion of extended space is introduced to avoid this
assumption. This is intreduced as follows,

Let Y be the space of real-valued functions on [0,00}. Let x be an element
of Y. The truncation of x at T > 0 is defined as

. f <t<T
"T'~t)={g() ?>T

DEFINITION 56 Extended space

If X is a normed linear subspace of Y, then the extended space X, is the zet
{x € Y| x¢ € X for some fixed T > 0}. i

The extended L; space is denoted Lg,. There is now a simple way to
introduce the notion of the gain of a system.

DEFINITION 57 Gain of a nonlinear system
Let the signal space be X,. The gain y(S} of a system S is defined as

IS
) = sup o
7(S) = sup Ty

where u is the input signal to the system.
Remark. The gain is thus the smallest value such that

1Sull < (S)ix| for all & ¢ X,

We use supremum because the maximum of [|Su//|ju|| may not be agsumed
for a signal in the class that we are considering. o

We illustrate the definition with a few examples.
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EXAMPLE 58  Linear systems with signals in L.,

Let the signal space be Ly,. Congider a linear system with the transfer function
((s). Assume that G(s) has no poles in the closed right half-plane and that
the system is initially at rest. Let u be the input and y the output, and let

U and Y be the corresponding Laplace transforms. It follows from Parseval’s
thecrem, Theorem 2.8, that

il = fox Yieyde = 2_1;: /_.:Y(iw)Y(- i) dew
- o [ Glo@G-0U o) do
<

T o
mﬂz]a.x|G(Lw)| %/N Ui\ U(—w) dew

max |G} [ w0 dt = max| G0Nl

Hence
Iol] < max |G i) - lul
The gain is thus less than max |G{iw)|. Wc get equality in the above equation
if # is a sinusoid with the frequency that maximizes |G {iw)|. However, such
a signal is not in L. The value of ||y| can be made arbitrarily close to
max |G(i@)| with a truncated sinusoid in Ly, by making T sufficiently large.
The gain of the system is thus
¥(G) = max |G{im)] (5.41)
w
|

EXAMPLE 59 Linear system with sup norm
Consider a stable linear system with impulse response A(t). We have

¥(t) = ﬁmh('r)u(t —tydr

Using the sup norm, we get

I¥(0)| = 1‘[:’;1&)45 Ceydr

< suplu() f h(2)| dz

This gives
sup [(8) < 7(G)-sup u )

where the gain of the gystem is given by

7(G) = [ " hie)l de
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Figure 5.15 Illusiration of the gain of a static nonlinearity.

If we let wy = max, [u(£)|, the maximum is assumed for the signal

u(s) = up sign (A(f - 5))

However, this signal is not in L. Since the system is stable, we can get
arbitrarily close with a signal in Ly, by making T' sufficiently large. m|

EXAMPLE 5.1¢  Static nonlinear system
Consider a static system that is described by the nonlinear equation

y(£) = flut))
For all norms we have
(@) < max|F(u(®)]

The gain of the system is thus given by

_ ()l
¥ = max Ju
The gain of a static system has a simple interpretation. A function whese norm
is 7 can be bounded between the straight lines ¥y = fyu, as is illustrated in
Fig. 5.15. m]

Having defined the gain of a system, we can now define stability.

DEFINITION 385 BIBO stability

A system is called bounded-input, bounded-output (BIBO) stuble if the system
has bounded gain. |

Notice that this definition refers to stability of a system and not stability
of a particular solution, Also notice that a system with bounded gain is BIBO
stable but that the converse is not true. The static system y = u* does not
have finite gain, but it is BIBO stable.
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Stability Criteria

Having defined the notion of stability, we now give criteria for stability. For this
purpose, consider the simple feedback system in Fig. 5.16. We are interested

in determining when the gain from u to y is bounded. We have the following
theorem.

THEOREM 5.6 The small gain theorem

Coensider the system in Fig. 5.16. Let 3 and y2 be the gains of the systems H,
and Hs. The closed-loop system is BIBQ stable if

rnre <1 {5.42)
and its gain is less than
_ i
1-nr

Outiine of proof: For a rigorous proof it must first be established that y exists.
If this is true, we have

Y (5.43)

y = Hie = Hi\(u — Hyy)
Hence
Iyl < [|Hull + 1 H1Hzyll € nilull + nire
Because of Eq. (5.42) we can solve for ||y||. Hence

(¥l

ti
Ei =
Wl < 7=l = il

which proves BIBO stability and gives the expression (5.43} for the gain of the
system. O

Remark 1. The result has a strong intuitive interpretation. It simply says that
if the total gain around the loop is less than 1, then the closed-loop system is
stable.

Remark 2. For the specia! case of linear systems with Ly norms it follows from
Example 5.8 that the gain is the maximum magnitude of the transfer function.

H,

_HE s

Figure 5.16 Block diagram of a simple feedback loop.
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The theorem can be interpreted as an extension of the Nyquist theorem. The
condilivn {5.42) implies that the loop gain is always less than 1. From this
interpretation we can also conclude that the result is quite conservative.

Passivity

We now present another stability theorem that is also based on the input-
output point of view. The starting point is the notien of passivity, which is
an abstract formulation of the idea of energy dissipation. Passive systems are
common in engineering. A system compozed only of components like resistors,
capacitors, and inductors is one example from electrical engineering. A system
composed of masses, springs, and dashpots is an example from mechanical
engineering. When dealing with electrical systems, we will consider two-port
systems in which the current is the input and the veltage is the output. The
same concepts apply to mechanical systems, in which the variables are position
and force.

Passivity is naturally associated with power dissipation. Such a concept
can be defined for linear as well ag nonlinear systems. Roughly speaking, the
passivity theorem says that a feedback connection of one passive system and
one strictly passive system is stable. To state the result formally, we need an
abstract notion of passivity. We start with the operator view of systems, in
which a system is represented by an operator mapping signals to signals. The
signal space is assumed to be Lo, with a sealar product defined by

T

w13) = [ 2(oivts) ds = [ xts)yts) o
i ]
We have the following definition.

DEFINITION 59 Passive system
A system with input 4 and output y is passive if
yluy = 0
The system is inpuf sirictly passive (ISP) if there exists £ > 0 such that
(ylu) > effulf?

and ocutput strictly passive (OSP) if there exists £ > 0 such that

(y|uy = ellylF 0

Notice that in electrical systems the power is proportional to the product of
current and voltage. The definition is thus a very natural abstraction. The
following example illustrates the definition of passivity.
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EXAMPLE5.11  Static nonkinear systems

Consider a static nonlinear system characterized by the function [ : B — R.
‘We have

ol = [ e a
The right-hand side is thus nonnegative if

xf{x) =0 5.44)

which is the condition for passivity. This condition means that the graph of the
curve f is entirely in the first and the third quadrants. The system is input
strictly passive if

xf(x) = 8z

It is output strictly passive if

xf(x) 2 8f*(x)

A static system with f(x) = x + «% is thus input strictly passive, and a static
system with f(x) = x/(1 + |x|) is output strictly passive. |

Positive Real Functions

For lincar systems the concept of passivity is closely related to the proper-
ties positive real and strictly positive real introduced in Definition 5.5 in Sec-
tion 5.5. The notion of pesitive real did actually originate from an cffort to
characterize driving point impedance functions for linear circuits eomposed of
passive components. The driving peint impedance function is the transfer func-
tion from current to voltage across two terminals in a cireuit. The driving point
admittance function is the transfer function from voltage te current. In circuit
theory it was established that such impedance functions have certain proper-
ties that were taken as the definition of positive real. In this section we discuss
some properties of posilive real functions. It follows from Definition 5.5 that
if the transfer function G{s) is PR (SPR), then its inverse 1/G(s) is also PR
(SPR). This is a direct consequence of the syminetry of admittance functions
and impedance functions. It does not matter whether we consider current or
voltage as the input to a circuit. Positive real functions can be characternzed
in many different ways. Av alternative to Definition 5.5 that is easier to use
is given by the following theorem.

THEOREM 57 Conditions for positive realness

A rational transfer function G(s) with real coefficients is PR if and only if the
following conditions hold.

{i) The function has no poles in the right half-plane.
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{ii) If the function has peles on the imaginary axis or at infinity, they are
simple poles with positive residues.

(iii) The real part of GG is nonnegative along the iew axis, that is,

Re (Gliw)} > 0 (5.45)

A transfer function is SPR if conditions (i) and (iii) hold and if condition (ii)
is replaced by the condition that G{s} has no poles or zeros en the imaginary
axis.

Prooft  Assume that (7(s) is PR. Since it is rational, the only singularities are
poles. A function assumes all values around a pole. According to Definition 5.5
the function has positive real part for Res > 0. Hence it cannot have poles
in this region. Equation (5.45) follows by setting s = iw in Definition 5.5.
Furthermore, G{s) cannot have multiple poles at infinity because the condition
Re (G(s) = 0 fur Res = 0 would then be violated. For the same reason a pole
at infinity must alse have positive residue.

We have thus shown the necessity. To show sufficiency, we use the fact

that a function that is analytic in a region assumes its largest values on the
boundary. Consider the function

F(s) = e8¢
We have
|F(5)] = €% (5.46)

Let the region D} be bounded by the imaginary axis and an infinite half-circle
to the right with the imaginary axis as a diameter. Let T" be the boundary
of D. Assume that conditions (i), (ii], and (iii) hold. Because of condition {iii)
we have |F(s}| > 1 on the imaginary axis. It now remains to investigate the
value of F on the large halfcircle. It follows from conditien (ii) that (7 has at
most one pole at infinity. We have three cases: G(s) may ge to zero; it may go
to a constant, which must be positive because of condition (iii); or it may go
to infinity as ks, where the constant 2 must be positive because of condition
{ii). We can thus conclude that |F(s)} > 1 on T'. Since F is analytic in D, the
condition then also holds on D, and Eq. (5.45) then follows. Notice that it also
follows that the funetion G(s) does not have any zeros inside D, m]

We now illustrate the different passivity concepts on linear time-invariant
systems.

EXAMPLE 512  Linear time-invariant systems

Consider a linear time-invariant system with the transfer function G(s). As-
sume that G(s) has no poles in the closed right half-piane. It follows from
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Parseval’s theorem that

{yfu)

/y(t]u{t] di = % ] Y (i0)U (—iw) do
0 —0e

%/G(iw)U(iw)U(—iw} dw

—o0

% f Re {G(iw)} UG)U (-iw) do (5.47)
i3

wherc ¥ and [7 are the Laplace transforms of ¥ and u, respectively. If G{ia)
is positive real (see Definition 5.5), we have Re G(iw) = 0, and we get
(ylu) 20
which shows that the system is passive. It follows from Definition 5.9 that a
positive real transfer function is input strictly passive if
ReG{iw) 2 £ > 0
and output strictly passive if
ReG(iw) 2 €|Glio))®

The transfer function G(s) = s + 1 is thus SPR and ISP but not OSF. The
transfer function G{s) = 1/(s + 1) is SPR and OSP but not ISP. The transfer
function

_ g2 +1

T {s+ 1)2

is OSP and ISP but not SPR. O

G{s)

In control systems applications it is common for transfer functions to be
proper or strictly proper. The output strict passivity is therefore the concept
that is normally used in these applications.

Proof of the Kaiman-Yakubovich Lemma

Having developed the notion of SFR, we can now give a proof of the Kalman-
Yakubovic lemma, which was given as Lemma 5.2 in Scetion 5.5. Consider the
linear system

dx
ot B
e - Ax+Bu (5.48)

y=Cx

which is assumed o be completely controllable and completely observable. The
systemn hag the transfer funetion

G(s) = C(sI - A'B (5.49)

224 Chapter 5 Model-Reference Adapiive Systems

We will prove that a necessary and sufficient condition for G(s) to be SPR is
that there exist positive definite matrices P and @ such that

ATP+PA = -Q (5.50)

and
BTP=C (5.51)
We will first prove necessity. If we use V = x¥ Px as a Lyapunov function, it
follows from Theorem 5.1 that the system {5.48) is stable. This implies that
the transfer function G (s} is analytic in the closed right half-plane. To prove

that G(5) is SPR, it remains to verify condition (iii) in Theorem 5.7. It follows
from Eq. {5.50) that

—sP-ATP+sP-PA=(-sI ~AYP+PsI-A)=@Q

To obtain this equation, we have added and subtracted s, Multiplying the
equation with B7(—sI — A)"T from the lefl and (s/ — A)~'B from the right
gives

BTP(sI-A)'B+BT{-sI-A)TPB = BT(—sI-A)"Q(sI-A)"'B  (5.52)
Since GT{-s} = G(—s), Eq. (5.49) now implies that
2Re G(iw) = Gliw) + G(~iw) = BT (—iwl - Ay TQ(iwl - A)”'B 2 0
It now follows from Theorem 5.7 that G(s) is PR. Replacing & by s — £ in the
above calculations, we find in a similar way that
ReG(iw—€) =2 0

Since the matrix A has all its eigenvalues in the open left half-plane, it follows
that the matrix A + € is also stable. It now follows from Theorem 5.7 that
G{s) is SPR.

To prove sufficiency, we start with the assumption that the system (5.48)
has a transfer function G(s) that is SPR. The proof is based on a direct
construction of the matrices P and §. Consider the expression

Bis) B(-s) A(-s)B(s)+ A(s}B(-s) Q(s)
Clo)+ G=9) = 15 ¥ A(=s) ~ AGIA(=5) = A()A(=s)

where
Qs) = ql{—l}“"sz("‘” + q2(_1)n—232(n—2} +...+Gn

Notice that polynomial §{s) has only terms of even power and that all coef-
ficients g; are positive, since G{s) is SPR. Let @ be a diagonal matrix with
elements ¢,. Introduce the following realization of the transter function:

—; —@2 - —Op.1 —Oa 1

dx 1 0 0] 0 0
dr - : :
o o .- 1 0 0
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With this choice we have

Sn-—l
1 sn—2
(sT-AY'B = ael | (5.53)
1
and
BT(-sI - AYTQ(sI - A)'B = ;1—(3%:8—) = G(s) + G(-s) (5.54)

Since G(s) is SPR, the matrix A has no eigenvalues in the right half-plane
or on the imaginary axis. Let P be the solution to Eq, (5.50). This matrix is
positive definite because § is pusitive definite and A has all its eigenvalues
in the left half plane. Furthermare, let ¢ = BTP. We now show that € = C.
Since P is the solution to Eg. (5.50), it follows that

C(sl -A)'B + BT{(-sI —A)TCT = BT(-sI-~A)TQ(sI -A)'B

But according to Eq. {5.54) the right-hand side is equal to G(s) + G(—s). Since
a partial fraction expansion is unique, it follows from Eq. (6.52) that

G{s) = C(sI —~AY'B = C(sI —A) 'B

which implies that € = C, and the theorem is proven. 2

Test for Positive Realness

It is useful to have an algerithm 1o test whether a function is pusitive real.
Theorem 5.7 can be used for this purpose. Condition (1) is easily tested by an
ordinary Routh-Hurwitz test. Condition (i1) is a straightforward calculation,
To test condition {iil), we proceed as follows:

_B()
Als)

G(s)
then
B(io) . Bliw)A( iw)
Aw) - Aliw)A(—iw)

Since the denominator iz nonnegative and G{iw) is symmetric with respect to
the real axis, it suffices to investigate whether the function

Re G{iw) = Re

fl®) = Re (B(iw)A(—io))

is nonnegative for @ > 0. Notice that f is an even function of @. It is thus
sufficient to investigate whether f(w) has any real zeros. This can be verified
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directly by solving the equation f(w) = 0. There is also an indirect procedure.
To describe this, introduce the polynomial

g(x) = f (V)
The problem is thus tc find whether the polynomial g(x) has any zeros on the
interval {0, oc). This classical problem can be solved as follows:

1. Let gi(x) = g(x), g2(x) = g'(x). Form a sequence of functions {g:(x],
g2(x), ..., £a(%)} by letting —gs.z(x) be the remainder when dividing g4(x)
by gi.1(x). Proceed until g, is a constant.

2. Let V{x) be the number of sign changes in the sequence {g(x), go{x), ...,
gn(x)}.

3. The number of real zeros of the function g(x) in the interval [, b] is then
Via) -~ V(b).

The function sequence {g; (¥}, g2(x),...,£,(x)} is called a Sturm sequence. The
procedure is illustrated by an example.

EXAMPLE 5.13  Second-order system
Consider the transfer function

st +6s+8

G(s) = =272
(=) §% + 4z +3

First notice that ¢ has no peles in the right half-plane. Furthermore,
f(@) = Re {(~* + 6io + B)(~&® — diw + 3)) = w* + 130" + 24
Hence

g(x) = % + 13x + 24

We get
g1{x) = x* + 13x + 24
ga2(x) = 2x + 13
73
gslx) =

Since V(0) = 0, V(o) = 0, g(x) has no zeros on the positive real axis. The
transfer function G'(s) is then SPR. (8]

An Alternative Test

An alternative test for SPR for a system with a proper transfer function can be
obtained from the proof of the Kaiman-Yakubovich lemma. Write the matrix A
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in controllable canonical form. Salve the equations

g1 0 - 0
0 g2 - O

ATP + PA =
0 0 - g

BTp=C(C

where P is a symmetric matrix. This gives n + a(n + 1)/2 equations for the
unknown elements of P and @. The transfer function is SPR if ¢; > 0 for
i=1,...,n

The Passivity Theorem

Having established a notion of passivity, we can now state a key result.

THEQOREM 5.8 The passivity theorem

Consider a system obtained by connecting two systems H, and Hy in a feedback
loop as in Fig. 5.16. Let H; be strictly output passive and H; be passive. The
closed-loop system is then BIBO stable.

Proof: Since H) is strictly output passive, we have

(yley > dllyl?
Sinee e = v — Hyy, we have
Sllyl” < (yle) = (ylu Hay) = {y|u) —{y|Hy) (5.55)
Since Hj is passive, we have
(y{Hay) 20

*

and it then follows from Eq. (5.55) that

BlIyIP < (v lu) < [yl el
where the last inequality follows from Schwartz inequality. We now get
1
ol < 5 Ilel
which proves the result. a
Remark. The passivity theorem may also be regarded as an extension of

Nyquist’s stability theorem. Instability is avoided by having a loop transfer
funetion with a phase lag less than 180°. a
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Relations between Passivity and Small Gain Theorems

The amall gain theorem (Theorem 5.6) and the passivity theorem (Theo-
rem 5.8) are closely related. To investigate this connection further, we consider
signal spaces that are inner product spaces and we show that the small gain
theorem can be derived from the passivity theorem. We start with Fig. 5.16
and make a sequence of transformations of the feedback loop that are shown
in Fig. 5.17.

Consider the closed-loop system in Fig. 5.17(a). Assume that the system
H, is strictly output passive and that Hs is passive. In Fig. 5.17(b)} we have
introduced two loops that cancel each other. The input-output relations of the
encircled loops are (I + Hy) 'Hy and I — H,, respectively. These two systems
are shown in Fig. 5.17(c), where we have also added two leops and two gains
{1/2 and 2) that cancel each other. The transfer functions of the encircled loops

a) b}

=

[
b o e b=

Figure 5.17 Four equivalent systems.
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are

S;=2H1+ D' H - (I+H) "I +H)=(H,+IyYYH, - I
and
-1

Sy = - (" -3 —Hﬁ) S0~ Hy) = (8 + D (Ha = T)

The system obtained after the transformations is shown in Fig. 5.17(d).

The systems in Fig. 5.17(a} and Fig. 5.17({d) are equivalent. We use their
equivalence to prove the result. First we observe that if the system (H + J)7!
exists, it commutes with H. To prove this, use the identity

H+H'=HH+H=(H+IH
and multiply from the left and the right by (£ + H)™1; then
(H+DN 'H=HH+I)
Subtracting (H + 17! from both sides gives
(H+D"MH-D=(H-H+D

The systems § and H are related through

S=(H-NNH+D?=(H+I)(H-I)
The input-sutput relation for the system 5 is

y=8u=(H-DH+I)u

Introduce
= (H+D e
We find that
y=(H-Dx
w=(H+[)x
Hence

Iyl = {¥ly) = (Hx — x|Hx ~ 2) = (Hx|Hx) + {x[x) - 2(Hx|x}
Similarly, we find that
1|tf:H2 = (ulu) = (Hx + x|Hx + x} = (Hx|Hx) + {x|¢) + 2{Hxjx}

Hence
Il® = feil® — 4 Hxlx) (5.56)

If H is passive, we have {Hx|x) 2 0; hence ||y]| < |lu]l, which implies that
¥(8) < 1. Similarly, we find that y(S) < 1 if H is strictly output passive.
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It follows from Eq. (5.56) that

N e 7 [ (e}
Ry = L B IRE S ey T
This implies that I is passive if ¥(S5) < 1 and strictly output passive if
y(S) < L
Natice that the argument would be the same if § and H were complex
numbers. The result is an example of the cquivalence between complex num-
bers and operators on inner product spaces.

5.7 APPLICATIONS TO ADAPTIVE CONTROL

The results from input-output stability theory are now used to construct ad-
justment rules for adaptive systems. So that we can focus on the prineiples and
avoid unnecessary details, only the problem of adjusting a feedforward gain 1s
considered in this section.

Consider a system with transfer function £G(s) where G(s) is known
and % is an unknown constant. We will deterraine an adaptive feedforward
compensation so that the transfer function from command signal to ocutput is
koG(s). This problem was previously considered in Examples 5.1 and 5.3. A
parameter adjustment law was also derived for the problem in Section 5.5 using
Lyapunov theory. This control law can be represented by the block diagram in
Fig. 5.14(b). According to Theorem 5.5 the adaptive system will be stable if
the transfer function G(s) is SPR. This condition indicates that the result is
related to passivity theory. To establish this, we redraw the block diagram as
in Fig. 5.18, which gives a configuration in which the passivity theorem can
be applied. To use the passivity theorem, we must investigate the preperties
of the dashed block in Fig. 5.18. We have the following lemma.

0 (6-6" Yu,

G
T T T T T T T T 7
| }
Fi |
-4 5
' ; |
l A |
Lo % __H,

Figure 5.18 Representation of the system with adjustable feedforward gain
when using the control law of Eq_ 5.40. Compare with Fig. &. 14{b).
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LEMMA 53 Property of positive real systems

Let r be a bounded square integrable function, and let (s) be a transfer

function that is positive real. The system whose input-output relation is given
by

y = r(G(p)ru)
iz then passive.
Proof: It follows that
ol = [ 3@ de = [ wiore) G dr
0 0

= fw('z') (Glplw) (1) d7 = {w|Guw)

o

where 1w = ru. Since G{s) is positive real, it follows from Example 5.12 that
{w|Gw) = 0, which proves the result. a

By invoking the passivity theorem (Theorem 5.8) we can now obtain an
alternative proof of Theorem 5.5. Figure 5.18 shows that the model-reference
system can be viewed as a feedback connection of two systems. One system is
linear with the transfer function (. [t has the signal (# —6")u, as the input and
the model error as the output. The other system has the model error e as the
input and the quantity --(8—8%)u, as the output. Since an integrator is positive
real, it follows from Lemma 5.3 that the system H is passive. If the transfer
function G is proper and strictly positive real, it follows from Example 5.12
that G{s) is output strictly proper. The passivity theorem (Theorem 5.8) then
implies that the closed-loop system is BIBO stable. In Fig. 5.18 there are no
external inputs, as in Fig. 5.16. The system in Fig. 5.18 may have initial
tonditions, however, because the process and the model may have different
initial conditions. The integrator may also have an initial condition that can
be thought of as being generated by an external input signal. Such an input
signal can always be chosen to be zero for £ > 0. We thus have a situation
covered by Theorem 5.6, where the input signal u is bounded in Ls. The error
e(t) goes to zero as t goes to infinity. Notice that the MRAS is stable for all
values of y > 0 when the SPR condition is satisfied. This implies that the
adaptation can be made arbitranly fast.

Design of Stable Adjustment Mechanisms

The passivity theorem gives a convenient way to construct stable adjustment
laws, We simply try to introduce some compensating network so that the
transfer function relating the error to (8 — 8%, is strictly positive real, as
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o ¥
™ 8 - 3
i, -
G(
+
G I
¥
6 Y
5

Figure 5.19 A stable parameter adjustment law is obtained if GG, is SPR.

ig illustrated in Fig. 5.19. For systems with output feedback, the problem is to
find a compensator G, such that the transfer function GG, is strictly pesitive
real. This can be done by using the Kalman-Yakubovich lemma {Lemma 5.2).
With pure feedforward controt it is natural to assume that G is stable. Tt can
then be wriiten as

_ Bs)

- Afs)

G(s)

where A(s) has all its zeros in the left half-plane. For a stable polynomial A(s)
a polynomial C (5) such that C(s)/A(s) is SPR can always be found. To do this,
we introduce the following canonical realization of 1/A(s):

—ay -y ... —dup.] i 1
dx 1 0 0 0
EI = : x+ 123
0 0 1 0 ¢

Choose a symmetric positive definite matrix @ and solve the equation
ATP+PA = -@Q

The coefficients of a € polyneomial such that C{s)/A(s) is SPR are then the
first row of the P matrix.

The polynomial C(s) will have a degree that is at most equal to deg A -1,
For systems with stable zeros and pole excess 1 it is thus possibie to find a
stable adjustrment rule by choosing G.(s) = C(s)/B{s). However, for systems
with higher pole excess than 1 the compensztor required to make G (3, strictly
positive real will contain derivatives. We will show how to deal with the case
in which the pole excess is higher by introducing the augmented error.
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PI Adjustments

All adjustment laws discussed so far have been integral controllers. That is,
the parameter has always been obtained as the output of an integrator. There
are, of course, many other possibilities for choosing the adaptation mechanism
H in Fig. 518. For instance, it can be expected that guicker adaptation can
be achieved by using a proportional and integral adjustment law. This means
that the control law of Eq. {5.40) is replaced by

8(6) = ~pue(t)ele) = 1o [uele)e(e) de (557)

Since a system with the transfer function

H(s)=ri+nfs

is output strictly passive for posgitive yy and 73, it follows from Theorem 5.8
(the passivity theorem) that Eq. {5.57) gives a stable adjustment law if GG,
is positive real.

‘The Augmented Error

Some progress has now been made to construct stable parameter adjustment
rules for the problem of adjusting a feedforward gain. Passivity theory gave
good inzight and led to the idea of filtering the model error so that GG, is
SPR. However, we have not solved the problem in which G has a pole excess
larger than 1. To do this, we first factor the transfer function G as

G = GIGE

where the transfer function @, is SPR. The error e = y — ¥, can then be
written as

e = GO — 0%, = (G1GHE — 8,
= Gy (G2(8 — 8%, + (8 - 8°)Gou, — (8 — 6%)Gau,)
G ({8 - 6°)Gau.) — G1 ((8 — 6°)Gau — Gao(B — 6,

Introduce the augmented error £ defined by
£E=e+7q
where 17 ig the error augmentation defined by

7= Gi(0 — " )Geu, -~ G(6 — 8%)u,
= Gl(Bquc) — Gﬂuc
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The second equality follows because GA% = 8°Gu when #° is constant. The
augmented error is thus obtained by adding a correction term 7 to the error.
The correction term vanishes when the parameter 9 is constant. It follows thai

£ =G ({0 - 09)Gou )} = G1(6 — 8%V, (5.58)

where &, 15 the reference signal filtered through G5, Equation (5.58) is an error
model similar to the ones used previously, and we have the following theorem.

THEOREM 59 Stability using augmented error

Consider a model-reference system for adaptation of a feedforward gain for a
system with the transfer function G. Let (2173 be a factorization of G such
that Gy is SPR. The parameter adjustmment law

de
T -ye(Gau) {6.59)
where
£ =e¢+ G(0Gu.) - G{Bu} (5.60)

pives a closed-loop system in which the error goes to zero as t goes to infinity.
Proof: Since (3 is SPR, the discussion of the error model shows that £ € Ls.
Remark 1. 'The trivial factorization with G| = 1 is one possibility.

Remark 2. If the input signal is persistently exciting, it can be shown that
the parameters also converge.

Remark 3. Notice that G must be minimum phase to establish that & con-
verges to 8%, The reason is that we have to go “backwards” through @ to shew
that 8 — 8" goes to zero if the output e goes to zero. That is, the inverse of G2
must be stable. This is a condition that will be seen again in the general case
in Section 5.8 =]

A block diagram of the system with augmented error is shown in Fig. 5.20.
To implement the augmented error, it is necessary to introduce realizations
of the transfer functions (¢, and G». The augmented error was introduced by
Monopoli. It was a key idea for adaptive control systems having pole excess
larger than 1. Application of the idea to general linear systems is discussed in
Section 5.8. In Section 5.9 we show that the augmented error appears naturally
in the self-tuning regulator.

Summary

The problem of adjusting the gain in a known system has been used to intro-
duce some ideas in ihe design of stable model-reference adaptive systems. It
was first shown that adjustment rules could be cbtained for systems in which
the plant is strictly positive real. The parameter adjustment rules were similar
to those obtained by the gradient method.
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Modetl
N
—» k.G
Process
kG
G,

Figure 5,20 Block diagram of a model-reference adaptive system based on
the augmented error.

The class of systems could then be extended by using adjustment rules
in which the error is filtered. In this way the problem can be solved for
stable minimum-phase systems that have pole excess less than 1. The idea
of augmented error was introduced to solve the problem of higher pole excess.

58 OUTPUT FEEDBACK

We now dertve an MRAS for adjusting the parameters of a controller based
on cutput feedback in a fairly general case. A process with one input and one
output is considered. It is assumed that the dynamics are linear and that the
control problem is formulated as model-following. The key assumption is that
the controller can be parameterized in such a way that the error is linear in
the controller parameters. The derivation of the MRAS is described as follows:

Step 1: TFind a centroller structure that admits perfect output tracking.
Step 2: Derive an error model of the form
£=Gip) {eT )" - 0)} (5.61)

where G, is a strictly pesitive real transfer function, 6° is the process pa-
rameters, and 8 is the controller parameters. The right-hand side should be
expressed in computable quantities.

Step 3: Use the parameter adjustment law

de
T YQE {5.62)
or the normalized law

A L (5.63)
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Notice that the error £ in Eq. (5.61) is linear in the parameters, a condition
that imposes resirictions on the models and contirollers that can be dealt with,
A model of the form (5.61) is typically obtained by algebraic manipulations,
filtering, and error augmentation.

We now show one way to apply the design procedure.

Finding a Controller Structure

The first step in the design proeedure is to find a suitable controller structure.
The tools for doing this were developed in Section 3.2. Let the process be
deseribed by the continuous-time model

Ay(t) = boBu{t) (5.64)

where it is assumed that the polynomials A and B do not have common factors
and the polynomial B is monic and assumed to have all itz zeros in the left
half-plane. Furthermore, the polynemial is normalized so that B is monic.
The variable by is called the instantareous gain or the high-frequency gain. A
general linear controller can be written as

Ru(t) = —Sy() + Tu () (5.65)

where 4, is the command signal. Since the polynomial B is stable, the corre-
sponding poles can be canceled by the controller, This corresponds to B = E1B.

The closed-loop system obtained when the controller is applied t the process
(5.64) is described by
(AR, + 6y8)y = boTu. (5.66)

if polynomial T is chosen tobe T' = kA, where A is a stable monic polynomial
and B and § satisfy
ARl + bQS = A{)Am {567)

it is possible to achieve perfect model-following with the model

Anym () = botouc(t) {5.68)

The Error Model
Having obtained a suitable controller structure, we now proceed to derive an
error model. It follows from Eq. (5.67) that

A,,Amy = ARly + ngy = R}b(}Bu + boSy [569)

where the first equality follows from Eq. (5.67) and the second from Eq. {5.64).
Introduce the error

€ =YY" ¥m
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It follows from Eqgs. (5.69) and (5.68) that

A dne = A AL (Y — ym) = Iy (Ru + 8y - Tu'c]
or

by
¢~ AAT (Ru + Sy — Tu,)

This expression is not yet a suitable error model, because the transfer funetion
by/(AsAr) is not SPR. Therefore introduce the filtered error

er=Tee Dy

where @ is a polynomial whose degree is not greater than deg A,A,, such that

bo@
E:, A, {5.70)

is SPR. The filtered error can be written as

o 0@ (E 5 T
I AA \PYTPRY P

Let P = P, P,, where Py is a stable monic polynomial of the same degree as
R. Rewrite R/P as

R _R-Py+Py 1 R-P

P PP, PP
The filtered error then becomes

Q@ [ 1 R-P, § T
T AA, “

er putTp Ut EI - ph

Let &, [, and m be the degrees of the polynomials K, S, and T, respectively.

Introduce a vector of true controller parameters

89 = (r .. rhsa...: tg...z‘m)T (5.71)

where r! are the coefficients of the polynomial B - P,. Also introduce a vector
of filtered input, cutput, and command signals

S (= P AP S
Pp) " Plp) P} Plp) P@p) Pip)
(5.72)
The filtered error can then be written as
by @ 1 T 0)
= — 5,
ef A4, \P uw+e@' o (5.73)
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To obtain an error model, we must introduce a parameterization of the con-

troller. In the nominal case in which the parameters are known, the control
law can be expressed as

u=—PipT8% = P {(6") p) = — (") (P19} (5.74)

where P) is a polynomial in the differential operator. Let # denote the ad-
justabie controller parameters. The feedback law

u=-Pi{e?8)

would give the desired error model. However, this control law is not realizable if
P, has a degree greater than 1 because the term P1{@7#) contains derivatives
of the parameters. However, the control law

u=-6"(P1p) (6.75)

is realizable because of Eq. (5.69). If we use this control law, it follows from
Eq. (5.70) that the filtered error can be written as

b Q T L o7 )

A.A. (Gﬂ e —;;719 (P1o)

_ bo @ T T 7i T T
= LA (qa &' P]6 (Pio)+ "8

Introduce the signals n and £, defined by

o
—
Il

7= PLGT(PMO) -0 =~ (—u + wTﬂ)
1

boQ bo&

AAn T A4, Y

(5.76)

828f+

The signal ¢ is called the augmented error, and 7 is called the error augmen-
tation. The augmented error is computed as follows:

g 0o @
E—?(J’*ym)'*'roA_m??

With the chosen degrees of P and @ it is straightforward to verify that the
computation dves nol require taking derivatives of the signals y, u, u,, and y.
The error model of Eq. (5.76) is also linear in the parameters, and the transfer
function bo&}/(As,An) is SPR. The error model thus satisfies the requirements
of Step 2, and the parameters can then be updated by Eq. (5.62) or Eq. (5.63).
So far, the derivation has been done along the lines developed in Sections 5.3
and 5.4. However, to show the stability of the closed-loop system, it is not
sufficient that the system {5.70) is SPR. It is also necessary that the signals in
@ are bounded. This condition can be difficult to show. Furthermore, Egs. (5.76)
are valid only if the control signal is generated from Eqg. (5.75). This implies, for

(5.77)
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instance, that the control signal cannot be saturated. Notice that it is necessary
to know the parameter by to compute the augmenied error £.

The derived algorithm thus requires that the high-frequency gain by be
known. If the parameter is not known, it can be estimated as follows. The
error model of Eq. (6.73) can be written as

g = bo (0] 6" + uy) (5.78)
where 9
L
. Q
YT AL AP
A simple gradient estimator for by and 8 is then given by
de .
ar - boPrEp = YPrEp
R (5.79)
dbg
g " ererus e
where £, is the prediction error
£y =€~ = ¢ — by (T8 +uy) (5.80)

Notice that by can be absorbed in the adaptation gain if its sign is known.

Realization

The equations needed to implement the general MRAS can now be summa-
rized:

_ Bn
ym—Am c
Ef:%e=%{y*ym)
n=—(Pllu+goT6)
bol)
5=€f+A—"—UAmn
d‘?__A c
u = —6"(P19)

A block diagram of the model-reference adaptive system is shown in Fig. 5.21.
The block labeled “Filter” in Fig. 5.21 is a linear system that generates Pyg
and ¢ from the signals u., 4, and y. The vector ¢ is composed of three parts
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having the same structure. It therefore suffices to discuss one part. Consider,
for example, how to generate ¢, and P, ¢, where

pEL i AT
Prg, = (?z’u qu) ={x1 ... 5" ="

k-1 T
_ (2 1
@u—( P UPH',>

where P = P\Py and k = deg R = degF».
Let the polynomials P, and Py be

and

Pl=pt+ap™ 4+ +a,
Pg :pk+ﬁ1pk—l.+_”+ﬁk

We also assume that deg P; > deg P2. The vectors x and ¢, can then be realized
as foilows:

=By B2 ... =B —ﬁkl 1

dax 1 Q 0 ] 4]
g ‘ x+ [ .|«

0 0 1 0 LU

X, —fXz —Xn-1 —n (1)

dz 1 1] 0 0 0
2t = ) . z+ | .| %

G 0 1 0 ) L 0

where x, = 1/P» - u is the last element of the x vector. The elements of ¢,
are the k last elements of the state vector z. Furthermore, 1/P; - 1 can also be
obtained from the generation of ¢, and P;¢,. To generate the full vectors ¢
and P¢, we thus need three realizations of the transfer functions P, and P:.
The block labeled “Filter” in Fig. 5.21 represents these systems.

Design Parameters

Several parameters must be chosen in the design procedure:
» The model transfer function B,, /A,
« The observer polynomial A,
+ The degrees of polynomials R, S, and 7', and
« The polynomials F,, Py, and @.
Many different model-reference adaptive systems can be obtained by different

choices of the design parameters. A popular choice of the polynomials is P; =
An. Py = A, and € = A4,
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ES

bl
AA,

Figure 5.21 Block diagram of a medel-reference adaptive system for a SISO
system.

A Priori Knowledge
To apply the MRAS procedure, the piant must be minimum-phase and the
following prior information must also be known:

» The sign of the instantaneous gain by,

» The pole excess of the plant, and

» The order of the plant or the controlier complexity.

EXAMPLE 514  Second-order MRAS

The performance of the general MRAS is illustrated by a second-order example,
given the system

k

6= va

and the model
B, @’
Cmls) = An 2+ 2 ws + 0?

The polynomials A,, R, §, and T can be chosen to be

Ads) =s5+a,
R{s)=s5+n
S(s) = sos+ 51

T(‘;) =fos + 1
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The Diophantine equation (Eq. 5.67) gives the solution
n=2w+a,-a

(2 wa, + @ - ar)/k

s = a,0°/k

to = wi/k

141 (Iuwsz

LD

i

For simplicily we choose

Qfs) = Ao(s)Anls)

Pifs) = An(s)

P'Z(S) = A, (s}
Figure 5.22 shows a simulation of the system with y = 1, { = 0.7, @ = 1,
a, =2, a = 1, and k = 2. In the simulation it is assumed that &y = bg. The
used values of the filters Py, P, @, and A, give a fairly rapid convergence of
y to yn,. The parameter estimates at the end of the simulatien are still far
from the optimal values, but the error is small (see Fig. 5.22¢). The controiler
parameters are shown in Fig. 5.23. The contrel law at ¢ = 150 gives a closed-
loop system with a pole in —1.95 and two complex poles corresponding to

T T T
0 50 1) 150
Time
{h)
1 u
-1
T T T T
0 50 100 150
Time
te) 1 !k €
g 50 100 150
Time

Figure 5.22 Simulation of the system in Example 5.14. {a&) The process
output {solid line) and the madel output {dashed line). (b) The control signal.
{c) The errore = y — ¥,
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ook’

]
0 50 100 150
Time

Figare 5.23 The controller parameters in the simulation of the system in
Example 5.14.

@ = 0.84 and { = (.78, which should be compared to the roots of A A,,,
which are in —2, and complex poles corresponding to @ = land { = 0.7. O

59 RELATIONS BETWEEN MRAS AND STR

For a long time, model-refercnee adaptive systems and self-tuning regulaters
were regarded as two quite different approaches to adaptive control. In this
gection we will show that the methods are closely related. The key observation
is that the direct self-tuner in which process zeros are canceled (Algorithm 3.3)
can be interpreted as a MRAS.

An MRAS for a general continucus-time linear system was derived in
Section 5.8. In the derivation it was assumed that the process was nlinimum-
phase and that all its zeros were canceled in the design. We showed that the
adjustment law for updating the parameters can be written as

de
= = yose (5.81)

where @y is a filtered regression vector and £ is the augmented error given by
Eq. (5.77), that is,

£= g(y — ¥m) + 5Q_ n (5.82)
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Now consider a discrete-time direct self-tuner. When all process zeros are
canceled, polynomial B~ 1s a constant and we get the process model

¥{(t) = ¢f {t -~ do)®

In the direct algorithm the estimated parameters are equal to the controller
parameters. The least-squares method can be used for the estimation by using
the residual

e(t) = ¥(t) - (1) = ¥(t) - ¢ (¢ —do}8(r - 1)

The parameter update can be written as

6(t) = 6t — 1) + P(t)gr (t — dg) £lt) (5.83)

The residual is given by

e(t) = y(t) — #() = (&) — ym ) + yult) — I8} = e(t) + 7(0) (5.54]

A comparison of Egs, (5.81) and (5.83) show that Eq. {5.83) can be interpreted
as a discrete-time version of Eq. (5.81). Notice that the gain ¥ in the MRAS
is replaced by the matrix P{#). This matrix changes the gradient direction ¢
and gives an appropriate step length. Also notice that it follows from Eq. (5.84)
that the error augmentation is simply y - 7. The augmented error that required
a significant ingenuity to derive in the MRAS context is thus obtained directly
from the least-squares equations in the STR. More filtering is required in the
MRAS because of the continuous time formulation. Notice that it follows from
Eq. (5.83) that

pi{t —do) = — gradg £(0)

The vector (p?{t - dp) can be interpreted as the sensitivity derivative of the
prediction error £ with respect to the parameter. The parameter update of
Eq. (5.83} is thus a discrete-time version of the MIT rule. The main difference
is that the model error e{t) = y{£) - ¥m(¢) is replaced by the prediction error
E(t).

Notice that in the identification-based schemes such as self-tuning con-
troilers we normally attempt to obtain a form similar to

¥it) = @8

With the model-reference approach, it is also possible to admit a model of the
form

¥(e) = G() (97 6)

where G(p) is SPR. In summary we thus find that the MRAS-type algorithms
can be obtained in a straightforward way as a direct self-tuning regulator based
on a minimum-degree pole placement design with cancellation of the whole 8B
polynormial.
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510 NONLINEAR SYSTEMS

The Lyapunov method can also be used to find adaptive control laws for non-
linear systems. This is a difficult problem because no genera! design methods
are available. There is, however, much interest in adaptive control of nonlinear
systems. For this reason we present some of the current ideas and illustrate
them by a few examples.

Feedback Linearization

Before attempting to do adaptive control, we must first have a design methed
for the case in which the parameters are known. Feedback linearization is a
design method that is similar in spirit to pole placement. It can be applied to
certain classes of systems. We illustrate it through an example.

FXAMPLE 515 Feedback linearization
Consider the system

dx

= = mt fla)
dx2 _,

dt

where f is a differentiable function. The first step is to introduce new coordi-
nates

51 =X
&2 = a2 + flx)

The equations then become

dé
g - 52

Lo opier) v

By introducing the control law

u=—af1 — gy - Ef (E1) + v

we get a linear closed-loop system described by

d 0 1 0
£ (% e )
dt —fig —Q; 1
This system is linear with the characteristic equation

s2+als+a2:0
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By transforming back to the original coordinates the control law can be written
as

U= —aaxy — (o:; + f'(xl]) (Iz + f(xl]) + v O

The closed-loop system obtained in the example will behave like a linear
system. This is the reason why the method is called feedback linearization.

The system in Example 5.15 is quite special. Applying the same procedure for
a system described by

dx
i flx) +uglx)
we first pick
£ = hix)
as a new state variable. The time derivative of £, is

L1 ww(r +uso)

If h'(x)g{x) = 0, we introduce the new state variable

2 = K(x}f (%)

We proceed as long as the control variable u does not appear explicitly on the
right-hand side. In this way we obtain the state variables £y ...&,, which are
combined to the vector & € R7, where r < n. We also introduce the new state
variable 71 ...7._r, which are combined into the vector 7 € R"™". This can be
done in many different ways. We obtain the following system of equations:

e
=g
_ (5.85)
L aigm b )
Dy

Notice that the state variables & represents a chain of r integrators, where the
integer r is the nonlinear equivalence of pole excess. The variables  will not
appear if » = n. This case corresponds to a system without zeros. This actually
occurs in Example 5.15, where r = n = 2.

A design procedure, which is the nonlinear analog of pole placement, can
be constructed if B(€,7n) # 0. If this is the case, we can introduce the feedback
law

B n)<*“"’c‘ - e — - @ - ot m + bﬂv)
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The closed-loop system then hecomas

0] 1 0 0 0
dE 00 1 _]o
a | I
{5.86)
—tty, ey —dr.z ... U bo
dn .
- 7
AL

The relation between v and &1 is given by a linear dynamical system with the
transfer function _ 5
=qis .
1(_} - Gs) = 0

Vis) s +ays" L+ .. .a,

This differential ecquation has a triangular structure. The part corresponding
to the stale vectar £ is a linear system that is decoupled from the variable 7.
If £ = 0, the behavior of the system {5.86} is governed by

an

a y(0.1) (5.87)

This equation represents the zero dynamics. It is necessary for this system to
he stable if the proposed control design is going to work. For linear systems
the zero dynamics are the dynamics associated with the zeros of the transfer
function. Feedbuack linearization is the nonlinear analog of pole placement with
cancellation of all process zeros.

Adaptive Feedback Linearization

We now show how feedback linearization can be extended to deal with the
situation in which the proeess model has unknown parameters. The approach
will be similar to the idea used to derive model-reference adaptive controllers.
Let us start with an example that is an adaptive version of Example 5.15.

"EXAMPLE 5.16  Adaptive feedback linearization

Consider the system

%1- = x2 + 8F(x1)

dxg

-
where @ is an unknown parameter and [ is 2 known differentiable function.
Applying the certainty equivalence principle gives the following control law:

¥ = —as1y - (a1 + éf’{xl)) (xg + Qf{xl)) +v (5.88)
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Introducing this into the system equations gives an error equation that is non-
linear in the parameter error. This makes it very difficult to find a parameter

adjustment law that gives a stable system. Therefore it is necessary to use
another approach.

Proceeding as in Example 5.15 and introducing the new coordinates
1 =m
&y = xp+ Of (x1)
where # is an estimate of @, we have
a¢ dx . -
2o S Bf() = o+ (6 O)f ()

Br 2 fix) + 6 + BF (a2} F ) +

Choosing the control law to be

i = asli -l - B(xa 4 Oflen)) ) - )ty (589)

E- () lrearen) oo )

A comparison with the certainty equivalence control law given by Eq. (5.88)
shaws that the major difference is the presence of the term df/dt in Eq. (5.89).

In analogy with the model-reference adaptive system, let us assume that
it is desired to have a system in which the transfer function from command
signal to output has the transfer function

we get

[43]
$ + a5+ az

Gis) =
Introduce the following realization of the transfer function:

dx,, 0 1 . 0 ]
— = X Um
dt —dz — " s

and let e = & — x,, be the error vector. If we choose

U = a3l (5.90)

we find that the error equation becomes

7 (o e (srarin) 0= 402

4= [—?12 W) B- [ér(gf;’)@)]

where
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The matrix A has all eigenvalues in the left half-plane if ¢; > 0 and az > 0.
It is then posgible to find a matrix P such that

ATP+PA =

Chooesing the Lyapunov function
T L oo
V=e'FPe+r-0
4

we find that
av . < p 2 5 dé
- = ‘4 — 8 —
i ¢ (A"P+ PA)e + 208 Pe+y9dt

If the law for updating the parameters is chosen to be

— T
ar =yB' Pe
we find that
dé d s d T
g ~ @ @O g =R

and the derivative of the Lyapunov function becomes

av
E‘*«-'—EE

This function is negative as long as any component of the errer vector is
different from zero. With the control law given by (5.89) and (5.90) the tracking
errer will thus always go to zero. QO

Backstepping

Unfortunately, adaptive feedback linearization cannot be applied to all systems
that can be linearized by feedback. The reason is that higher derivatives of the
parameter estimate will appear in the control law for systems of higher order.
There is, however, another nonlinear design technique called backstepping
that can be used. We first introduce this method and later show how it can
be used for adaptive control. In feedback linearization we introduced new
gtate variables and a nonlinear feedback so that the equations describing
the transformed variables had a particular structure. A similar idea is used
in backstepping, but the transformed equations have a different form. Te
show the key ideas without too many technical complications, we consider
a simple stabilization problem. To simplify the writing, we frequently drop the
arguments of Tunctions.

250 Chapter &  Mudel-Reference Adaptive Systems

EXAMPLE 517  Stabilization by backstepping
Consider the system described by

d .

= x i)

dx

,é?, = % (5.91)
dx3 _

e

Introduce £ = x). Then
déy )
i 2+ f{E1) = ~Ei+ 22+ S+ fG)

1f we introduce the function

ar{é)) = &1+ fl&y)
and the state variable
Lo = xp + ails1) (5.92)
the differential equation for &; can be written as
s
dt
The derivative of the variable &; is given by

d
L g T Chr s Grrh g )

= -5+ 8y

If we introduce the function
da
an(Er, &) = Ea+ o (- &1+ &)
déq
and the state variable

s = 23 4 @2(51,62)

the differential equation for &3 can be written as

‘%Z ~8a + &3

Taking derivatives of {3 and using Eqs. (5.91}, we find that

% =u+ %%% (&1 + &) + %% (=42 +63)

Introducing the function

8(12
dEy

0a(Er Enbs) = Ea + 02 (L&, + Ea) + T gy + £a)
86,
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we find that the differential equation for £; can be written as

o -
% = —é;j + a;}(§1:g2:§3) ~u

The feedback

u = —a3(&r,82,8n)
gives the closed-loop system described by

e 1 1 0

g_ _ _ .

Z=l o -1 1 (5.93)
0o 0 -1

This system is clearly stable, and its state £ goes to zero expencntially. Notice
that by a slight medification of the procedure we can have any number in the
diagonal of the system matrix.

The transformation was obtained recursively. Notice that if the variable x;
was a control variable that could be chosen freely, the “control law”

x2 = —a1(f1)
would give
&,
dt :

The state variable &5 defined by Eq. (5.92) can thus be interpreted as the
difference between x; and the “stabilizing feedback™ —a1(¢;).

Similarly, if x3 was a control variable that could be chosen freely, the

“control law™
x3 = —az(£1,82)

would give the closed-loop system
aé

dr =-51+&
déy _
@ T

The state variable £3 can be interpreted as the difference between x; and the
“gtabilizing feedback” —aa(&1, Ea).

The procedure was originally derived by applying this reasoning recur-
sively, and the name “backstepping” derives from this.

In the example the system was transformed to a triangular form given by
Eq. (5.93). There are many other possibilities. a

Adaptive Backstepping

The key idea of backstepping is to derive an error equation and to construct a
control law and a parameter adjustment law such that the state of the error
equation goes to zero. The idea is illustrated by a simple example.
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EXAMPLE 518  Adaptive stabilization by backstepping
Consider the system

D xat 0f ()
drs _

dt = X3

dxn

a ¢

where f ig a known function and & an unknown parameter. We derive a control
law that stabilizes the system when the parameter ¢ is unknown. Introduce
a new state variable £; = x;. We wrile the derivalive of £y as a sum of terms
in which one of them depends on known quantities only. For this purpose we
introduce the parameter estimate # and the error 6 = 6 - 6. The derivative of
&1 then becomes

dditl = =& + E1+ 20 + OF(Ex) + OF(Ey)

Introduce the next state variabie &s as

£ = xp + a1 {£1.6)

where
a:(E1,8) = £y + 0F(§1) (5.94)
The differential equation for &1 can then be written as
d
f; —&1+ &+ 6F {5.95)

We now proceed to rewrite the deriva!,ive of 3 as a sum of two terms in which
the first depends only on £1,¢2, and 8. Hence

déy _dxy Oy déy oy db
dt ~ dt o0&y dt pe di

Equation (5.95) gives the desired separation of terms in d§,/dt. Some work is
required to c¢btain a similar expression for d¢//ds. We have

des

da dB
Gt gE Chrhe0f) g

T (5.96)

Following the idea of backstepping, we consider x3 to be a control variable that
can be chosen freely. The Lyapunov function

2V = E2 4 E2 4+ 40
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can be used to find a control law and an adaptation law that stabilizes the

error equation for variables £, and £;. After some calculations we find that the
derivative of V is given hy

dv day d r)al de
E——§1+§1§2+x1 (§2+ o dt) (51f+§2 d.:)
The term containing # can be eliminated by choosing
dé
€& b(81.52)
where
= Oag
by = &1f(G0) + G2 o 9%, f{s1) (5.97)

The function bs($1.$2) can be interpreted as a good way to choose the param-
eter update rate df/dt based on &, and &;. The “contrel variable” x; ean be
chosen to give

W

=& - ¢}
Using b» as an estimate of dé/dt, we now rewrite Eq. (5.96) as
dé, Aa,
% :—51—§2+x3+§1+§g+8§ ( €1+§9+ Gf)
8 8z, { dé
+—=bs+ — |5 -8 5.98
a6~ 80 (dt 2) (598)
Now define

32(51552,9) =& +& + 8 38 ( & +§2) 'é by (5.99)
and introduce the state variable &3 as

&3 = x3 + ag(E1, 82, 8)

The differential equation (5.98) can be written as

N L ‘j;; of + 90 (% —bz) (5.100)

The derivative of £3 becomes

dé, day d&y da, dEs  bay d

Rl O e e LA s 5.101
dr YT BE ar ' 9E, dt T pg dt (5.101)
Notice that the control variable u now appears explicitly on the right-hand side.
In the stabilization problem the error is equal to the vector £ and the error
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equation is obtained by combining Eqgs. (5.95), (5.100), and {5.101). Following
the general MRAS approach, we now attempt to find a feedback law and a
parameter adjustment rule that stabilizes the error equation. Choosing

2V = EE 4 £+ 2R v 87
as a possible Lyapunov function, we gel, after straightforward but tedious
calculations,

dv e
7 =—-f% -85 v+ &als + éz

% G

8(11 dﬂ 8&2 dé
e (“ 56 (dt bz) ey dt)

: 500 o g (90 Paydayy . df
+9(§1“’2851”5”( “og06) "

The term that contains & can be eliminated by updating the parameters in the
following way:

5—-&:+@ Lf el € (5.102)

where

c(lnEa) = (;%j - o gg%) r

Furthermore, introducing

ba(&1,E0,63) = ba +¢Ls

and
day das ( Oa1 ) dﬂ.g
+&3 + + + + &y — 5 b
9:2 g'i é: él é.z) Cf §1 52 ':d ";'.3 39 3
we find that
dé
= b= c€a
The derivative of the Lyapunov function can then be written as
dV .
= —&f -6 - &3+ Galu +ag)
The feedback law
u = —a3(£1,$243) (5.103)

gives
dV
~§i -8

and we find that dV /dt is negatlve as long as |&| # 0. m]
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Summary

The examples given should give some of the flavor of nonlinear adaptive con-
trol. The results nbtained depend on clever ehanges of coordinates, A reason-
able characterization of the class of systems in which the methods apply 1s not
available. Nevertheless, we can make some interesting observations from the
examples. First, we can notice that the adaptive control Jaws that are ohtained
differ significantly from these obtained from the certainty equivalence princi-
ple. In the nonlinear approaches the contral law and the rule for updating the
parameters are obtained simultaneously. An estimate of the rate of change
of the parameters appears in the feedback law. Many problems remain to be
solved.

511 CONCLUSIONS

The fundamental ideas behind the MRAS have been covered in this chapter,
including

« Gradient methods,
+ Lyapunov and passivity design, and
» Augmented error.
In all cases the rule for updating the parameters is of the form
a6 .
ar yee
or, in the normalized form,

de oc

a Yo ol o

In the gradient method the vector @ is the negative gradient of the error with
respect to the parameters. Estimation of parameters or approximations may be
needed to obtain the gradient. In other cases, ¢ is a regression vector, which is
found by filtering inputs, cutputs, and command signals. The quantity £ is the
augmented error, which also can be interpreted as the prediction error of the
estimation problem. It is customary to use an augmented error that is linear
in the parameters.

The gradient method is flexible and simple to apply to any system strue-
ture. The calculations required are the determination of the sensitivity deriva-
tive. Since the sensitivity derivative cannot be cbtained for an unknown pro-
cess, it is necessary to make several approximations. The initial values of the
parameters must be such that the closed-loop system is stable. Empirical evi-
dence indicales that the system is stable for small adaptation gains but that
high gains lead to instability. It is difficult to find the bounds. In Chapter 8 we
give more insight into the properties of the gradient methad.
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A general MRAS is derived in Section 5.8 on the basis of the model-
following design in Chapter 3. This algorithm includes as special cases many
of the MRAS designs given in the literature, The estimation of the parameters
can be done in several ways other than those given in Egs. (5.62) and (5.63).
Various modifications are discussed in Chapter 6.

PROBLEMS

5.1 Consider the process
1
Gy = - ——
(=) s{s +a)
where a is an unknown parameter. Deterruine a controller that can give
the closed-loop system

w‘?.

Gm(s) = 2 + 2 ws + MR

Determine model-reference adaptive controllers based on gradient and
stability theory, respectively. {Compare Problem 3.2.)

5.2 Consider the simple MRAS in Fig. 5.4 with G = 1/s. Let the parameter
adjustment law be Eq. {5.57) (i.e., of P1 type). Determine the differential
equation for 8, and discuss how 7, and % influence the convergence rate.

5.3 Consider a position serve described by
av
dt
dy
dt

where parameters a and & are unknown. Assume that the control law

= —av + bu

= u

u = Ql(uc - y) - 920

is used and that it is desired to control the system in such a way that
the transfer funetion from command signal to process output is given by

w2
@) = o ot +
Determine an adaptive control law that adjusts parameter &, and & so
that the desired objective is obtained.
5.4 An iniegrator

Gols) = 2
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is to be controlled by a zero-order continuous-time controller
wl(ty =  soyld) + toue.(t)

The desired response model is given by

bm
Gnls) = g+ a

Derive, using the Lyapuniov theory, a parameter update law of an MRAS
guaranteeing that the errar e = ¥ — yn goees to zero, Try the Lyapunov

funection
Vix) = % (ez + % (bsu - am)z + % (bto - bm)z)

et} = y{t) - ym(t)

Consider the problem of adaptation of a feedforward gain in Example 5.1
when

where

1
Gis)= —————
)= 5T D62
{a) Tntroduce the augmented error, and determine an MRAS based con
stability theory.
{b) Show that the derived adaptation law in part {(a) gives a stable closed-
loop system.
Determine conditions in which a second-order transfer function

Gs) = bys? + bys + by

s? + s + ap
is strictly positive real.

Show that B(s)/A(s) is SPR if A(s) is a stable polynomial and the B
polynomial is the first row of the P-matrix defined by the Lyapunov
equation

AP+ PA - -Q

where the matrix A is

-3y —az ... —lyz.1 —dgp
1 0 0 0
A =
60 0 1 0

and @ is a symmetric positive definite matrix. Show that the system of
equations for solving p,, pz, and pa in Example 5.6 has a unique solution
only if all the eigenvalues of A are in the left half-plane.
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Show that the transfer function

G =1+s
ts SPR and ISF but not OSP.
Show that the transfer function

1
Gls) = s+1
is SPR and OSP but not ISP.
Show that the transfer function
s2+1
&) = 5ip

is OSP and ISP but not SPR.

Consider the system
G{s5) = G(5)Ga(s)
where
i) = —
= s+a
[
Gals) = ——

where a and b are unknown parameters and ¢ and d are known. Dis-
cuss how to make an MRAS based on the gradient appreoach. (Compare
Problem 3.3.) Let the desired model be described by

0)2
CGmls) = 82 + 2{ ws + ©?

A process has the transfer function

b

Gle) = s(s+1)

where b is a time-varying parameter. The system is controlled by a
proportional contreller

ult) = & (uc{t} — y(8)

Tt is desirable to choose the feedback gain so that the closed-loop system
has the transfer function
1
Gls) = s2+8+1

Design an MRAS that gives the desired result, and investigate the system
by simulation. (Compare Problem 8.4.)
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5.13 The general MRAS procedure in Section 5.8 was derived for known in-

stantaneous gain bo. If by is unknown, we may use the following aug-
mented error:

Q 3 . )
e ((bo—bo) (4019 + %) +bow” (8 - 0())

where f)g 18 the estimate of &y. Discuss how this augmented error can be
chtained and how it may be used to update the parameters by and 8.

5.14 Study the parameter adjustment law in Example 5.2. Make a simulation
program that implements the adaptive system. Repeat the simulation in
Fig. 5.5. Investigate the behavior of the parameters and the error. Explore
how the behavior is influenced by the adaptation gain y.

5.15 Repeat the simulation in Problem 5.4 for different types of input signals.
Change the amplitude and the nature of the signals. Czn you find values
of the adaptation gain that work well for different inputs?

5.16 Consider the system in Example 5.5. Assume that u, is a step that implies
that y,, will be time-varying. Investigate by analysis or gsimulate the
stability limit and compare with the limit obtained in the example, in
which u, and y,, were constant.

5.17 Consider a first-order system with the transfer function
b
Gls) =
(s) s+a

where ¢ and b are unknown parameters, Assume that the system is
controlled by the control law

u =6, — Gy

Compare by simulation the properties of the systems obtained with the
MIT rule and the one derived from Lyapunov theory. Use the same pa-

rameter values as in Example 5.2. (Hins: The algorithms are given in
Examples 5.2 and 5.7. )

5.18 Investigate the properties of the system in Example 5.7 by simulation.

5.19 Investigate through simulation the convergence rate of the parameters
in Example 5.2 when the control law of Egs. (5.9) is used. How will the
parameter adjustment change if an adaptation rule based on stability
theory is used? For instance, plot the phase plane for the parameters.

5.20 Consider the process

and the criterion
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Let the control law have the form

u{t) = —Sfy ~u.)
ur
s = SRS

p+r (y—'u,,._]

Determine the controller parameters through explicit minimization of the
eriterion, and let the gradients be obtained from an estimated model of
the process. (Hint: See Trulsson and Ljung, 1985.)

5.21 Consider the systemn in Example 5.14. Figure 5.22(c) shows the rapid
decrease in the error, while the parameters converge much more slowly.
Explain the slow parameter convergence by analyzing the sensitivity of
the elosed-loop poles with respect to the estimated parameters.

5.22 Consider a system described by
b

52 +a

G(s) =

where ¢ and b are unknown parameters. Find a simple control law that
¢an conirol the plant well, and derive an adaptive algorithm that gives
good performance.
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CHAPTER 6

PROPERTIES OF
ADAPTIVE SYSTEMS

6.1 INTRODUCTION

Some thecretical problems were discussed in earlier chapters in connection
with description or derivation of specific algorithms. In particular we used
equilibrium analysis to analyze the self-tuners and stability theory to derive
some model-reference algorithms. In this chapter we attempt to bring together
theory of a more general character. The theory has several different goals:

« To present some mathematical tools that are useful in analysis of adaptive
systems,

» To analyze the behavior of adaptive systems in nonideal cases.
» To give ideas for new algorithms and for improvement of old algorithms.

In this chapter we focus on the first two issues. The behavior of specific
algorithms ean be understood threugh analysis of stability, convergence, and
performance. Stability proofs require certain assumptions. It is alse of consider-
ahle interest to understand what happens when the assumptions are violated.
Analysis of performance may give useful insight inte performance limits, it is
helpful to know whether the performance of a particular algorithm is close to
the theoretical limits. A good theory should also give clues to the construction
of new algorithms,

Unfortunately, there is no collection of results that can be called a theory
of adaptive control in the sense specified. There is instead a scattered body
of results, which gives only partial results. One reason for this is that the
behavior of adaptive systems is quite complex because of their time-varying
and nounlinear character. Readers who are familiar only with linear systems
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theory, in which most problems can be answered in great detail, should thus
be warned.

The closed-loop systems obtained with adaptive control are nonlinear and
sometimes also stochastic. Such systems are also very difficult to analyze. To
obtain some insight with a reasonable effort, it is therefore necessary to make
some simplifications. It is often possible to analyze the equilibrium conditions.
The local behavior in the neighborhood of the equilibria can alse be explored
by using linearization. The global behavior of the systems can, however, be
very complex, particularly if the design parameters are chosen badly.

In Section 6.2 we show that the adaptive control problem has a special
nonlinear structure that can bhe exploited in the analysis. We first show that
very complex, even chaotic, behavior can be observed if the adaptaticn gain is
chosen to be too high.

Seclion 6.3 presents an analysis of a system with adaptation of a feed-
forward gain. Such systems can be described by linear time-varying systems
in which the time variation originates from the command signal. The partic-
ular case of periodic variations can be dealt with by so-called Floguet theory.
The analysis reveals that very complex behavior can be obtained even in this
simple case,

The properties of indirect discrete-time adaptive systems are investigated
in Section 6.4. In this case it is natural to investigate parameter estimation and
the control design separately. There is interaction between these problems be-
cause the identification is done in closed locp and the control design influences
the signals generated by feedback. The analysis brings out the importance of
persistency of excitation and the dangers with singularities in the control de-
sign. A consequence of this is that it is desirable to have as few parameters
as possible and to have external excitation. In Section 6.5 we make a similar
analysis of the direct algorithm. One of the conditions required for the proof
is that the complexity nf the model used must be at least as complex as the
process to be controlted. A characteristic feature of direct adaptive algorithms
is that the closed-leop behavior can converge to the desired behavior even if
the parameters do net converge.

It is reasonable to assume that if the adaptation rate is small, the param-
eter estimates will change more slowly than the other variables in a system.
The closed-lcop system can then be viewed as having different time scales.
This has been emphasized in the descriptions of both the self-tuning regulater
and the model reference adaptive controller. The analysis can then be simpli-
fied by considering the slow and fast modes separately. Averaging analysis is
a good analytieal tool for this. A short presentation of this technique is given
in Section 6.6. A significant advantage of the averaging techmnique is that it
makes it possible to reduce the dimensionality of the problem to the number
of parameters in the atgorithm. The averaging method also makes it possible
to explore the behavior in detail. A drawback of the averaging results is that
they hold for small adaptation gains but the theory does not give quantitative
results about smallness.
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It is a characteristic feature of feedback that a contreller can often be
designed by using a simplified model of a real process. This is one of the
reasons why automatic control has been so suceessful in applications. So far, we
have analyzed the behavior of some adaptive algorithms under the simplifying
agsumption that the structure of the proeess is the same as the model used to
design the adaptive controller. Having obtained the ool of averaging, we are
in a position to investigate the consequences of the simplifying assumptions
made in the earlier sectiong, and we can explore how adaptive systems behave
in the presence of unmodeled dynamics, that is, when the order of the process is
different from that of the medel used to derive the adaptive controller. Analysis
of several examples in Section 6.7 leads us to various meodifications of the
algorithms that will improve their robustness to unmodeled dynamics.

In Section 6.8 we show that averaging techniques can be used to analyze
stochastic self-tuning regulators. The equilibrium points of the algorithms and
their local behavior can often be obtained without too much effert. In Section
6.9, different ways are discussed to make the adaptive algorithms robust with
respect to the assumptions made in the idealized cases.

6.2 NONLINEAR DYNAMICS

We have mentioned several times that adaptive systems are inherently non-
linear. A natural appreach to understand the behavior of adaptive systems is
thus to use tools from the theory of nonlinear dynamical systems. We first
investigate the strocture of adaptive systems. This reveals that they have a
very special structure. Some toels from dynamical systems are then reviewed
briefly, and we apply them to a very simple system. This analysis reveals that
adaptive systems behave in the expected way when the adaplation gain is
small. However, the behavior can be very complex for large adaptation gains.
The analysis also indicates the difficulties involved in the approach. We also
investigate the special case of adaptation of a feedforward gain. In this case
the problem is simplified significantly because it can be described as a linear
time-varying system. A reasonably complete analysis can be performed when
the command signal is periodic. This analysis reveals that the system is weil
behaved for small adaptation gains but that the behavior is quite complex for
large adaplation gains.

Structure of Equations Describing Adaptive Systems

Consider a process controlled by an indirect adaptive controller as shown in
Fig. 3.1. We will first consider the case in which parameters of a continuous-
time model are estimated by using a gradient procedure. Assume that the
system to be controlled is linear. Let ¢ denote the controller parameters and v
the external driving signals. The signal v is typically composed of the command
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signal x, and nonmeasurable disturbances acting on the process. With constant
controller paramcters the closed-loop system can be written as

d
d—i = A{8) + B{()v
(6.1)
e
= [q)] = C{J)E + D(S)v

The state vector £ includes the states of the system, the reference model, the
data filter, and the auxiliary state variables that may have to be introduced
to calculate the error ¢ and the regression vector ¢ used in the parameter
adjustment mechanism_ The vector 7 consists of the error and the regression
vector that are used by the parameter estimator.

Furthermore, let & denote the process parameters. A normalized gradient
scheme for estimating the parameters can be described by

6 o(0.9e(@.f) 62)
dt Ta+e(3,5)e(8,9)
The control design can be represented by a nonlinear function # = x(8), which
maps the estimated parameters inta controller parameters. This map becomes
the identity for direct algorithms.

For constant 1 the system (6.1) is linear. The solution can then also be
characterized by the operators G, and G, which relate ¢ and ¢ to v. These
operators depend on the controller parameters #. Equation (6.2} can then be
written as

b __(GorV) (Gev)

di o+ (Gpv)" G v
The adaptive system is thus described by Egs. (6.1) and (6.2), which have a
very special structure. Equation (6.1) is linear in the states and the external
driving signals. The controller parameters appear in the coefficients of matrices
A, B, C, and D. Nonlinearities appear in the product @e in Eq. (6.2), in the
design map y, and in the functions A(#), B(#), C(#), and D(#} in Eq. (6.1).
The equations for an adaptive system have a similar form in the discrete-time
case. For a system with recursive least-squares estimation the equations can
be written as

E(t +1) = A(BEWR) + B()v(t)
_ [0
2= (o) - @+ DR
a(t+1) = 8(2) + Pt + L)p(t)e(?)
Plt+1) = P{t) - P()o@)4 + 0T (OP®Y0(6)) o  ()P()

It is useful to try to exploit the special structure of the equations to get a deeper
understanding of adaptive systems. One special feature is that the state of the

(63)
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closed-loop system is naturally separated into two parts, ¢ and 6. Moreover, it
is reagsonable to assume that # changes more slowly than £.

Analysis

Let us briefly summarize how a nonlinear system such as Eqgs. (6.1) and (8.2}
or Egs. (6.3} can be analyzed. It is a comparatively simple task to find the
equilibrium solutions by solving the algebraic equations

dé
2 =0
dt
a6
5 =0

for continuous-time systems. For discrete-time systems the equivalent equa-

tions become
E(t+1) = E1)
é(t+ 1) = (t)

It may happen that proper equilibria do not exist. In such cases there
may be integral manifolds where the parameters d are constant although
the state £ varies with time. We are then led to averaging analysis, which is
discussed in depth in Section 6.6. Equilibria having been found, it is natural to
determine the local behavior by linearizing the equations around the equilibria
and applving standard linear theory. A complication 1s that critical cases in
which the eigenvalues are zero frequently occur. Having determined possible
equilibria, we can proceed to investigate how the nature of the equilibria
changes with important parameters of the system. It is of particular interest
to investigate changes in which the nature of the local equilibria changes
{bifurcation analysis). When the local properties are investigated, it is natural
to proceed to find the global properties. There are no general tools for this, and
we have to resort to simulations and approximations, Phase plune analysis is
useful for two-dimensional systems.

Analysis of a Simple Discrete-Time System

To illustrate how the analysiz can be done, we discuss a simple example.
Consider a discrete-time adaptive controller that is based on estimation of
the parameter 8 in the medel

y{t + 1} = By() + u(f) {6.4)
Let the controller be i
u(t) = —8{t)¥(t) + yo (6.5}

where & is an estimate of & and v, the setpoint. If the process is indeed
described by Eq. {6.4) and if the estimate 8 is correct, the controller gives a
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deadbeat response. The parameter is estimated by using a normalized gradient
algorithm

¥(& (vl + 1) - Blaryie) - ue))
a + ¥2()

Bt+1) = 6{t) + ¥ (6.6)

where ¥ and « are parameters, This is equal to Kaezmarz's projection algorithm
Hy=1anda = 0.

To analyze the closed-loop system, we must alse have a description of the
actual process. We assume that this is given by

y(t + 1) = Bay(e) + o + ull) 8.7

Notice that, because of the presence of the parameter ¢ on the right-hand
side, this model is different from the model (6.4) used to design the adaptive
controller. Equations (6.4), (6.5), (6.6), and {6.7) thus describe a very simgle
case of adaptive control of a process with a constant unmodeled disturbance.
Using Eq. (6.5) to climinate x in Eqs. (6.6) and (6.7}, we find that the closed-
loop system can be described by the equations

y(t+1) = (90 - é(s}) ¥(E) +a + yo

¥(2) ((90 - é(t)) ¥(t) + a) (6:8)
o +?P(t]

B+1)=8(t)+y

This is a second-erder nonlinear system. To explore the behavior of this system,
we follow the procedure of nonlinear analysis.

Equilibrium Analysis FEquations (6.8) have the equilibrium solution

¥Y=>5»
- 6.9
6=t +— (6.9)
Yo
Natice that the eyuilibrium value of the output is always equal to the setpoint
in spite of the disturbance. This is a phenomenon that we have observed
before in adaptive systems. (Compare with Example 3.5 and Example 5.2.)
Unmodeled dynamics, however, give a parameter error.
Linearizing Eqs. (6.8} around the equilibrium equations {6.9), we find that

the system matrix is
J% —Yo
A= 2 (6.10)
- u 1 p—Yo
e y% Ta+ ¥

This matrix has the characteristic polynomial

22+ a1z +ag
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e+ ya)
i

o=
¥ o=
a

-3y Yo
Figure 6.1 Stability region for the closed-loop system.

where

It follows from the stability criterion for discrete-time systems {Schur-Cohn)
that the characteristic polynomial has all its roots inside the unit disc if

G,?,Cl
G,Q*ﬂl‘}'l)o
as+ar+1>0

Inserting the expressions for ¢; and az into these conditions gives

Qo < -1
Yo
iy < o {1 —a/yo)la + ¥5) {6.11)
¥
{iii}) y =0

'The equilibrium is stable if parameters ¢ and y are inside the triangular region
shown in Fig. 6.1. To have a stable equilibrium, it must thus be required
that the magnitude of the disturbance a is less than the magnitude of the
command signal yg. In addition the adaptation gain y should not be too large.
It is interesting to see the consequences of unmodeled dynamics. If there are

no unmodeled dynamics (¢ = 0), then the condition for local stability of the

equilibrium becomes

2

0<y<2? -_I-2y0
Yo

Stability is thus guaranteed simply by choosing a reasonable value of y.
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Global Properties We now investigate the global properties when the param-
eters are chosen in such a way that the equilibrium is stable. To get some
guidelines for the analysis, we first simulate the system. In Fig. 6.2 we show
a phase portrait for the case in which @ = 0.1, y = 0.1, & = 1.5, yo = 1,
and & = 0.9. It follows from Eqs. {6.9) that the equations have an equilibrium
for y = 1.0 and é = 2.4 and from condition (ii) in Egs. (6.11) that the equi-
librium is stable provided that 0 < ¥ < 0.22. The equilibrium is thus stable
for the chosen value of the adaptation gain. Remember that the system is a
diserete-time system. The discrete solution points are connected with straight
lines to give a continuous graph. All trajectories shown in the simulation are
approaching the equilibrium. Sclutions with initial values 6(0) = 0 appear to
have large excursions, and the trajectory with 9{0) = 2.5 seems to be oscil-
latory. To understand the behavior intuitively, we consider the equations for
y and @ separately. It follows from Egs. (6.8) that if f is constant, then the
motion of y is governed by

y{t+ 1) = (80 - O)y(t) + & + yo
This is a first-order difference equation with the equilibrium solution

o+ Yo

= F(6) = — L%
y =18 1+8 -84

(6.12)

-10 0 10 20

Figure 6.2 Phase portrait for the system in the stable case. Parameter
values are & = 0.1, 7 = 0.1, 65 = 1.5, % = 1, and a = 0.9. The dashed lines
indicate the interval 8, — 1 < @ < 8y 1 1. The dot is the equilibrium point.
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If parameter & is constant, the solution is stable if
Bp—1<§ <841

and unstable otherwisc. These bounds are shown as dashed lines in Fig. 6.2, If
the parameter £ is kept constant, y diverges monotonically st the lower bound
and diverges in an oscillatory manner with period 2 at the upper bound. [n
reality, parameter & will of course change. The smaller the adaptation gain
is, the smaller rate of change. With the numbers used in the simulation the
bounds are 0.5 and 2.5. The behavior shown in Fig. 6.2 can thus be explained
gualitatively. The solution approaches the curve (6.12) and then moves along
thig curve. The variahle » appears to grow exponentially for & < 0.5 it decays
exponentially for 0.5 < é < 1.5 and decays in an oscillatory manner for
1.5 < @ < 2.5. The variable grows in an escillatory manner for & > 2.5.

We now turn our attention to the equation for the parameter estimate.
Introducing

éi = é - 9[)
we find 2( ) (
= _ IR ay(t)

This equation implies that the signals y and & cannot be unbounded because
Eq. (6.13) is always stable when } is sufficiently small. For large values of ¥(t)
the added term is small, and the solution will decay. It thus appears as though
the equilibrium solution that is locally stable may also be globally stable in
this case. A more precise discussion of this is given in Section 6.5.

Unstable Local Equilibria We now investigate what happens when parame-
ters are such that the loeal equilibrium is unstable. We first observe that the
instabilities may oceur by violating any of the conditions given in Eqgs. {6.11}.
Analyzing how the eigenvalues change with the parameters shows that the
eigenvalue passes the unit circle with complex values if condition (i) is violated,
through z = —1 if condition (i) is violated and through z = 1 if condition {iii)
is violated. We consider the situation in which the value of the adaptation gain
is too large. Increasing the gain means that the solution will become unstable
with period 2. Consider the case inwhich 63 = 1, ¢ = 0.1, y; = 1, and a = 0.9,
The equilibrium is ¥ = 1 and & = 1.9. It follows from the stability criterion
that the equilibrium is stable if y < 0.22. With y — 0.5 the linearized closed-
loop system is unstable. Figure 6.3 shows a simulation of the system. The
behavior of the systemn is typical for the case with unmodeled dynamics. The
putput y and the parameter estimate § appear to approach their equilibrium
values. The equilibrium is unstable and a diverging oscillation with pericd 2
appears when y and & come sufficiently close to their equilibrium. The vari-
ables then oscillate with large excursions. When this happens, the modeling
error becomes less significant, and the process output y and the parameter es-
timate & approach their equilibrium values. The process then repeats all over
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T T
0 50 100 150 200
Time

Figure 6.3 Simulation of a simple adaptive centroller with unmodeled dy-
namics. The equlibrium values of y and & are indicated by solid straight
lines. The true parameter value @, » indicated by 2 dashed straight line.

again. The phenomenon that has been observed in many adaptive systems is
called bursting.

The simulation shown in Fig, 6.3 represents a very complex behavior.
Although essentially the same phenomenon repeats itself, the solution is not
periodic. This is seen more clearly if the system is simulated for a longer time.
Figure 6.4 shows a phase plane when the simulation time is extended to 10,000
time units. The solution is very irregular. There is, however, some pattern in
the motion, as is indicated in the figure. For example, the state moves close to
the curve given by Eq. (6.12) for part of the motion. The behavior shown is in
fact an example of chaotic behavior. The pattern shown in Fig. 6.4 is called a
strange attractor.

Structural Stability

Structural stability is an important concept in nonlinear dynamics. Intuitively,
a system is structurally stable if small changes in the equations will not lead
to drastic changes in the behavior of the system. A necessary condition for
structural stability in the continuous-time case is that all equilibria are such
that the linearized equations do not have eigenvalues whose real parts are
zern. The equilibria are then said to be hyperbolic. Stability and structural
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I

Figure 6.4 Phase plane plet corresponding to the case in Fig. 6.3 when over
10,000 time units are simulated.

stability in adaptive systems are closely related to persistency of excitation.
We illusirate this by two examples.

EXAMPLE 6.1  Lack of excitation leads to instability

Consider the model-reference adaptive system shown in Fip. 5.14(b). Assume

that the input signal is u.{#) = ¢*. The system can then be described by the
equations

% = —e + kBu,
a6

'&? = —Yel,
du,

o e

where 6 = 8 — 8. The equilibrium is e = = 4, = 0. Linearization around
this point gives a linear system with the system matrix.

-1 06 0
A= 0 6 0
0 0 -1
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This matrix has the eigenvalues -1, 0, and -1, and the system is clearly not
stable. O

EXAMPLE 6.2  Persistency of excitation gives structural stability

Consider the same system as in Example 6.1, but assume now that the com-
mand signal is a step, that is, u#.{f) = 1. The system is then described by the
equations

j—j—~e+ké
b _
a -7

The equilibrium is ¢ = & = 0. Linearization around this fixed point gives a
linear system with the system matrix.

=[5 )

This matrix has the characteristic polynomial
85+ 5+ 7k
and the equilibrium is thus stable if y is pesitive. u]

Figure 2.10 in Chapter 2, which illustrates a case of identification under
closed-loop conditions, is a typical example of structural instahbility. Additional
examples are given in Section 6.9.

6.3 ADAPTATION OF A FEEDFORWARD GAIN

The special case of adaptation of a feedforward gain has been discussed many
times because of its simplicity. Let us therefore consider the structure of the
equations in this case too. For the system in Fig. 5.14 we get

dg
d-f_ = Aé “+ BBuc
e=CE— Ym (6.14)

_ [ ~¥» MIT rule
9= —~u, Lyapunov rule

where A, B, and C are matrices that give a realization of the transfer function
EG{s). Notice that in this case the matrices A, B, and C, the regression
vector @, and the error ¢ do not depend on the controller parameters explicitly.
Furthermore, the parameter is updated as

dé
o ree($) 6.15)
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for a gradient scheme. If u, ig a function of time, then y,, is also a function
of time, and Egs. (6.14) and (6.15) are simply time-varying linear differential
equations. Such equations can have a complex behavior. We illustrate this by
an example before procecding.

EXAMPLE 6.3  Adaptation of a feedforward gain

In Example 5.1 we derived an adaptation law for adjusting the feedforward
gain by using the MIT rule. The behavior of the system was illustrated in
Fig. 5.3. The system is described by

% = k6(t)uc(t) - y(0)

and the parameter adjustment rule is

dé

E = —¥¥m (t)e(t) = _}(ym(t) (y(t) - ym(t))
Since the signal y,, can be computed from the command signal u., both u. and
¥, can thus be regarded as known time-varying signals. The adaptive system
i8 described by the equation

(=0 ) 0)-0757) e

The system can thus be deseribed by a time-varying linear differential equation
of secand order. In Fig. 6.5 we show three simulations for the case in which
G(s)l: 1/(s + 1), k = &y = 1, and ¥ = 11. The reference signal is sinusoidal
in all cases, The frequency is @ = 1 in the first case, @ = 2 in the second, and
@ = 3 in the third. The controller parameter converges to the correct value for
® = 1 and @ = 3, but it diverges for @@ = 2. We thus have a situation in which
the system is stable for one input but unstable for another. The system is stable
for low frequencies of the input signal. As the frequency increasocs, it becomes
unstable, It becomes stable again as the frequency is inereased further. This
pattern repeats itself as the frequeney is increased further. a

Example 6.3 shows that the system has quite a complex behavior that
cannot be explained by the intuitive argument of the previous section. To un-
derstand what is happening, we analyze the equations describing the system.
Equation (6.16) can be written as

dx _ Alt)x + B(1) (6.17)
dt

This is a linear system with time-varying parameters. In the particular case
in which the input u. is periodic and we connect the adaptation when model
output v, has also become periodic, the system is also periodic. For such
systems there is a well-developed theory that can be uged to understand the
behavior of the system.
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Figure 6.5 DBehavior of the controller gain for an MRAS using the MIT rule.
The input signal is a unit amplitude sinusoidal with frequency (a} 1; (b) 2;
and (¢} 3 rad/s. The system has the transfer function G{s) = 1/{s + 1), the
parameters are & = ky = 1, and the adaptation gain is ¥ = 11. The dashed
lines indicate the correct values of the gain.

Floquet Theory

To investigate the stability properties of (6.17), we consider the homogeneous
part, when A{t) is periodic with period  and continuous for all ¢. The solution
is given by

x(£) = D2, to)x(to}
where ®(t, £} satisfies the linear matrix differential equation

dg
g AP (6.18)
Since A{#) is periodic with period 7, it follows that A(z+7) = A(t) This implies
that if ®(t) is a solution, then ®{¢+ 7) is also a solution. Since the two solutions
1o Eq. (6.18) differ only in their initial conditions it follows that

D+ 7) = POW (6.19}

where W is a nonaingular constant matrix. Since the matrix ¢ (¢} is nonsingular
for all ¢, it follows that W is also nonsingular. By repeated use of this equation
we find that

(b(t + RI') = cb(t)W“
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where ¢ < 7. We thus obtain the following result.

THEOREM 6.1 Stability of linear periodic system
The periodic differential equation (6.17) is stable if and only if all eigenvalues
of the matrix W have magnitudes less than 1. O

This result is actually all we need for stability analysis. We can, however,
also obtain a slightly more general resuli. Notice that we can compute W
simply by integrating the differential equation over one period with the initial
condition equal to the idenfity matrix.

THEOREM 6.2 Solution of periodic systems
The solution to the matrix differential equation (6.18) has the form

d(t) = D(t)e"

where C is a constant matrix and D is periodic with period 7.

Proof: Since the matrix W in Eg. {6.19) is nonsingular, there exists a matrix
C such that

W =e"" (6.20)
Introduce the matrix function D(t) defined by
D) = ®(t)e™
Then _
D+t =@+ e 6T - o(e)We CTe Y = D(1)
and the theorem is proven. O
Remark. From Eq. (6.20) we see that the differential equation (6.18) is stable
if the matrix C has all its eigenvalues in the left half-plane, which means that

the matrix W should have all its eigenvalues inside the unit disc. Stability can
thus be determined by numerical integration over one period. w]

We now show how the results can be used to investigate the stability of
the system in Example 6.3.

EXAMPLE 64  Parametric excitation

Consider the system in Example 6.3. Let the command signal be u.{t} =
sin o, After a iransient the model output becomes

Ymlt) = - L sin (@t — arctzn (@)

V1+ a2

To determine the stability of Eq. (6.16), we compute W by integrating Eq. (6.18)
over one period, that is, ¢ = 27 /w, with the initial condition @©(0) = I. Then
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from Eg. (6.19) we get W = d{r). Choosing @ = 2 and integrating to 7 = x
give
0.4373 0.7283
D(r) =
0.2389 0.4967

with eigenvalues 0,049 and 0.885 for ¥ = 10 and

0.5609 0.9360
®(r) = [ ]

0.2642 0.5463

with eigenvalues 9.041 and 1.087 for ¥ = 11. It can thus be concluded that the
adaptive system will be stable for ¥ = 10 but unstable for y = 11,

This calenlation can be repeated for many frequencies and many values of
the adaptation gain to determine the values of @ and y for which the system is
stable. The result of such a caleulation is shown in Fig. 6.6, Notice in particular
that Fig. 6.6 explains the behavior observed in the numerical experiment in
Example 6.3, in which the system goes through a region of instability as the
frequency of the input signal increases. Notice, however, that the system is
stable for low adaptation gains. 0

Example 6.3 indicates that even very simple adaptive systems can exhibit
complex behavior. The mechanism of periodic excitation can also give rise to
instabilities in more complex adaptive systems. The analysis can be made
in the same way as for the simple example, but the details are much more
complicated. The behavior is typically associated with periodic excitation and
comparatively high adaptation gains. The phenomenen illustrated in Fig. 6.5

¥ | y
100
Stable
T T -
1 2 0]

-

i

0

O

Figure 8.6 Stability region for adjustment of a feedforward gain with the
MIT rule.
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is an example of parametric excitation, that is, a system can be made unstable
by changing its parameters periodically. A classical example is the Mathieu
equation:

d’y dy

T (B +ycoswt)y =0
For & = 0 this equation describes a pendulum whose pivot point is oscillating
vertically. It 15 well known that the normal equilibrium, with the pendulum
hanging down, can be made unstable by a proper choice of the parameters.

EXAMPLE 6.5 Lyapunov redesign

In Example 6.3 we found that the MIT rule could give instabilities for large
adaptation gains. Under the strong assumption that the transfer function of the
process is strictly positive real, however, the control law derived from stability
theory is stable for all values of the adaptation gain. We illustrate this in the
simulation in Fig. 6.7, in which the Lyapunev rule is applied to the system n

Example 6.3. Compare with Fig. 6.5. u]
(a)

i5 20

Time
15 20

Time
10 IIS 20

Time

Figure 6.7 Behavior of the controller gain for an adaplive system based
on Lyapunov stability theory when the input signal is a unit amplitude
sinuscidal with frequency {a) 1; (b) 2; and (¢) 3 rad/s. The system has the
transfer function G(s) = 1/(s + 1), the parameters are & = &y = 1, and the
adaptation pain is ¥ = 11. The dashed lines indicate the correct values of the
gain.
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Summary

A discrete-time system and the feedforward gain example have been discussed
in this section. The examples show that adaptive controllers can have rather
strange properties. The phenomena could be explained by using simple math-
ematics, but there will be difficulties in the general cases. It is therefore ap-
propriate to consider some simplified situations in the coming sections. First,
indirect and direct self-tuning regulators are discussed under idealized as-
sumptions. Second, the adaptive control problem is divided into two parts with
different time scales, and averaging techniques are used o analyze properties
of the closed-loop systems,

6.4 ANALYSIS OF INDIRECT DISCRETE-TIME SELF-TUNERS

In this section we analyze the properties of indirect discrete-time self-tuners
of the type illustrated by the block diagram in Fig. 1.19. Since such controllera
contain a reeursive parameter estimator and a control design calculation, it
is natural to investigate these subsystems separately. Since identification is
performed in closed loop, there may alsa be undesirahle effects due to inter-
action of control and identification. We start by investigating the properties
of the recursive parameter estimator. Second, the design caleulations must be
considered. Tt is particularly important to understand when the design cal-
culations are poorly conditioned so that small changes in process parameter
estimates may cause large changes in the controller parameters.

It would be highly desirable to determine whether the adaptive system can
track parameters of a time-varying system. This is a very difficult problem,
and we therefore limit the analysis to the case in which the real system has
constant parameters. This can be considered as a first test of an adaptive
algorithm. To carry out the analysis, we also assume that the real system is
described by models that are compatible with the modeis used for parameter
estimation. In this case it makes sense to talk about the “true parameters.”
In reality, however, we also have to deal with the fact that the models that
we use are approximations. This is called the nonideal case. This problem is
discussed later in Section 6.9.

Properties of Recursive Estimators

To investigate recursive estimators, it is necessary to make some assumptions
on hew the data was generated. In this section we make the assumption
that the data is generated by a model having the same structure as the
model used in the estimation. It is also necessary to specify the nature of
the disturbances—for example, whether they are deterministic or stechastic.
We also find that it is important for there to be suffieient excitation and that
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identification under closed-loop conditions may cause difficulties.

The deterministic case, in which data is generated from a system that is
compatible with the model used in the estimator, is particularly simple. In this
case it is possible to derive general properties of the estimators.

Projection or Gradient Algorithms

The properties of the projection or gradient algorithm are now investigated in
the ideal case in which data is generated by the model

¥(t) = pT(1)6" {6.21)
We have the following result.

THEOREM 6.3 Projection algorithm properties
Let the estimator

Ay _ Afy re(t)
B(6) =04 -1+  riom® 622
eft) = ¥(6) - " (DB~ 1) = 97 (®) (" - 6(t - 1))

with & = 0 and 0 < ¥ < 2, be applied te data generated by Eq. (6.21). It then
follows that

(i) L) - 8% < |6 — 1) - %l < 160y - 81 £ 21

iy . ety
) s va+eTte)

(iii) hm |8(t) —8(t— k)| =0  for any finite &

Proof: Introduce 8(t) = 6(t) - 8° and

V(e = 67 (1)é(e) = 19

It follows that

e(t) = o7 (18" - PT(H(t - 1) = —0" ()8 - 1)
Subtracting 6° from both sides of the parameter equation in Eqs. (6.22) and
taking the norm, we get

-1 2 T ‘
Vi -VE-—1) =2 yo ()8t —1)e(t) + L2 (e’ (%_
a+ et (Belt) (o + Tt e(t)

yelt)
a+ T (He(t)

= y(t)
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where ’

t i
9 E»W() <-5<0
o+ 9T {Helt)
and the inequalily follows from « > 0 and 0 < ¥ < 2. Property {i) has thus
been established. 1t follows from the preceding equation that

ye? (k)
O+ 2 20 o)

= 2+

Henece
£

ye*(k) 1
f:_;a+ Q!’T(k] (k) 3 5 (V(O] (t))

Since 0 € V() < V(0), it follows that the normalized error
e(?)
a + T (t)p(t)
is in lp, that is, squared summable, and thus property (ii) follows. From

Egs. (6.22),

I8() — 8¢ — D’ (a+‘PT“) (t))z

I il ) . *
T a+ ¢ (el (1 o+ @T(t)(ﬂ(t))

It follows from property (ii) that the ripht-hand side of the preceding equation
goes to zero as ¢ — oo if @ > 0. Hence

w2
fo(n) ~ 6z - B)|* = Ze(: ~i+1) -6t -0,
k o ~
<) N8 —i+1y-6¢ -
i=1
where the right-hand side goes to zero as ¢ — oo for finite %. O

Remark 1. For ¥ = 1 and & = 0 the algorithin reduces to Kaczmarz's projec-
tion algorithm.

Remark 2. Notice that the result does nof imply that the estimates ()
comnverge.

Remark 3. 'The function V (£} can be interpreted as a discrete-time Lyapunov
function. (!

Theorem 6.3 is useful because it gives some properties of the estimator
that are valid no matter how the regreszors ¢(f) are generated. Additional
conditions are required to guarantee that the estimates converge, The theorem
will also be useful to prove convergence of the indirect adaptive schemes.
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Parameter Convergence of Gradient Algorithms

We now give conditions for the estimates to converge to the true parameter
values. Notice that to pose such a problem, it is necessary to assume that data
is generated by a model that is compatible with the model used to formulate
the estimate. Parameter convergence is closely related to system identification.
The properties of identifiability and persistency of excitation play an essential
role. The convergence rate depends on the algorithm used and the amount of
excitation. We first consider the gradient algorithm, which is simpler than the
least-squares algorithm, although it converges at a considerably slower rate.
A typical projection or gradient algorithm is given by Eqgs. (6.22), where & 2 0
and 0 < ¥ < 2. The estimation error is given by

() = 6ty - 8" = At - 1DB(E-1) (6.23)
where 00T
_ . _yel)y
A1 =T o O

The problem of analyzing eonvergence rates is thus equivalent to analyzing
the stability of Eq. {6.23). Notice that

_ relte’ () _  retine()
Alt=Dotr) = (1 Tat @T(tw(t)> o) = vl (1 o+ w""(t)w(t))

The second factor on the right-hand side is a scalar. This implies that the
veetor ¢(£) is an eigenvector to A(¢ — 1) with an eigenvalue that is less than
1. The eigenvalue is zero for ¥ = 1 and & = 0. The following lemma is useful
to analyze Bq. (6.23).

LEMMA é1 Stability of a time-varying system
Consider the time-varying system

x(t +1) = Alt)x(1)

(6.24)
#e) = CH)=(0)
Assume that there exists a symmetric matrix P(£) > 0 such that
ATHP(+ VA() - P(t) = -CT{OC @) (6.25)

Then Egs. (6.24) are stable, Moreover, if the system is uniformly completely
observable, that is, if there exist 1 > 0, 84 > 0, and N > 1 such that

t+N-1

0 < i < Z &7 (£ )CT (R)C (B)D(k, 1) < ol <

for all £ and where ®(, t} is the fundamental matrix, then Eqgs. (6.24) are also
exponentially stable.
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Proof:  Introduce the function
Vi) = & ()P ()x(e)
Hence
Vit +1) - Vit) = T (AT P(t + DA()x(e) — x7 ()P ()x(t)
T (NCTHC(Ox(t) < 0
The function V can be considered a Lyapunov function for a discrete-time
system. To prove stability for a discrete-time system using Lyapunov theory,
we have to show that the difference
AViY=V(i+1)-V(@#) <0

and that the matrix P(f) is positive definite. Tterating the system equations N
steps gives

-1

N
= 57 STERCTHRC (R)x(R)

v {+N-1
( &7 (k C(k)d)kt) x(t)

k=t

Vit + N) - V()

1A

P Ol < —ﬁ;m Vi)

where A....{Pt) is the largest eigenvalue of P(t). Hence
Vit+N) < (1 - Amﬁi;(t)) V() = BsV()
From Eq. (6.25) it follows that
Pt} = CT)C(t) + AT@)P(t + 1)A(L)
=cTew
+ AT (CT(t+ )0 + 1) + AT(¢ + VPt + 2)A( + 1)) Alt)

(R, )CT (R)C (k)D (k, £)

Mz M"

Tk, YCT{R)C (R)YD(k, ) 2 BoI
k=t

This shows that A,...{P(£)) > §1 and 3 < 1, which implies that V (£} goes to
zero exponentially, Furthermore,

t+ N -1
P(t+N) = Pit)— 3 ®T(k.)CTRIC(R)P(R, 1) < BP (1)

k=t
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or

t+N -1

Pl < 1= L 3 T RNCTEC @D < =T

The matrix P(t) is thus bounded from ahove and helow. Since V(¢) goes to
zero exponentially and P(t) is bounded, it follows that the system (6.24) is
exponentially stable. n

Applyving this lemma to Eq. (6.23), we get the following theorem.

THEOREM 64 Exponential stability
The difference equation (lq. 6.23) is glebally exponentially stable if there exist
positive constants F,, B2, and N such that for all ¢,

t+N—L

0< i< Y ek (k) < Bal < (6.26)

k=1

Proof: Choose P =T and

V7a+ (2-YieTe)
Cit) = P o7

where the argument ¢ of @ is suppressed. A straightforward caleulation shows
that Eq. (6.25) is satisfled, so the system is stable. To prove exponential
stability, first observe that uniform observability of (A(k), C (%)) is equivalent
to uniferm observability of ((A{k) - B(R)C(k)), C(k)). Choosing

o 7
Bk = JGa s 2 - nete)

we find that A(k) — B(£)}C(&) = [, and uniform asymptotic stability then
corresponds to Eg. (6.26). (|

Notice that Eq. {6.26) is closely related to persistent excitation. (Compare
with Definition 2.1.) It is thus found that exponential convergence of the
gradient algorithm is closely connected to whether the input sigmal to the
system is persistently exciting of sufficiently high order.

It should be peinted out that condition (6.26) is a persistent excitation con-
dition for the regressors, not the external reference signal for the system. The
excitation can be provided by the command signals and by the disturbances
acting on the process. Notice, however, that excitation may be lost by feed-
hack, which can introduce relations between the variables appearing in the
regression vector. We discuss this later in this section.

286 Chapter 6 Properties of Aduptive Systems

Recursive Least Squares

Parameter convergence for recursive least squares is first discussed for the
simple model (6,21}, which is linear in the parameters and for which are no dis-
turbances. Let the parameter vector have n elements. The parameters can be
calculated exactly from n data points, provided that the vectors @{1),..., ¢(n)
are linearly independent. The ieast-squares estimate is given by

(Z e(R)e" ( ) Z pk}y(k)
(Z m(k)cpT(k)) Z plk)e’ ()" = 8° (6.27)
k-1 k=1

The carrect state is ohtained in n steps. If the estimate is instead calculated
by recursive least squares, the following estimate is obtained:

8it) = (P“(O}-i—Zqo(k]qu(k)) (Zq} Yy(ky + P~ 1(0)9(0) (6.28)
k=1

where @(0) is the initial estimate and P(0) is the initial covariance of the

estimator. By making P{0) positive definite but arbitrarily large, the resuit

from the recursive estimation can be made arbitrarily close to the true value.
From this analyzis we obtain the following result.

8in)

I

THEOREM 6.5 Property of RLS

Let the recursive least squares be applied to data generated by Eq. (8.21), Let
P{0) be positive definite and let (0} be bounded. Assume that

(I <Y elk)e" (k)

k=1
where (¢} goes to infinity. Then the estimate converges to a°. w}

This discussion shows that in the deterministic case it is possible to ob-
tain parameter estimators that converge in a finite number of steps. The key
assumption is that the regressors are linearly independent, so 3 p(R)pT (k)
is of full rank. When the parameters are changing, 4 least-squares estimator,
in which the covariance matrix P is regularly reset to &, is a good imple-
mentation. This procedure is called covariance resetting. To obtain an estimate
that reacts rapidly to parameter changes, it is alsa possible to have several
estimators in parallel, which are reset sequentially.

Results similar to Theorem 6.3 can also be established for the least-squares
algorithm and several of its variants. The key is to replace function Vi(#) in
Theorem 6.3 by B

Vit) = 6T ()P 1t)B(t)



6.4 Analysis of Indirect Discrete-Time Self-tuners 287

and add assumptions that guarantee that the eigenvalues of P slay bounded.
One way to do this is to use the constant trace algorithm (see Section 11.5).

So far, only the general model (6.21) has been discussed. The properties
of estimates of parameters of discrete-time transfer functions will now be
considered. The unigueness of the estimates is first explored. For this purpose
we assume that the data is actually generated by

Aq)y(t) = B*(@ult) +elt+n) (6.29)

where A and B? are relatively prime, If e = 0, deg A > deg A, and degB >
deg B?, it follows from Theorem 2.1 that the estimate is not unigue because the
columns of the matrix @ are linearly dependent. Theorem 2.10 gives conditions
for uniqueness of the least-squares estimate.

The Stochastic Case

Consider the model
y(t) = 0T (0)8" +eft)
where {e(t)} is a sequence of independent Gaussian (0, ) random variables.

The least-squares estimator is given by Eq. (6.28}. The covariance of the
estimate for large ¢ is (see Theorem 2.2)

f -1
P(t) = o* (Z fpik}qu(k))

k=1

By taking the covariance of the sstimate as a measure of the rate of con-
vergence, it is found that under uniform persistent excitation the matrix P
converges at the rate 1/t. This implies that the estimates converge at the rate

1/V4.

THEOREM 6.6 Convergence of RLS

Let the least-squares method for estimating parameters of a transfer func-
tion be applied 1o data generated by the model of Eq. {6.29) where {e(t)} is a
sequence of uncorrelated random variables with zero mean and variance o2
Asgume that the estimated model has the same structure as lhe process gen-
erating the data, that is, the ideal case. Further assume that the input signal
is persistently exciting of order deg A + deg B + 1. Then

) 6(t) — A° in the mean square as £ — 0o
R a? 1 -1
{1i) var (8 - 6%) = — (lim - CI)T(D)
t —oa

O

Remark 1. The estimates do not converge to the true parameters when e(t)
is correlated with e{s) for t # s.
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Hemark 2. Theorem 6.6 gives the convergence rate for the parameter error
in the ideal case. More complex behavior can be obtained when the different

components of the regression vector have different convergence rates (see
Example 2.11). O

Unmodeled Dynamics

So far, it has been assumed that the true process is compatible with the model
uscd in parameter estimation. It frequently happens that the truc process is
more complex than the estimated model. This is often referred to as unmodeled
dynamics, The problem is complex, and a careful analysis is lengthy; roughly

speaking, the parameters will converge to a value that minimizes the least-
squares criterion:

T
V(O) = 3 D (Ay(t) ~ Buslt)) (6.30)
0

where v; and u, are the filtered process input and eutput, that is,

yr = Hyey
g = H(H

and the parameter 8 represents the coefficients of the polynomials A and B.
The minimum exists under certain regularity conditicns, and the minimizing
# is unique under the condition of persistency of excitation. The mmmizing
value will depend on the data filter H; and the spectrum of the reference signal
and the disturbances.

Identification in Closed Loop

When discussing parameter estimation in Chapter 2, we observed that identi-
fighility could be fost if the input was generated by feedback from the output.
The reasan is that the feedback introduces dependencies in the regression vec-
tor. {Compare with Example 2.10.) Since this is very important for the behavior
of direct adaptive controllers, we will investigate the problem in a lilile more
detail. In this analysis we will consider what happens when we perform system
identification to data generated by feedback. Consider a process described by

Ay(t) = Bu(t) + v{t) (6.31)

wifh the controller
Ru = Tu. — Sy
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where polynomials R, 8, and T have congtant parameters. The closed-loop
system is given by

.. BT . R
Y AR BS“ " Ar.BS"
AT s

i =

"AR+BS T AR+ BS'

With a system identification experiment it i3 possible to determine the transfer
functions

BT . AT
Gi - agiBs Y AR+ BS
. _ R s
Cs=4r+Bs 9T AR+ A8

that appear in these equations. There are no problems with identifiability if
the input signal «, is persistently exciting of sufficiently high order because the
polynomials A and B are then readily determined from (i, and (. However,
if the command signal is zero and all excitation comes from the disturbance,
we can determine enly the polynomial

A, = AR + BS {6.32)

To achieve identifiability, it must also be required that the signal v be per-
sistently exciting of sufficiently high order. The question of identifiability of
polynomials A and B then becomes a problem of uniquely determining A and
B from Eq. (6.32) when polyncmials R and 8 are known. If Aq and By are
sotutions, the general solution is

A=A¢+QS B =By- QR

where @ is an arbitrary polynomial. When the model structure is specified, the
highest degree of A is also given. The solution is thus unique enly if polynomials
R and S have sufficiently high degree. To achieve identifiability in closed loop,
it is thercfore important that the controller be of sufficiently high order. Tt is
natural to assume that £ and S have the same degree. Identifiability is then
obtained if

deg K = deg§ = deg A (6.33)

In Example 3.2, in which deg4 = 2, degB = 1, and degR = deg$ = 1,
we do not have identifiability under closed loep with u. = 0. However, if it is
required that the controller has integral action as in Example 3.10, we have
degR = deg S = 2. and the condition {6.33} holds. To achieve identifiability, it
must, of course, be required that the disturbance be persistenily exciting.
Also observe that if a pole placement design is used, all models that are
estimated will give the correct closed-loop characteristic polynomial.
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Design Calculations

The design calculations are an important part of indirect adaptive systems.
Theoretically, the design procedure is represented by the function y, which
maps precess parametiers # to controller parameters 1%. The properties of y
will, of course, depend on the parameterization of the model and the design
procedure chosen. The function can often be quite complicated. It is impor-
tant that the map gives unigue controller parameters and that there are ne

singularities in the map.We discuss the properties of the map in some simple
Cases,

Consider the process model
Ay = Bu (6.34)

where ii is assumed that A has degree n and B has degree n—1. The model thus

has 2n parameters. If pole placement design is used, the controller parameters
are given by

AR+ BS = AcAn (6.35)

where R and & have the same degree m as the observer pelynomial A,. The
minimum-degree solution corresponds to m = a — 1, but an observer of higher
order is often preferable to improve the robustness of the system. Without loss
of generality, ® can be monic. The controller then has 2m + 1 parameters. The
function y is thus a map from R?" to BR# 1, where m > n—1. Since Eq. (6.35)
becomes singular when polynomials A and B have a common factor, it follows
that the map y has singularities. The problem with design singularities is
iltustrated by an example.

EXAMPLE 6.6  Singularities for pole placement design
Consider the medel of Eq. (6.34) with

Alg) = q° +aig + a2
B(g) = bog + b1

In Example 3.2 a controlier was designed for

Am(q) = q2 Ll TR Al ¢ Y]
AO(Q) =g+,

In this case the controller and process parameiers are

A= [rl R0 81) e = [a1 az by bl]
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and the map y : B* — R is given by

4 .
aoam‘l_bg + (0,2 a2 = a()_ﬂr.'l__l}ﬁb\ + (aﬂ_'i' arr_l_l - C&1}bf

e b2~ aybeby + azby o
s = b1(@op1 — Gz - Am0; +af + @z - a1,)
bf O‘,lbol'n + szﬁ
fl;((:fm]a‘z @10y — Talm2 + ﬂ'_'oa2) {6.36)
bf — albobl + ﬂzbﬁ ’
sy = bl(ﬂla-z 1y + Gultmz a(,ag)

b% - albth + azb%
bo(t’lga_mz - G'é - Qulm2lly + auazaml)
b% —a1byby + agbf;

The map y is singular when the denominator in Egs. (6.36) vanishes, that is,
when
b% —ayboby + agb% =0 ]

Singularities of the type in Example 6.6 will appear for practically all
design methods. Since the singularities are algebraic surfaces, the parameter
estimates must pass them if the algorithms are not initialized properly. There
are several ways to aveid the difficulties. One possibility is to test for common
factors and to cancel them if they appear, but such a procedure will require
test quantities. Tt will also make y discontinuous, which creates difficulties in
the analysis. Another and better solution is to find design technigues such that
the mapping ¥ is smooth. This is an open research problem, which so far has
received little’ attention.

The following example illustrates what happens if no precautions are taken
with cancellations.

EXAMPLE 67 Indirect adaptive system with design singularities

Consider the sysiem in Example 6.6, and let the controller be an indirect
adaptive system that is based on estimation of the parameters of the model.
The desired dynamics A,, are chosen to correspond to a gecond-order system
with @ = 1.5 and ¢ = 0.707. The observer polynomial is chosen 1o be A, = 2.

Figure 6.8 shows the results obtained when the adaptive algorithm is
applied 10 a first-crder system

1
s+1

G(s) =

Notice the strange behavior of the cutput. This would have been even worse if
the controi signal had not been kept bounded in the simulation. The parameter
estimates converge very quickly to values such that A and B have a common
factor. The Diophantine equation is then singular, as shown in Example 6.6,
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Figure 6.8 Simulation of an indirect adaptive pole placement controller
based on a second-order process model of a first-order process. (a) Qutput

and reference value. (b) Control signal. (¢) Estimated process parameters.
(d) Calculated controller parameters.

gnd the ccv‘ntroller paramelers become very large. The consequences of cancel-
ing a possible common factor and making a design for a first-order system are

illustrated in Fig. 6.9. In this particular case a factor is canceled if poles and
zeros are so close that

(2))-

The performance is now very good.

b% - albgb1 + azbg
b3

< 0.01 (6.37)

O

Summary

Parameter convergence for indirect adaptive algorithms depends eritically on
the assumptions of identifiability and persistency of excitation. Analysis of
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Figure 6.9 Simulation of an indirect adaptive pole placement controller
based on a second-order process model. A pessible common factor in the esti-
mated process transfer function is canceled before the control law is caleulated
if the condition of Eq. (6.37) helds. (a) Output and reference value. () Contral
signal. (¢) Calculated controller parameters.

the convergence rate of estimators shows that the convergence rate depends
drastically on the underlying process being deterministic or stochastie. It also
depends on the algorithm. A least-squares algorithm in the deterministic case
gives convergence in a finite number of steps, provided that the input is
persistently exciting. The gradient algerithms give exponential but generally
much slower convergence than the least-squares algorithm. The convergence
rate is much slower in the stochastic case. Analysis of the convergence rate
for estimators gives only partial insight into the convergence rate of adaplive
algorithms. To obtain a detailed understanding, it is necessary to consider that
the input to the system is generated by feedback.

6.5 STABILITY OF DIRECT DISCRETE-TIME ALGORITHMS

Stability was discussed in connection with model-reference adaptive system in
Chapter 5. It was in fact the key design issue in the MRAS. The problem was
easy to resolve in the cases in which all the state variables were measured and
for output feedback of systems in which the dynamics were SPR or could easily
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be made SPR. In these cases the MRAS has the property that arbitrarily large
adaplation gains can be used.

A stability proof for a direct discrete-time adaptive control law {MRAS or
STR) for a general linear system will new be given. Bome simplifications will
be made in the algerithm to avoid too many technicalities.

The Algorithm

Direct algorithms for adaptive conirol were discussed in Section 3.5, We give
the proof for a simple algorithm of this type. Consider a process described by
the difference equation

Aty = B{g Nult - d) (6.38)
Let the desired respense from command signal to process cutput be character-
ized by
A;n(q l)y(r) = Lottt — d)
This specification implies that all process zeros are canceled. Furthermore, let
the observer polynomial be A,. A direct algorithm can then be formulated as
follows. Estimate parameters of the model
AAL Yt +d) = Ru(t) + S*y(t) = 97 (1) (6.39)

where

T
# = [!‘0 i .. Fp Sp 81 ... S{]

e

p(0) = [u(t) w(t—1) ... u(i k) oy y-1) .. y(t—l)]

(6.40)
The parameters are estimated by using the following projection estimator:

YUY yelt—d)
8() = 66— 1) + ool D elt)

e(®) = y(t) - gT(t - )0t - 1)

with 0 < ¥ < 2 and @ > 0. This estimator is the same as Eqgs. (6.22) except
that @ now has index ¢ — d instead of ¢. The properties given in Theorem 6.3
are still valid.

The control law is

(6.41)

Rruit) + 87 y(t) = toAlu.{t) {6.42)
or, equivalently, i
67 (1) (AjAL @) = toAlu.(t) (6.43)

where u.(t) is the desired setpoint. Notice that it must be required that 6:{t) =
Fo(t) # 0; otherwise, the control law is not causal.
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Preliminaries

Since the proof consists of several steps, we oulline the basic idea. The prop-
erties of the estimator were given in Theorem 6.3, which proved that the esti-
mates are bounded and that a normalized prediction error converges to zero.
However, the theorem does not show that the estimates converge. By intro-
ducing the control law and the properties of the system to be controlled, it
can then be established that the signals are bounded and that the controlied
output converges to the command signal.

If the input and output signals of the system can be shown 1o be bounded,
then ¢ given by Eqs, (6.40) is bounded. If ¢(t — ) is bounded for all ¢, 1t follows
from Property (ii) of Theorem 6.3 that the prediction error e(t) goes to zero.
The following result is useful to establish the boundedness of ¢.

LEMMA 62 Key technical lemma

Let {s,} be a sequence of real numbers and let {0} be a sequence of vectors
such that

ol £ + £y Ma
fleell < ea Czeck;ml

Assume that

.2
5y

= —F - 0 6.44
“ o1 + Qg Oy ? ( )
and that
tlirn__s(t) =0

where & > 0 and @; > 0. Then ||o;|| is bounded.

Proof- The result is trivial if s, is bounded. Hence assume that s, is not
bounded. Then there exists a subsequence {¢,} such that |s. | — <o and [s;]
sy, for ¢ < ¢,. For this sequence it follows that
2 t 2
p > 7| 2 " 3 2 : z >0
oy + a0l d | o+ e + c2ls:) ascs

where 0 < @3 < . This contradicts Eq. (6.44) and proves the statements. 0O

Main Result

The main resuit can now be stated as the following theorem.

THEOREM 67 Boundedness and convergence

Consider a system described by Eq. (6.38). Let the system be controlled with
the adaptive control algorithm given by Eqgs. (6.40), (6.41), and (6.42} where
the command signal . i3 bounded. Assume that

Al: The time delay d is known.
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A2: Upper bounds on the degrees of the polynomials A* and B* are known.
A3: The polynomial B has all its zeros inside the unil disc.
Ad: The sign of by = rg is known.

Then
{i) The sequences {u({f)} and {y(¢)} arc bounded.
i) Jim | A7, (g y(t) —dou{t — )| = O

Proof:  Introduce the control error
£(2) = A, (AL (1) ~ fou (¢ —d)) = P7y(t) — toAlu.(t — d)
=Py(t) - 0T (t—d) (P et - d))
=Pty + P (070 Vot &) -6T(¢ di(Pelt—d)

deg P
=Pe()+ > p(@le-1-1)- 6t - dN et d-0 (6.45)

Pl

where P = A,A, has been introduced o simplify the writing. The first two
equalities arc trivial. The third is obtained from Eq. {6.39), the fourth from
Egs. (6.41), and the last by expanding the expression.

It now follows from properties (iil and (ili) of Theorem 6.3 that

- )
1 _— =t — =0
e VI + el(t — die - d)

It follows from the first equality in Eg. {6.45) that
ALAL p(t) = e(t) + toAju.(t)

Since the polynomials A, and A,, are stable and since z. is bounded, it follows
that

(U] € o+ B max |e(R)]
Moreover, since the polynemial B is stable, it follows that
lu(t —d)| < @2+ fa max [y(R)]

Hence
ot ~d)f < s + fa max e (k)]

If we apply Lemma 6.2, it follows that ¢(t) is bounded and that &{f) — 0 as
¢t — oc. Since the polynomial A? is stable, properly {ii) also follows. O

Remark 1. We used an algorithm for which the details of the proof are simple.
With minor medification the results can be extended to cover many of the direct
algerithms given in Section 3.5,
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Remark 2. A minor modification of the algorithm is necessary to ensure that
7y £ 0. One way to do this is as follows: If #g{t) = 0, modify ¥ to give ro(2} # 0.
Theorem 6.3 will still be valid with this modification of the algorithm. Since
the estimator properties enter into the proof anly via Theorem 6.3, the rosult
still holds.

Remark 3. Naotice that it does not [ollow thal the parameter estimates con-
verge. The fact that the control error nonetheless goes to zero depends on an
interplay belween the estimation and the control algorithms. This property is
a special feature of direct algorithms.

Remark 4. The minimum-phase property is used to conclude that u is bounded
when ¥ is bounded.

Remark 5. Notice the similarity between Eg. (6.45) and the augmented error
introduced in Chapter 5. a

Discussion

It has been established that a direct adapiive controller gives a closed-loop
gystem with bounded signals and desired asymplotic properties, provided that
Assumptions Al-A4 are valid. Assumptions Al and A2 are necessary to write
down the algorithm. Knowledge of the time delay (with a resclution correspong-
ing to the sampling period) is essential. The signals will not be bounded if d is
too small. Assumption A3 implies that the sampled system is minimum-phase;
it is required because all process zeros are canceled in the design procedure.
The error cquation will net be linear in the parameters if this is not done.
Assumption A4 is essential, since by is absorbed in the adaptation gain ¥, to
guarantee that fo(¢) # O for all times, Assumption A2 implies that the adap-
tive control law must have a sufficient number of parameters. This means that
the model used to design the adaptive controller must be at least as complex
as the process to be controlled. The conseguences of violating the assumptions
will be discussed later.

Extensions

The results can be extended in several different directions. Similar results can
also be given in the continuous-time case, in which the underlying model can

be written as

Alp)y(t) = Bipjult)
where A and B are polynomials in the differential operator p = d/d¢. Assump-
tions Al-A4 arc then replaced by the following assumptions:
A1l The pole excess deg A — deg B is known,
A2 Upper bounds on the degrees of the polynomials A and B are known.
A2 The polynomial B has all its zeros in the left half-plane.
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Ad’: The sign of by is known.
The results can also be extended to systems with disturbances generated from
known dynamics.

The gradient estimation algorithm can be replaced by other, more efficient
metheds. Theorem 6.3 then needs to be generalized. Many types of least-
squares-like algorithms can be covered by replacing the function V = g7é
in Theorem 6.3 by ¥V = 87 P18 and adding assumptions that guarantee that
the cigenvalues of P stay bounded. Other contrel laws can also be treated. One
important situation that bas not been treated is the case in which the control
signal is kept hounded by saturation. Theorem 6.3 still holds, but Theorem 6.7
does not, since Eq. (6.42) does not hold when the contrel signal saturates.

Gronwall-Bellman Lemma

The essential idea in the proof of Theorem 6.7 is the separation of the adaptive
controller into two parts. First, some properties of the estimator are cstablished
that are independent of how the contrel signal s generated. Second, properties
of the controlied system are derived, Convergence and stability are derived on
the basis of the key technical lemma {Lemma 6.2), This procedure can be used
for many different adaptive schemes.

The key technical lemma is a simplified version of the Gronwail-Bellman
lemma, which is a standard tool for proving the existence of solutions to
ordinary differential equations. There are both continuous-time and diserete-
time versions of this lemma.

LEMMA 63 Gronwall-Bellman lemma: Continuous time
If u,v > 0, if ¢y is a positive constant, and if

ult) < e / " i(s)u(s) ds (6.46)
S0
then . .
u{t) € ¢) exp (/ v(s) ds) a
Jo

LEMMA 64 GCronwall-Bellman lemma: Discrete time
Hu. v = 0,if ¢; is a positive constant, and if
t-1

u(t) < ev Y ulk)olk) (6.47)

k=0

-1
u(t) < cy exp (Zv(k)) o

k=0

then
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By using the Gronwall-Bellman lemma, many direct adaptive algorithms
can be analyzed in the following way:

- » Show that growth conditions such as Eq. {(6.46) or FEq. {6.47) hold.
« Show properties analogous to Eq. (6.44) for the signals « and v.
« Use the Gronwall-Bellman lemma to get stability.

These steps can be used as a template for proving convergence and stability
for adaptive algorithms.

6.6 AVERAGING

The results in Lhe previous sections do not permit a detailed investigation
of adaptive control algorithms. For examgle, no information aboul transient
behavior is available until much more detailed analysis is undertaken. The
conventional mwethods fur investigating nonlinear systems involve investigation
of equilibria and analysis of the local behavior near the equilibria. Such an
approach will give only local properties, although in some special cases il
may be possible to proceed further and obtain global properties. The results
of the analysis can then be augmented by simulations. For purpoeses of this
discussion it is useful to write the equations of motion of the complete system
in a comprehensive form such as Egs. (6.1} and {6.2) er Egs. (6.3). In an
adaptive system it is natural to separate the states of the system and the
process parameters. The process parameters are changing more slowly than
the states. This separation of time scales is used in the averaging theory to
gain more insight about the properties of the closed-loup system. The idea of
averaging originated in the analysis of planetary motion.

The Averaged Equations

The analysis of the dynamics of adaptive systems is generally guite compli-
cated because Lhe complete system is often of high order. Analysis of a direct
algorithm for a discrete-time second-order system with four unknown param-
eters using a gradient method leads to a difference equation of order 8 (two
states of Lhe system, four parameters, and two difference equations to generate
Lhe regression variables). Ten more equatlons are obtained if a lesst-squares
estimation algorithm is used.

Because of the special properties of adaptive systems, however, there is
an approximate method that will simplify the analysis considerably. The basic
idea is that the parameters change much more slowly than the other variables
of the system. This pruperty is intrinsic to the adaptive algorithms. 1f this were
not the case, we eould hardly justify using the notion of parameters.

To describe the averaging methods, consider the adaptive system described
by Egs. (6.1) and {6.2). The rate of change of the parameter ¢ can be made
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arbitrarily small by choosing the adaptation gain ¥ sufficiently small. For
simplicity we use the simple gradient algorithm

dé ; ‘.
5 = re@.0e@.q) {6.48)

The product ge on the right-hund side depends on ¢ and £, where ¢ = @ (@)
varies slowly and & varies fast. The key idea in the averaging method is to
approximate the product ge by

G(6) = ave { @ (5(6).£00).0) e (50).£(2(0).0) |

where avg!-} denotes the average and £(B(M),t) is computed under the as-

sumption that the parameters ¢ are constant. The average can be computed
in many ways. Typical examples are

avg{f( £ (1) T/ 8.£00.1), )d
avg{ Lef(er —hm/ 6.£(8,1), )dt

avg {f (é,(g(é, t),t)} -Ef (é,g{é,s),r)

The first alternative is applicable when [ is periodic with period 7', and the
last equation applies when & is a stationary stochastic process. Notice thut
the averaged equations can be calculated only when the signals are bounded.
This implies that the closed-loop system must be stable if the parameters & are
fixed. The calculation of & (#(8), ) is a straightforward exercise in linear system
analysis. However, the expressions may be complex for high-order systems.
Symbolic caleulation is a useful tool for carrying cut the calculations. The
use of averaging thus results in the following averaged nonlinear differential
equation for the parameters:

%JVWQ¢MWﬁWWHH((&ﬂM®ﬁH:D (6.49)

This equation can also be written as

— v avg {{Gev(0(@).p)V) (Ca(P (Bl p)V)} = O (6.50)

Notice that the transfer functions G,, and G, depend on the averaged param-
eter §. When the averaged equations are obiained, the behavior of the state
variables £ can be obtained by linear analysis.

Several averaging theorems give conditions for 8 being close to 6. The con-
ditions typically require smoothness of the functions involved and periodicity
or near periodicity of the time functions. There are also stochastic averaging
theorems. Notice that averaging analysis was used in Theorems 4.1 and 4.2
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A significant advantage of averaging theory is that it reduces the dimen-
sions of the problem. The theorems require that the adaptation gain be smail,
but experience has shown that averaging often gives a good approximation,
even for large adaptation gains.

When the averaging equations are obtained, analysis proceeds in the con-
ventional manner by investigation of the equilibria of the averaged equations
and linearization at the equilibria to determine the local behavior. Notice that
the averaged equations may possess equilibria (i.e., solutions to avg{pe} = 0)
even if the exact equations do not have an equilibrium. This corresponds to
the case in which the true parameters are meandering in the neighborhood of
the equilibrium to the averaged eguation.

Sinusoidal Driving Forces

A simple case of averaging is when the external driving force is sinusoidal,
that is, v{t) = ugsin wt. The signals ¢ and e are then given by

p(t) = Gpo (9, w)vit)
e(t) = G2, w)v(t)

Notice that controller parameters # depend on 4. The following result is useful
for calculaticn of the averages.

LEMMA 65 Averaging for sinusoidal input

Let G, and G, be stable transfer functions, and let v and w denote the steady-
state responses of the corresponding systems to the input #. = wugsin@t. The
mean value of the product viv is then given by

ug

an(Uw) = 9 1Gu(lw)| LGLL(J/&))1 cos (arg Gu (lﬂ)) —arg Gw(l’wn

Proof: The signals v and w have the amplitudes |G, (iw), and |G, (i@)]; their

phase angles are arg G, (o) and arg G, (iw). Integrating over one period gives
the result. aQ

A true parameter equilibrium exists if the equation
Ger (9(8),0) = 0

has a unique solution. To derive a necessary condition we consider the averaged
equation
dé

= = TRe{Gyy (8(6).0) R.GL (8(8), @)} {6.51)
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where
R, =avg(vv")

A necessary condition for Eq. (6.51) to have a unique parameter equilibrium
is that v and # have equal dimension and that B, be of full rank. To have
a unigue parameter equilibrium for slow external driving signals, it is thus
necessary that the number of estimated parameters be less than or equal to
the number of external driving signals and that the external driving signals be
persistently exciting. This result indicates that there may be some disadvan-
tages to overparameterization, contrary to what is indicated in Theorem 6.7
The local stability of the equilibrium & is given by the linearized equation

dx

GT _ A
ar -
where x denotes the deviation from the equilibrium 8 - 6° and

i E 12} : -
A = Gy, (0(6%), ) R.on GI ((0°), w)
The preceding equations can be applied 1o slow or constant perturbations by
setting @ = 0, provided that the assumpticns of averaging are fulfilled.

An Example of Averaging Analysis

Consider a process with the transfer function £G(s) and an adjustable feed-
forward gain. Find a feedforward gain # such that the input-output behavior
matches the transfer function kG, (s) as well as possible. It is assumed that
k > Dand &y > 0. The case (7,, = (¢ was discussed in Chapter 5. Two different
algorithms for updating the gain were proposed in Chapter 5: the MIT rule
and the SPR rule. The algorithms are

W e e M)

¢ (6.52)
dd
5 = Trme (SPR)

where 1, is the command signal, ¥ = koGt is the model output, and e is
the error defined by

elt) = 3= ym = G () (8O (D) ~ koG (p)uac(t)

The analysis in Section 5.5 shows that the MIT rule gives a closed-loop system
that is globally stable for any adaptation gain y in the “ideal” case, when
G = 6, and G is SPR. In the presence of unmodeled dynamics it is, of course,
highly unrealistic to assume that a transfer function is SPR. So far, no stability
result has been given for the MIT rule. However, Example 5.5 indicates that the
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MIT rule will be unstable for sufficiently high adaptation gains if the system
15 not SPR.

We now investigate the algorithms under nonideal conditions, using av-

eraging. Inserting the expressions for y, and e into the equations for the
parameters, we get

dé 5
A YkaGae) (KG(Gue) — koGris,) = 0

dé C.
=+ vue (RG{Bu.) - konuc) -0

where the first equation holds for the MIT rule and the zecond holds for the
SPR rule. The corresponding averaging equations are

d_f} + ¥ (ékka avg{ (Gru ) (Gu)} — k% avg{(GmuL.)z}) =0

dt i (6.54)
it (Ok avg{u (Guc)} — koavg{u(Gni)}) = 0
The equilibrium parameters are
T - St w0
(6.55)

P _ kp avglu (Gumu )}
SPR = % Tavg{u.{Cu.)}

The equilibrium values correspend to the true parameters for all command
signals #. only if G = G, (ie. there are no unmodeled dynamics). When
G # G, the equilibrium cbtained will depend on the command signal as well
as on the unmodeled dynamics. Notice that the equilibrium value obtained for
the MIT rule minimizes the actual mean square error.

The stability conditions for the averaged equations (Eqs. 6.54) are

vavg{[(GuuGuo)} > 0 (MIT)
yavg{u {Gu)} >0 {SPR)

The averaged equation when the MIT rule is used will thus give a stable
equilibrium for all command signals if G, = G. The stability condition depends
on the command signal and the process dynamics as well as on the response
model.

For the SPR rule the stability condition depends only on the command
sipnal and on the process dynamies. The equilibrium is stable for all command
signals if G is SPR. For processes thal are not SPR the equilibrium may well
be unstable. Coonsider the case of a command signal composed of a constant
and a sum of sinusoids:

n
u(t) =ag +2 Zak sin mt
k=1
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If Lemma 6.5 is used, the stability conditions for ¥ > 0 become

t

@G, (0) + Y a2 |Gmlian)| |G licy)| cos {arg G (iwy) — arg Gliey)} > 0
k=1

m
@aG(0) + ) ai Re Gliw) > 0
LY

For a single sinusoidal command signal the MIT rule gives a stable equilibrium
if the phase lags of &G, and & differ by at most 90° at the frequencies of the
input signal. The SPR rule, on the other hand, gives a stable equilibrium if
the phase lag of the process is at most 90°.

For command signals containing severa! sinuscidals the equilibrium can
still be stable, provided that the command signal is dominated by components
with frequencies in the range in which the phase lag of the process is less than
90°. Natice that it helps to filter the command signal so that the signals in
the frequency range in which the plant has a phase shift of more than 90° are
attenuated. In the MIT rule, reduction of the gain of the model can also be
reduced at high frequencies. It follows from Egs. (6.54) that the convergence
rate of the parameters is strongly signal-dependent. The value of normalization
as described in Section 5.3 i that the convergence rate becomes less dependent

on the signal amplitudes. The preceding calculations are illustrated by an
example.

EXAMPLE 68 Sinusecidal command signal
Consider a reference model with the transfer funetion

Gnls) = —

gta

Assume that the process has the transfer function

ab

O = e

Furthermore, let the command signal be a sinusoid with unit amplitude and
frequency w. Equations (6.55) give the equilibrivm values

- ko b + &?
BMIT = —k— - bT_

- _ ko a(b? + 0%)
gSPR— ?m a)(xft;i;

The stability conditions show that the MIT rule is stable for all @, but the SPR
rule is stable only if @ < +vab. Figure 6.10 shows the estimates of the gain for
the case behavier @ = 1 and & = 10 when the input signals have frequencies
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Figure 6.10 Estimated feedforward gains obtained by the MIT rule with
sinusoidal input signals having frequencies (a) @ = 3; (b) @ = 3.4; and the
SPR rule when (c) @ = 3; (d} w = 3.4, for a system with G,, = 1/{s + 1}
and (7 = 13/{(s + 1}(s + 10}). The dashed lines are the equilibrium values
obtained from averaging analysis.

@ = 3 and @ = 3.4. The equilibrium values predicted hy the averaging theory
are also shewn in the figure. The SPR is unstable for @ = 3.4 > /10. Also
notice the drastic difference in the equilibrium values between the different
updating methods. The desired equilibrium value is & = kg/k.

The behavior is well predicted by the averaging analysis. Notice the dif-
ference in comvergence rates. Initially, when g = 0, the rates of changes are
given by

i = 7RE avel(Gru.)?)
OgpR = rko avg{u(Gru.)}

These expressions clearly show that the initial rates decrease with increasing
frequency because |G, {iw)| decreases with frequency. For the SPR rule the
rate decreases even more because of the phase lag between i, and G, .. O

In conclusion, we find that averaging analysis gives useful insights. It
shows that analysiz of the ideal case can be quite misleading. Even in the
simple case of adjustment of a feedforward gain, unmodeled dynamics to-
gether with high-frequency excitation signals may lead to instability of the
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equilibrium. The equilibrium analysis also makes interesting contributions to
the comparison of the MIT and SPR rules. First, the equilibrium of the MIT
rule has a good physical interpretation as the parameter that minimizes the
mean square error, Second, the apparent advantage of the SPR rule that very
high adaptation gains can be used vanishes. In practical situations, there ure
always unmodeled dynamics. In the presence of unmodeled dynamics the gain
must be kept small to maintain stability.

6.7 APPLICATION OF AVERAGING TECHNIQUES

In the previous sections, idealized cases were investigated. The convergence
and stability analysis of seif-tuning regulators were based on Assumptions Al—-
A4 and the premise that there are no disturbances. In Chapter 5 the stability
of MRAS was proved under the SPR agsumption on certain transfer functions.
Assumption A2 in Theorem 6.7 implies that the model used te design the
adaptive controlier must be at least as complex as the process to be controlled.
This is highly unrealistic because real processes are often distributed and also
nonlinear.

In practice, adaptive controllers are based on simplified models. It is there-
fore of interest to investigate what happens when the process is more enmplex
than assumed in the design of the controller. In this case the process is said
to have unmodeled dynamics. If a controller is able to control processes with
unmodeled dynamics and/or disturbances, we say that the controller is robust.

Analysis of a Simple MRAS

A simple model-reference adaptive system for a process of first order was
derived in Example 5.2 by using the MIT rule. In Example 5.7 the same
problem was considered, and an MRAS was obtained by using Lyapunov’s
stability theory. We now use averaging theory to investigate the properties
of the controller. In designing the adaptive controller it is assumed that the
nominal transfer function of the process is

G(S) = S‘_-l:-Fa (656}

which is net necessarily the true transfer function of the process. The desired
closed-loop system has the transfer function

b

S+t

Gp(s) =

A model-reference adaptive control law was derived in Example 5.7 by us-
ing Lyapunov theory. A block diagram of the closed-loop system is given in
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Fig. 5.11. The system is described by the equations

b _
dt = —Yuce
dé
FaRet
(6.57)
=¥ Y
y = G(pu

¥m = Gm(p)uc
u =B Gy

where . is the reference signal, « is the process input, ¥ is the process output,
¥, 18 the output of the reference model, e is the error, &, i3 the adjustable
feedforward gain, and 8. is the adjustable feedback gain.

It is not possible to give a complete analysis of Eqs. (6.57) for general
reference signals; approximations must be made even in a simple case like
this. We now investigate the adaptive system when the reference signal is
sinusoidal. The equilibrium points are first explored, and the behavior in their
neighborhood is then investigated by averaging and linearization.

Equilibrium Values for the Parameters

It follows from Eqs. (6.57) that the parameters 6, and #; are constant when
the error e is zero. The conditions for ¢ to be zero will now be investigated. The
signal transmission from the command signal u, to the output v is described
by the transfer function

_ 66

¢ 1+ ézG

and the control error becomes
e(t) = y(t) — ¥ymit) = (Go(p) — Gu(p)) uc(t)
Let the reference signal be . = uqsin e, The error e is then zero if
G liw) = Gulio)
or
8)G(iw) = 035G, ((0)C (i) + Gp(iw) (6.58)

This equation can be solved for 69 and ég by equating the real and imaginary
parts. There is a unique solution if Tm{G{iw)} # 0. The solutiens are eas-
ily obtained by dividing Eq. {6.58) by (.G and G, respectively, and taking
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tmaginary parts. This gives

o Im{1/Gliw)}

& _

#) = In{1/Gr, (i)} (6.59)
go _ _Im{Gnlie)/Gliw)} o
2T T Im G (o)

In the nominal case we get 80 = b,,/b and 85 = (a,, — a)/b. These equilibrium
values do not depend on the frequency of the command signal. They also
correspond to the desired feedback gains.

Averaging

The command signal u. is the only external signal; hence v = #,. Furthermore,
P’ = [ e ¥ ] . To obtain the averaging equations, the transfer functions

G.v and G, are first calenlated:

G, - 28 g,
1+8;G

ol - [_1 _é-‘E._]

e 1+ 8207

By using Lemma 6.5 the averaged equations can now be written as

a6 _ yug g | 6:GGe) . {iw)
dt 2 1+ 6,G(iw)
_ (6.60)
dby _yu p [f @nGlw) oo\ _6GCim)
dt | 2 1+ 6:Giw) 1+ 8:G(-iw)
60 80 100
Time

Figure 6.11 Parameter estimates and their approximation by the averaging
method. The dashed lines show the equilibrium values of the gains.
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Figure 6.12 System owtput y (solid line) and the output of the reference
modet ¥, {dashed line) and error e for Example 6.9 for £=0-20 and ¢=50-70.

Notice that these equations are valid also when G is a general transfer func-
tion, that is, G does not need to satisfy Eq. (6.56).

EXAMPLE 69  Accuracy of averaging

Consider the particular case of @ = 1, & = 2, and @, = b, = 3. Let the
adaptation gain y be 1, and let the command signal be uosin¢. The time
histories of the parameter estimates &;, 8, and their approximations ), &,
are shown in Fig. 6.11. The figure shows that the averaging gives a good
approximation in this case. Notice that the approximation improves with time.
The process output ¥ and the output of the reference model y,, are shown in
Fig. 6.12. Notice that the signals are already quite close after 10 s, although
the parameters are quite far from their correet values at this time. The error
¢ = ¥ — ¥n thus appears to converge much faster than the parameters. This
was seen for several different adaptive controllers in the previous chapters.
Also notice that much faster convergence will be obtained with a recursive
least-squares method. =]

Local Stability
The stability of the equilibrium of the averaged equations (Eqs. 6.60) will now
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be investigated. Straightforward but tedious calculations give the following
linearized equation:

= - Ax (6.61)

where x is a vector whose two components are the deviations of #, and 83 from
their equilibrium values and the matrix A is given by

yuglGﬂ [-—cos@m (G, cos 26, ] (6.62)

A= Do ,
¢ |Gl ~ |Gl cos 8y,

where é‘f is the equilibrium value of &, and ,, = arctan{®/a,,). The matrix
A has the characteristic equation

A2 4+ @Al +cos?8,) + o’sin? @y, = 0

where
YU, b

®= 2 (a?, + w?)

The characteristic equation has its zeros in the left half-plane if @ # 0. The
equilibrium of the linearized equation (Eq. 6.61) is thus stable for all @ # 0.
The investigated MRAS has been designed by using Lyapunov theory. In the
idealized case the transfer function (6.56)} is SPR, and it is expected that the
MRAS should have good performance.

Unmodeled Dynamics

The tonsequences of unmodeled dynamics are now investigated for the MRAS
shown in Fig. 5.11. This system was designed on the basis of the assumption
that the transfer function of the process has the form (6.56), We now investigate
what happens if the process actually has a pole excess larger than 1. Before
we go into details, a specific example is investigated.

EXAMPLE 610 Unmodeled dynamics

Assume that the nominal transfer function (6.56) has ¢ = 1 and & = 2 but
that the actual transfer function is

458
G\ = ————————— .
() = ST1)s% + 305 + 220) (6.63)
The dynamics correspond to the nominal plant 2/(s+1) cascaded with 229/ {s*+
30s + 299). The process thus has two poles s = —15£2;, which were neglected
in the model used to design the adaptive controller. Figure 6.13 shows the
behavior of the controller parameters when the command signal is a step and
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Figure 6.18 Controller psrameters &, and 8, when the adaptive control law
of Egs. (8.57) is applied to the process of Eq. (6.63}. The command signal is
2 step, and there i5 sinusoidal measaurement noise. The smooth curves show
the behavior when there is no measurement poise, -

there is a sinusoidal measurement error, Figure 6,14 shows the behavior of the
parameters when the comymand signal is sinusoidal with different frequencies.

O

i Example 6.10 shows that the presence of unmedeled dynamies will dras-
tically c'hange the behavior of the adaptive system. Figure 8.14 shows that
the equilibrium depends on the frequency of the command signal and that it
may be unstable for certain frequencies. We now attempt to understand the

me'«chanisms that change the behavior of the system so drastically and to find
suitable remedies. '

Step Commands

First, ﬂ'le hehgvior tllustrated in Fig. 6.13 is analyzed. 'The case of step com-

mands is ﬁr_st investigated when there is no measurement noise, When @ = 0,

the equilibrium condition of Eq. (6.55) reduces to

A N N (6.64)
Gl 7(0) o
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Figure 6.14 Controller parameters éI and @, when the adaptive control law
of Eqs. (6.57) is applied to the process of Eq. {6.63) when the command signal
isu. = sinwt with (a) @ = 1; {b) @ = 3; {¢) @ = 6; (d) w = 20.

The equilibrium set is thus a straight line in the parameter space. The line
is uniquely determined by the steady-state gains G(0) and G, (0). Notice in
particular that the equilibrium set is not a pomnt. This is easily understood from
the viewpoint of system identification. We wish to determine two parameters,
6, and 8,. However, the excitation used is a step that is persistently exciting
of first order and thus admits determination of only one parameter. (See
Example 2.53.)

Averaging is now applied to obtain further insight into the behavior of
the system. The averaging analysis applies to the set of parameter values
such that the closed-loop system is stable for fixed parameters. To find this
set, noiice that the closed-loop system is a linear time-invariant system when
parameters é, and &, are constant. The closed-loop eigenvalues are the zeros
of the equation

14 6,G(s) = 0

A necessary condition for stability is that 1 + 62G(s) has its roots in the left
half-plane. This condition is also sufficient in the nominal case because the
transfer function G(s) is then SPR, and arbitrarily large feedback gains can
be used. When there are unmodeled dynamics, the transfer function G(s) is
usually not SPR and the closed-loop system typically becomes unstable when
8 is sufficiently large.
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EXAMPLE 6.11  Step commands

With the transfer function of Eq. (6.63} used in Example 6.10, the clased-loop
characteristic equatien is given by

(s + 1)(s® + 305 + 229) + 4586, = 0

or
§% + 81s% + 2595 + 229 + 4586, = 0

This equation has all roots in the left half-plane if
—05 < 03 < 17.03 = 9F*

The averaged equations for the parameter estimates are obtained by set-
ting @ = 0 in Eqs. (6.60). If it is assumed that G,{0) = 1, the equations

become _ _
dé, _ _yug [ 6:G(0)
dt 2 \1+8;G(0)
d_éz _ Eﬁ élG(O} éIGQ) 1
dt 2 14 6,G(0) \1+ 6:G(0)

These differential equations have the equiiibrium set of Eq. (6.64).
Close to the equilibrium set, the equations are deseribed by the following

linearized equation:
dx _yup (-1 1)
d 200l 1 -1

(6.65)

(6.66)

where x; = §;—6% and x; = 9,—8). Consider a point away from the equilibrium
line, that is, xp = x; + 6 or & = &; — 1/G(0) + 8. The velocity of the state
vector at that point is % = yulé/6%, 1 = —yuﬁé /’6?. The vector field of
the linearized equation is thus as shown in Fig. 6.15. The vector field thus

4 6
Stability boundary /
sl

D *f

[y

A
s

s

Figure 6.183 Equilibrium set and local behavior of the averaged equations.
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Figure 6.16 Phase plane of the controller parameters (a) in the nominal
case of G{s}) = 2/(s+ 1) and (b} in the case of unmodeled dynamics Eq. {6.63).

The dashed lines are the equilibrium sets of the parameters in the nominal
case.

pushes the parameter toward the equilibrium for é; > ¢ and away from the
equilibrium for 4; < 0. Notice that the system is not structurally stable because
one eigenvalue of the linearized equation is zero, This means that we can expect
drastically different properties when the system is perturbed.

It is usually difficult to go beyond the local analysis. However, in this
particular case it is possible to obtain the global properties of the averaged
equation. Outside the equilibrium set of Bq. (6.64), the averaged equations
(Egs. 6.65) can be divided to give

dé, _ G(0)&

dé, 1+ 82G (0}

This differential equation has the solution

-, 2 - .
83+ —— B + 67 = const
2 G(O) 2 1
The parameters of the averaged equations will thus move along circular paths
with the center at (0, ~1/G(0}). The motion is clockwise for &; > &, — 1/G(0)
and counterclockwise for 8y < 8; — 1/G(0). The motion slows down and stops
when the parameters reach the equilibrium set

{éh B_giél = {, ég = é] - l/G{O}}

The averaged equation approximates the nonlinear equations for the param-
eters only for parameters such that the closed-loop system is stable. In the
nominal case, when the transfer function of the plant is G(s} = 2/(s + 1), the
stability region is —-1/G(0) < 8. In the case of unmodeled dynamies the stabil-
ity region is defined by —1/G(0) < 62 < 85%®. This means that trajectories that
start far away from the origin will escape from the stability region. Figure 6.16
shows the actual parameter paths in the nominal case and for the unmodeled
dynamics given by the transfer function of Eq. (6.63} in Example 6.10. With
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unmedeled dynamics the trajectories will diverge if the initial values are too
large. The deviation from circular ares is due to the initial transient when ¥(¢)
is different from the equilibrium value. The adaptation gain used in the exam-
ple is quite large (y = 1). The trajectories will be arbitrarily close to circles by
choosing ¥ sufficiently small. The “jitter” in the trajectories in Fig. 6.16(b) is
caused by oscillations in the parameters, not numerieal errors. m}

The analysis and the simulations show that the adaptive system can be
unstable if the input signal is a step and if there are unmodeled dynamies.

Measurement Noise

We now investigate the effects of measurement noise. The simulation shown
in Fig. 6.13 indicates that measurement noise may cause the parameters to
drift. Figure 6.17 shows parameter #; as a function of parameter 6, with and
without measurement noise. The simulation indicates that the equilibrium is
lost in the presence of measurement noise. The parameters move toward a set
close 1o the equilibrium set, oscillate rapidly in the neighborhood of this set,
and drift along the set. The analysis tools developed will now be used to explain
the behavior of the system. Assume that the command signal is a step with
amplitude uy and that the measurement noise can be modeled as an additive
zero mean signal z at the process output. It follows from Eqs. (6.57) that

a8, i

T T T T

0 02 04 06 08 1

8,
Figure 6.17 Phase plane of the controller parameters (a) with and {b)
without measurement noise,
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the error cannot be made identically zero by proper choice of the parameters.
Hence no true equilibrium exists such that the parameters are constant. The
phenomencn is a typical behavior of a system that lacks structural stability.
Intuitively, the results can be explained as follows: A step input is persistently
exciting of order 1 only, which means that it admits consistent estimation of
onc parameter only. When two parameters are adjusted, the equilibrium values
of the parameters make a submanifold, not a point. Measurement errors and
other disturbanees may cause the parameters to drift along the equilibrium set.
In the presence of unmodeled dynamics, the feedback gain may then become
so large that the closed-loop system becomes unstable. By using averaging, the
equilibrium set and the drift rate along the set can be determined.

The parameter values will drift also in the nominal case. However, the
closed-loop system is stable for all parameter values,

Sinusoidal Command Signals

Several of the difficulties encountered with step commands are due to the fact
that a step is persistently exciting of first order only. This means that the
equilibrium set is a manifold and only a linear combination of the parameters
can be determined. With a sinuseidal command signal that is persistently
exciting of second order, two parameters can be determined consistently. It
may therefore be expected that some of the difficulties will disappear. However,
the simulation shown in Fig. 6.14 indicates that therc are some problems with
sinusoidal command signals in combination with unmodeled dynamics.

As hefore, it is assumed that the adaptive controller is designed as if the
process were described by the transfer function

G(s) = b

s+a

Since the character of the unmodeled dynamics is important, it is assumed
that the actual plant is descrived by the frequency function

b 3 i}
atiw r{w)e (6.867)
The functions r and ¢ represent the distortions of amplitude and phase due to
unmodeled dynamics. 1t is assumed that the transfer function corresponding
to r and ¢ has no poles in the right half-plane.

The unmodeled dynamics may change the properties of the system dras-
tically. For example, the nominal system will be stable for all values of the
foedback gain, since it is SPR. If the unmodeled dynamics are such that the
additional phase lag can be large, the system with unmodeled dynamics will
be unstable for sufficiently large feedback gains. The critical gain can be de-
termined as follows. The phase lag of the plant is #(w) + arctan(e/c). This lag
is wif

Gliw) =

g = tan {7 - ¢(®)) = ~tan$(w)
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or
weos¢{w) + asing(w) =0 (6.68}

The process gain of this frequency is

The system thus becomes unstable for the gain
-'aﬂ + wQ
briw)

where @ is the smallest value that satisfies Eq. (6.68).

By = 83 = (6.69)

Equilibrivm Analysis

Ths possible equilibria of the parameters will first be determined. Introducing
the transfer function of Bq. (6.67) into Eq. (6.59) gives (after straightforward
but tedious calculations)

5 _ ba  (osing(w) + cos p{w))

&,

b wr(w)
g @lan —a)c0s¢(@) + (@ +aay)sing(w) (6.70)
2= wbr(a) '

= —br:cu) ((a) sin ¢ () — acosp{w)) + % (asing(a) + mcosnﬁ(a))))

A comparison with the nominal case shows that the equilibrium will be ghifted
because of the unmodeled dynamics. The shift in the equilibrium depends on
the frequency of the input signal as well as on the unmodeled dynamics.

It is of particular interest to determine whether there are conditions that
miay lead to difficulties. The feedforward gain vanishes for frequencies such
that Eq. (6.68) is satisfied. This is precisely the frequency at which the process
has a phase lag of 180°. The feedback gain for this frequency is

5 1 , Va2 + o?
8y = br(@) {(wsing — acos¢) = ——-Er—{zo]—

This implies that 82|G (iw)| = 1, that is, that the loop gain then becomes unity.

We thus find that the equilibrium values of the parameters for sinusoidal
input signals will depend un the unmodeled dynamics and the frequency of the
sinusoidal command signal. When the frequency is such that the plant has a
phase shift of 180°, the feedforward gain is zero and the feedback gain is such

that the closed-loop system is unstable. This observation is illustrated by an
example.
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EXAMPLE 612  Sinusoidal command signal
Consider the system in Example 6.10. The transfer function with the unmod-
eled dynamics is

458 458

Gis) = =
() = 13757 + 305 + 329) ~ & + B15° + 2605 + 929

The equilibrium values of the controller gains are

5. _ 30259 — ?)
458
Gy = 2(137 + Tw?)
229
when a,, = b, = 3. The transfer function G has a phase shift of 180 at
@ = /259 = 16.09. At this frequency the equilibrium values of the controller

gains are 61 = 0 and &y = 39007229 = 17.03. The closed-loop system is
unstable for this feedback gain, This explains the results shown in Fig. 6.14.

0

Summary of the MRAS Examples

The investigation of the first-order MRAS is summarized in the following table:

Inputs Exact Model Structure Unmodeled Dynamics

Step command Equilibrium set is a half-line.  Equilibrium set is a line

segment. Stability is lost for
some initial values.

Step command + Solution will move toward 2 Sclution will move toward a
measurement noise  line and then drift along the  line and drift along the line
line. until stability is lost.
Sinuseidal Equilibrium set is a point Equilibrium set is a point
that is independent of the that depends on the
frequency. frequency. The equilibrium is
unstable for sufficiently high
frequencies.

Several interesting conclusions can be drawn from the examples. When
the input signal is not sufficiently exciting, the equilibrium is a manifold
independently of the presence of unmodeled dynamics or disturbances. When
there are disturbances, the estimates will drift along the manifold. In the
case of unmodeled dynamics the closed-loop system may eventually become
unstable, Frum a methodological point of view the examples give insights that
can be derived from equilitrium analysis, which can be carried out with a
moderate effort in many cases. We can find out if an equilibrium exists in the
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sense that the parameters remain constant. Notice that the averaged equations
may have an equilibrium even if the exact equations do not. However, it is
rarely the case that global analysis can be carried out.

6.8 AVERAGING IN STOCHASTIC 5YSTEMS

The importance of averaging was illustrated in the previous sections. However,
the excitation has been restricted to constani or sinusoidal inputs. In this
section averaging is used on discrete-lime systems with stochastic inputs.
Assume that the system is described by

Al y(t) = B (g Mult - d) + C (g Melt) (6.71)

where ¢(¢) is a zero-mean Gaussian stochastic process. Depending on the spec-
ifications, different sell-tuning regulators can be used to conirol the system
{compare Chapter 4). For simplicity it is assumed that the basic direct self-
tuning algorithm (Algorithm 4.1) is used. The controller parameters are then
estimated from a model of the form

y(t) = R*(g N ult —d) + 5*(g7)y(t - d) (6.72)
or
y(@) = p(t -d)8 (6.73)

The parameters & are estimated by using the recursive least-squares method.
In applying averaging, it is appropriate to use the form

Bit) = 6~ 1) + 7ORO) Tol - D (1) - ¢ - DBE-D) o
R{t) = R(t -1} +7(0) (0(t - d)p" (¢ - &) - Rt - 1))

where the covariance matrix P(2) is related to K{t) through

P(t) = y(ORE)™

and y{¢) = 1/f. In some cases it is convenient to replace the matrix Rt} by
a scalar r(¢). This gives shorter computation times and requires less storage,
but it gives slower convergence. For stochastic approximation we obtain

r(t) = r(t —1) + (e} (ot —d) @t - d) —r(t - 1}} (6.75)

The controller is

u(f) = - 0 (6.76)

or
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The self-tuning regulator is described by Eqs. (6.73) and (6.74). The control law
of Eq. (6.76) is then used on the system of Eq. {6.71). The resulting clozed-
loop system is a set of nonlinear, stochastic difference equations, which can
be very difficult to analyze. The difficulty arises mainly from the interplay
between the estimated parameters as well as the fact that these parameters
are used in the controller. By using the averaging idea it is possible to derive
associated deterministic differential equations. The convergence properties of
the algorithin can then be determined by using these equations, The method
was suggested by Ljung in 1977 and is sometimes called the ODE {ordinary
differential equation) approach. Only a heuristic derivation and meotivation are
given here; further details can be found in the references at the end of this
chapter,

A Heuristic Derivation

Yor sufficiently large t the step size ¥(¢) in Egs. (6.74) is small, and the
correction in #{¢) is small. As in Section 6.6, we can separate the states from
the parameters and assume that the parameters are constant in evaluating the
behavior of the closed-loop system. Both R{¢) and ¢(¢) depend on the parameter

estimates. Since & is assumed to change slowly, the behavior of the model can
be approximated by

y(t) = ¢7(t - d,0)8
where @ is the averapged value of the estimates. Also, ¢ depends on the es-
timated variables through the feedback. The updating equation for R can he
approximated by
Rit) = R(t — 1) + ¥(t) (G() - R(¢t - 1)) (6.77)
where B
G(B) = E{p(t - d.0)¢" (¢ —d.B)) (6.78)
The expectation is taken with respect to the underlying stochastic process in
Eq. (6.71} and evaluated for the fixed value of the parameters . In the same
way the parameter update is approximated by
a(1) = 8(t — 1) + y(ORW T F(B) (6.79)
where ) ) L
1(6) = E {o(t - d.6) (y(2) - 0" (t - 4,6)0)} (6.80)

Equations (6.79) and {6.77) are the averaged difference equations describing
the estimator. Now let A7 be a small number, and let ¢ be defined by

AT = Z y{k)
k=t
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Then _ _ _ _
G(t') = 8(¢) + AcR(e) 17 (6(£))
R() = R(t) + AT (G (0(8)) — R(D))
With a change of time scale such that ¢ = 7 and ¢/ = + A7, these equations can
be seen as a difference approximation of the ordinary differential equations
de

77 = RO () (6.81)

dR - -

ar = G (6(r)) - R(t} (6.82)
If stochastic approximation is used, Eq. (6.82) is replaced by

dr =
gr T & (8(r)) - 7(7)
where
2(0) = E{o"(¢t - d)o(t - d)}

and R is replaced by 7 in Eq. (6.81). These equations are called the associated
ordinary differential equations to Eqs. (6.74) and {6.75). They are a special
kind of averaged equations. First, the difference equations are replaced by dif-
ferential equations; second, there is a time scaling compared with the original
system. The time scaling can be interpreted as a logarithmic compression of
the original time. That is, more and more steps of length ¥{¢) are needed to
get the step At as the time progresses.

The arguments leading to Egs. (6.81) and {(6.82) have been heuristic.
However, it can be rigorously shown that, provided that the estimates () are

“sufficiently often” in the domain of attraction of the associated differential
equations, then ’

= Only stable stationary points of Eqs. (6.81) and (6.82) are possible con-
vergence points for the estimates.
» The Lrajectories §(r) are the “asymptotic paths” of the estimates 6(2).

The associated ODE can be used to find possible convergence points of an
adaptive algorithm, @° and R® The equations can then be linearized around
these stationary points. It is easily seen that the linearized equations are

_ 10 (6) -
slae)-[w ) (AR

where the element X is not important for the local stability. The statienary
point is thus stable if the matrix

K = G(é)-l—af(_‘g)l_ _
a6 g ="
has all its eigenvalues in the left half-plane. The associated OIYEs can thus be
used in the following way:

(6.83)
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1. Compute the expressions for @(t) and £(t) = y(t) - @t - d)78 for a fixed
value of £.

2. Compute the expected values G{#) and f(#).

. Determine possible convergence points for Eqgs. (6.81) and {6.82), and
determine the local stability properties by using Eq. (6.83).

4. Simulate the equations,

Even if Egs. (6.81) and (6.82) can be quite difficult to analyze in detail, it
is usually easy to determine the possible stationary points. The equations can
also be simulated to obtain a [eel for the behavior of the convergence properties.
The change in the time scale makes it more favorable to simulate the ODEs
than the averaged difference equations.

Stability of Stochastic Self-Tuners

Averaging methods can be used for stability analysis of stochastic self-tuning
regulators. Consider a simple self-tuner based on least-squares estimation
and minimum-variance conirol (Algorithm 4.1 with @ = P* = 1). Let the
algorithm be applied to a system described by Eq. (6.71). The self-tuner is
assumed to be compatible with the model in the sense thal the time delay and
the model orders are the same. The closed-loop system is globally stable if the
pulse transfer function

1 1
G(Z) = w - é
is SPR (see Ljung (1977b}}. The filter P* that is used to filter the regressors
can be interpreted as an estimate of the observer polynomial C*. The condition
for global stability is then that the transfer function
Pz} 1

G(2) = - =
& =52

is SPR. The local stability condition is that the real part of polynemial C|(z)

is positive at all zeros of the polynomial B(z) (see Holst {1979)}. The method

with stochastic averaging is illustrated with three examples.

EXAMPLE 6.13°  Stochastic averaging
Congsider the system

w(t) +ay(t — 1) = w(t — 1) + buf(t - 2) + e(t) + ceft ~ 1)
witha = —099, b = 0.5, and ¢ = —0.7. Let the estimated model be
y(#) = ult — 1) + rqult — 2) + soy(t - 1)
and use the controller

ult) = —soy(t) — riuft — 1)



