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How many bit strings of length n contain exactly r 1s?

Tt
SHLHTOH

{1,2,3,.

- The positions of 7 1s in a bit string of length n form an r-combination of the set
... n} Hence there are C(n, r) bit strings of length n that contain exactly r 1s. <

Suppose that there are 9 faculty members in the mathematics department and 11 in the computer
science department. How many ways are there to select a committee to develop a discrete
mathematics course at a school if the committee is to consist of three faculty members from the
mathematics department and four from the computer science department?

Selution: By the product rule, the answer is the product of the number of 3-combinations of
a set with nine elements and the number of 4-combinations of a set with 11 elements. By
Theorem 2, the number of ways to select the committee is

11
iy —1——84 330 = 27,720.

cH,3)-C(11,4) = 361 A

) List all the permutations of {a, b, c}.
2. How many different permutations are there of the set
{a,b,c,d;e, [, g}?
3. How many permutations of {a, b, ¢, d, e, f, g} end with
a?
4. letS=(1,23,4,5}
a) List all the 3-permutations of §.
b) List all the 3-combinations of S.
3. Find the value of each of these quantities.

a) P(6,3) b) P(6,5)
c) P8, 1) d) P(8,5)
e) P(8,8) f)y P(10,9)
6. Find the value of each of these quantities.
a) C(5,1) b) C(3.3)
¢) C@8,4) d) C(8.8)
e) C(8,0) f) C(12,6)

7. Find the number of 5-permutations of a set with nine el-
ements.
8. In how many different orders can five runners finish a
_race if no ties are allowed?
.How many possibilities are there for the win, place, and
show (first, second, and third) positions in a horse race

with 12 horses if all orders of finish are possible?

10. There are six different candidates for governor of a state.
In how many different orders can the names of the can-

.~ didates be printed on a ballot?

' How many bit strings of length 10 contain
a) exactly four 1s?

b)~ at most four 1s?

Ké) at least four 1s?
d) an equal number of Os and 1s?

12. How many bit strings of length 12 contain
a) cxactly three 1s?
b) at most three 1s?
¢) at least three 1s?
d) an equal number of Os and 1s?

13. A group contains 7 men and » women. How many ways
are there to arrange these people in a row if the men and
women alternate?

14. In how many ways can a set of two positive integers less

than 100 be chosen? _
@ln how many ways can a set of five letters be selected
from the English alphabet?
16. How many subsets with an odd number of elements does
a set with 10 elements have?
17. How many subsets with more than two elements does a
set with 100 elements have?
18. A coin is flipped eight times where each flip comes up
either heads or tails. How many possible outcomes
a) are there in total?
b) contain exactly three heads?
¢) contain at least three heads?
d) contain the same number of heads and tails?
( 13 A coin is flipped 10 times where each flip comes up either
heads or tails. How many possible outcomes
a) are there in total?
9(b) contain exactly two heads?
¢) contain at most three tails?
d) contain the same number of heads and tails?
20. How many bit strings of length 10 have
a) exactly three 0s?
b) more Os than 1s?
¢) atleast seven 1s?
d) at least three 1s?
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ow many permutations of the letters ABCDEFG con- 28. A professor writes 40 discrete mathematics
tain questions. Of the statements in these questios
a) the string BCD? ' true. If the questions can be positioned in any
b) the string CFGA? many different answer keys are possible?
¢) the strings BA and GF? #29, How many 4-permutations of the positive intege
d) th,e SIngs ABC and DE? ceeding 100 contain three consecutive integers
e) the strings ABC and CDE? k - 2, in the correct order
f) the strings CBA and BED? o
. a) where these consecutive integers can perhap
22. g;‘,” many permutations of the letters :4 BCDEFGH con- arated’by other integers in the permu cation?

b) where they are in consecutive positions in 2
tation?
30. Seven women and nine men are on the facu
mathematics department at 2 school.

a) the string ED?

b) the string CDE?

¢) the strings BA and FGH?

d) the strings AB, DE, and GH?

e) the strings CAB and BED? a) How many ways are there to select a COm
f) the strings BCA and ABF? five members of the department if at least o
93, How many ways are there for eight men and five women must be on the committee?
to stand in a line so that no two women stand next to each b) How many ways are there to select a co
other? [Hint: First position the men and then consider five members of the department if at least e
possible positions for the women.] and at least one man must be on the com?
24. How many ways arc there for 10 women and six men 31. The English alphabet contains 21 consonants

to stand in a line so that no two men stand next to each vowels. How many strings of six lowercase
other? [Hint: First position the women and then consider English alphabet contain
possible positions for the men.] a) exactly one vowel?

25. One hundred tickets, numbered 1:2, 3, .a0m 100, are sold
*to 100 different people fora drawing. Four different prizes
are awarded, includinga grand prize (2 rip to Tahiti). How

b) exactly two vowels?

¢) atleastone vowel?

many ways are there to award the prizes if d) at least two vowels?

a) there are no restrictions? 32, How many strings of six lowercase letters
b) the person holding ticket 47 wins the grand prize? glish alphabet contain

¢) the person holding ticket 47 wins one of the prizes? a) the letter a?

d) the person holding ticket 47 does not win a prize?
¢) the people holding tickets 19 #hd 47 both win prizes? b) the letters a and b7
f) the people holding tickets 19 47, and 73 all win ¢) the letters a and b in consecutive posities

prizes? preceding b, with all the letters distinct?

g) the pegple holding tickets 19, 47,73, and 97 all win d) the letters a and b, where a is someviheroll
prizes: of b in the string, with all the letters dis ol

the ie holding ti 47,73, 7 ~‘
h) none of the people olding tickets 19, 47, 3,and 9 Suppose that a department contains 10 men

wins a prize? women. How many ways are there to form
i) the grand prize winner is a person holding ticket 19, o y way g
tee with six members if it must have the same

47,73, 01 977 3 .
j) the people holding tickets 19 and 47 win prizes, but men and women:

the people holding tickets 73 and 97 donot win prizes? 34. Suppose that 2 department contains 10 mees

26. Thirteen people on a softball team show up for a game. women. How many ways are there to form =
tee with six members if it must have more

a) How many ways are there to choose 10 players to take
the field? men?
b) How many ways ar® there to assign the 10 positions 35. How many bit strings contain exactly eight 0s
by selecting players from the 13 people who show up? if every 0 must be immediately followed by 2

¢) Ofthel3 people who show up, three are women. How
many ways are there to choose 10 players to take the
field if at least one of these players must be a woman?

36. How many bit strings contain exactly five Os 2
every 0 must be immediately followed by

@ A club has 25 members. 37. How many bit strings of length 10 contain 2
2) How many ways are there to choose four members of 1s and at least three 0s?
the club to serve on an executive committee? 38, How many ways are there to select 12 cous
i b) How many ways are there to choose a president, vice United Nations to serve on 4 council 3£ 3
president, secretary, and treasurer of the club, where from a block of 43, 4 are selected from ¥ Bl

3 -
no person can hold more than one office? the others are selected from the remaining 692
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What s the probability of these events when we randomly
select a permutation of the 26 lowercase letters of the En-
glish alphabet?

a) The first 13 letters of the permutation are in alphabet-

ical order.

b) a is the first letter of the permutation and z is the last

letter.

¢) a and z are next to each other in the permutation.

d) a and b are not next to each other in the permutation.

€) a and z are separated by at least 23 letters in the per-

mutation.

f) z precedes both a and b in the permutation.

.- Suppose that E and F are events such that p(E) =
0.7 and p(F) =0.5. Show that P(EUF)>0.7 and
P(ENF)>0.2.

~ Suppose that £ and F are events such that p(E) =
0.8 and p(F) = 0.6. Show that P(EUF)>0.8 and
P(ENF)>0.4.

. Show that if £ and F are events, then p(ENF) >

P(E) + p(F) — 1. This is known as Bonferroni’s in-

equality.

Use mathematical induction to prove the following gen-

eralization of Bonferroni’s inequality:

p(ElnE2n"‘nEn)
2 P(ED) + p(E2) + -+ p(E,) — (n — 1),

where E1, Ey, ..., E, are n events.

Show thatif Eq, E», . .., E;, are events from a finite sam-
ple space, then

P(E1UEyU---UE,)

This is known as Boole’s inequality.

Show that if E and F are independent events, then &
and F are also independent events.

If £ and F are independent events, prove or disprove
that E and F are necessarily independent events.

xercises 18, 20, and 21 assume that the year has 366 days
2l birthdays are equally likely. In Exercise 19 assume it
Lly likely that a person is born in any given month of
rear, -
a) What s the probability that two people chosen at ran-
dom were born on the same day of the week?
. B) What is the probability that in a group of n people
chosen at random, there are at least two born on the
same day of the week?
£} How many people chosen at random are needed to
make the probability greater than 1 /2 that there are at
least two people born on the same day of the week?
& What is the probability that two people chosen at ran-
dom were born during the same month of the year?
What is the probability that in a group of n people
chosen at random, there are at least two born in the
same month of the year?
Czlx:/ many people chosen at random are needed to
e the probability greater than 1/2 that there are at
feast two people born in the same month of the year?

0 (1l

\

J

= p(ED) + p(Ep) +---+ p(Ey).
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20. Find the smallest number of people you need to choose
atrandom so that the probability that at least one of them
has a birthday today exceeds 1 /2.

21. Find the smallest number of people you need to choose
at random so that the probability that at least two of the
were both born on April 1 exceeds 1/2.

*22. February 29 occurs only in leap years. Years divisible
by 4, but not by 100, are always leap years. Years divisi-
ble by 100, but not by 400, are not leap years, but years
divisible by 400 are leap years.

a) What probability distribution for birthdays should be
used to reflect how often February 29 occurs?

b) Using the probability distribution from part (a), what
is the probability that in a group of n people at least

two have the same birthday?
@' atis the conditional probability that exactly four heads
appear when a fair coin is flipped five times, given that

the first flip came up heads?

24. What is the conditional probability that exactly four heads
appear when a fair coin is flipped five times, given that
the first flip came up tails?

25. What is the conditional probability that a randomly gen-
erated bit string of length four contains at least two con-
secutive Os, given that the first bit is a 1? (Assume the
probabilities of a 0 and a 1 are the same.)

26. Let E be the event that a randomly generated bit string
of length three contains an odd number of Is.and let F
be the event that the string starts with 1. Are £ and F
independent? :

27. Let E and F be the events that a family of n children has
children of both sexes and has at most one boy. respec-
tively. Are E and F independent if
a) n=2? b) n =47 ¢) n=3?

28. Assume that the probability a child is a boy is (.51
and that the sexes of children born into a family are
independent. What is the probability that a family of five
children has
a) exactly three boys?

b) at least one boy?
¢) atleast one girl?

d) all children of the same sex?
group of six people play the game of “odd person out” 1o
determine who will buy refreshments. Each person flips

a fair coin. If there is a person whose outcome is not the
same as that of any other member of the group. this per-
son has to buy the refreshments. What is the probability
that there is an odd person out after the coins are flipped
once?

30. Find the probability that a randomly generated bit string
of length 10 does not contain a 0 if bits are independent
and if
a) a(0bitand a 1 bit are equally likely.

b) the probability that a bitis a I is 0.6.
¢) the probability that the ith bit is a 1 is 12 for
1=1,2,3,...,10.
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