3. Let M be an infinite o-algebra.
a. M contains an infinite sequence of disjoint sets.
b. card(M) = .

4. An algebra A is a o-algebra iff A is closed qnder countable increasing unions
(e, if {E;}3° CAand Ey, C E; C ---, then | )™ E; € A).

6. Complete the proof of Theorem 1.9.

1.9 Theorem. Suppose that (X, M, 1) is a measure space. Let N = {N € M :
u(N)=0}andM = {EUF : E € Mand ' C N for some N € N}. Then M is

a o-algebra, and there is a unique extension fi of ju to a complete measure on M.
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Proof.  Since M and N are closed under countable unions, sois M. If EUF € M
where E ¢ Mand F C N ¢ N, we can assume that EN N = & (otherwise, replace
Fad Nby F\ Eand N\ E). Then EUF = (EUN)N(N°UF), so
(EUF)=(EUN)*U(N\F). Bu (EUN)® € Mand N\ I C N, so that
(E1 F)¢ € M. Thus M is a a-algebra.

If EUF ¢ M as above, we sct Z(E U F) = p(E). This is well defined,
since if By U F| = Eo U Fy where F; € Nj € N, then E; C Ey U N3 and so
u(Er) < p(E2) 4+ p(N2) = u(Es), and likewise u(E2) < u(Er). It is easily
verified that 7z is a complete measure on M, and that 7 is the only measure on M that
extends p; details are left to the reader (Exercise 6). 'l

The measure £ in Theorem 1.9 is called the completion of 1, and M s called the
completion of M with respect to .

8. If (X,MM,p) is a measure space and {F;}7° C M, then p(liminf E;) <
liminf u(E;). Also, u(limsup E;) > limsup u(E;) provided that u(| ;" E;) <

0o,

12. Let (X, M, 1) be a finite measure space.
a. If E,F c Mand u(EAF) = 0, then p(E) = pu(F).
b. Say that E ~ F if u(EAF) = 0; then ~ is an equivalence relation on M.
c. For E,F € M, define p(E, F) = p(EAF). Then p(E,G) < p(E,F) +
p(F, C), and hence p defines a metric on the space M/ ~ of equivalence classes.



(I) Suppose {u,} is a sequence of finite measures on (X, M) and p, ' p on M, for some
set function p. Show that p is a measure. (This is actually true if we just assume p,, — g,
but it’s much harder to prove.)

(IT) Let Br be the Borel sets in R, so by definition By is generated by the collection & of all
open intervals. Define the measure

0 if E=0,
wE) = {oo if £ # 0.

Find another measure v such that ;. = v on the generators £, but ¢ and v do not agree on

all of Bg.

(I1I) Let A be a collection of pairwise disjoint subsets of a o-finite measure space, and sup-
pose each set in A has strictly positive measure. Show that A is at most countable.

(IV) Suppose &, F are subsets of P(X), with £ C F C ¢(£). Show that o(F) = o(&).

(V) Let (X, M, i) be a measure space and let {E;} be a sequence of sets in M such that
each F; intersects at most one other set in the sequence. Show that

ZN(EJ') < 2 (U521 E) -
HINTS:
(3) For (b), use (a).

(8) Consider properties of the sequences {F}} and {G\}, where F, = N2, E, and Gy =
U .

(12)(c) For general E, F, G, how are the 3 sets EAG, EAF and FAG related to each other?
For example, is one always contained in the union, intersection, or complement of the other
two?

(I) To show that pu(U,>1E,) = >, <, p(Ey), show “<” and “>", comparing p(U2, E;) to
S u(E;) for k> 1.

(III) Why is it true in a finite measure space?

(V) Split every set E; into two sets: its intersection with another £;, and the rest of £;.



