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Stochastic volatility models are increasingly important in practical deriva-
tives pricing applications, yet relatively little work has been undertaken
in the development of practical Monte Carlo simulation methods for
this class of models. This paper considers several new algorithms for
time-discretization and Monte Carlo simulation of Heston-type stochastic
volatility models. The algorithms are based on a careful analysis of the
properties of affine stochastic volatility diffusions, and are straightforward
and quick to implement and execute. Tests on realistic model parame-
terizations reveal that the computational efficiency and robustness of the
simulation schemes proposed in the paper compare favorably with existing
methods.

1 INTRODUCTION

Square-root diffusions take a central role in several important models in finance,
including the CIR interest rate model (Cox et al (1985)), the Heston stochastic
volatility model (Heston (1993)), and the general affine model in (Duffie et al
(2000)). Of particular interest to us here is the Heston model, where a recent
reformulation of the original Fourier integrals in Heston (1993) (see Lewis (2001)
and Lipton (2002), and also Carr and Madan (1999) and Lee (2004)) has made
computations of European option prices numerically stable and efficient, allowing
for quick model calibration to market prices. Partly as a result of this development,
there has been much interest recently in embedding the Heston diffusion dynamics
(or variations thereof) in derivatives pricing models, as a means to capture volatil-
ity smiles and skews in quoted markets for options. For interest rate applications,
see, for example, Andersen and Andreasen (2002), Andersen and Brotherton-
Ratcliffe (2005) and Piterbarg (2005); for foreign exchange see Andreasen (2006);
for equity options, see the aforementioned Lewis (2001) and Lipton (2002).
Many practical applications of models with Heston dynamics involve the
pricing and hedging of path-dependent securities, which, in turn, nearly always
require the introduction of Monte Carlo methods. Despite the fact that the Heston
model is nearly 15 years old, there has been remarkably little research into
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2 L. Andersen

efficient discretization of the continuous-time Heston dynamics for purposes of
Monte Carlo simulation. Recently, however, a few papers have emerged. Kahl and
Jackel (2005) propose application of an implicit Milstein scheme for the square-
root diffusion of the variance process, coupled with a particular discretization for
the asset process; the scheme is designed to work particularly well for cases where
there is significant negative correlation between the asset process and the variance
process. Broadie and Kaya (2006) have developed a completely bias!-free scheme
based on acceptance-rejection sampling of the variance process coupled with
certain Fourier inversion computations. While elegant, the Broadie and Kaya
(2006) scheme has a number of practical drawbacks, including complexity and
lack of computational speed. At the cost of introducing some (small) amount
of bias, Smith (2007) has been able to improve on the latter, by introducing
certain approximations to the characteristic function of time-integrated variance,
enabling efficient caching techniques. A much simpler approach was considered
by Lorderal(2006) who introduce amrEuler scheme-equipped-with-certain rules- - -
to deal with the fact that the variance process can become negative in a direct
Euler discretization. The authors concludc that the computational efﬁciency of the

and Broadie and Kaya (2006). While this conclusion overall appears sound, the
resulting discretization scheme is largely heuristic and uses essentially none of
the known analytical results for the Heston model. For many cases of practical
interest, the resulting discretization bias in the Euler scheme is, as we shall see
later, quite high at a practical number of time steps.

The contribution of this paper is two-fold. First, we propose a number of
schemes designed to extract selected elements of the full-blown Broadie-Kaya
scheme, yet retain the speed, simplicity and ease of implementation that char-
acterize the Euler scheme. Second, we provide numerical tests of the resulting
schemes on realistic — and challenging — market data. In our opinion, most of
the tests done in previous literature are far too easy to pass, typically involving
at-the-money-options with short maturities and overly benign model parameters .
(low correlations, low volatility-of-variance and high variance mean reversion). In
practical applications on interest rate and foreign exchange (FX) markets, implied
model parameters are often quite extreme and option maturities can easily stretch
to 15-20 years or more.

The paper is organized as follows: in Section 2 we outlme the basic Heston
dynamics and summarize a few relevant facts about the processes involved, and
we also briefly introduce existing discretization schemes from the literature, for
later comparative experiments; in Section 3 we consider two different schemes to
discretize the variance process, paying attention to computational issues through-
out; Section 4 discusses how to combine the variance process discretization with

I'\We remind the reader that approximating the expectation of a (function of a) continuous-time
diffusion process by Monte Carlo methods involves two types of errors: (1) the statistical error
(“noise™) common to all Monte Carlo applications; and (2) a bias caused by the specific way
the continuous-time diffusion process is approximated by a discrete-time process. See Section
5 for further details. : ~

Journal of Computational Finance Volume 11/Number 3, Spring 2008

i

Supplied by The British Library - "The world's knowledge" — - w———



Heston simulation

a discretization for the asset process, with an emphasis on techniques for the
case where the variance process and the asset process have correlation far from
zero; numerical comparisons can be found in Section 5, and a brief discussion of
extensions is in Section 6; finally, Section 7 concludes the paper.

2 HESTON MODEL BASICS
2.1 SDE and basic properties

The Heston model is defined by the coupled two-dimensional stochastic differen-
tial equation (SDE):

dX()/ X @)=/ V(@)dWx(D) (D
dV () =@ — V() dr + e/ V() dWy () (2)

T where «, 8, & are strictly positive constants, and where Wy and Wy are scalar
Brownian motions in some probability measure; we assume that dWy(r) -
dWy (1) = p dt, where the correlation p is some constant in [—1, 1]. X(¢) rep-
resents an asset price process (eg, a stock, an FX rate and so forth) and is assumed
to be a martingale in the chosen probability measure; adding a drift to X is
trivial and is omitted for notational simplicity. V (¢} represents the instantaneous
variance of relative changes to X (), in the sense that the quadratic variation
of dX(t)/ X (r) over [t,t +dt] is V(t) df. V() is modeled as a mean-reverting
square-root diffusion, with dynamics similar to the celebrated interest rate model
of Cox et al (1985).

Several analytical results exist for the behavior of the process (1)—(2), see, for
example, Andersen and Piterbarg (2005), Dufresne (2001) and Cox et al (1985).
We list a few of these results here.

PROPOSITION | Let Fyn(y; v, A) be the cumulative distribution function for the
__non-central chi-squared distribution with v degrees of freedom and non-centrality

parameter A:

o0 j +
_ ()L/Z)j 4 1 —
F TV, A)= Af2 - 'v/2 i=lemx/2 g;
X'z(z v ) ¢ jz—(:) j!2U/2+JI (U/2 } ./) 0 ) ) '

For the process (2) define: .

4x ex(T=0

— 2, —
d=4k8/e*; n(t,T)= (1 = e-x Dy’ T>t

Let T > t. Conditional on V (t), V(T) is distributed as e *T=D [n(t, T) times a
non-central chi-squared distribution with d degrees of freedom and non-centrality
parameter V(t)n(t, T). That is:

x-n@,T)

Pr(V(T) <x|V({#)) = Fxrz( d,vV{t)-n(, ’I'))
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4 L. Andersen

FIGURE 1 Cumulative distribution of V.
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Note: The figure shows the cumulative distribution function for V(7) given V(0), with T=0.1.
Model parameters were V(0) =8 = 4%, « =50% and €= 100%. The lognormal and Gaussian
distributions in the graph were parameterized by matching mean and variances to the exact
distribution of V(7).

From the known properties of the non-central chi-squared distribution, the
following corollary easily follows.

COROLLARY 1 Let T > t. Conditional on V(t), V(T) has the following first two
moments:

E(V(DIV®)) =0 + (V(1) — ) e <D

\ o2 a—k(T—1) 2
Var(V(T)|V (1)) = Ve z (1—e*T-Ny 4 O

25

(1 — e—K(T—I))Z

We note that the variance of V(T) grows with increasing & (volatility of
variance) and decreasing x (mean reversion speed). For reference, Appendix A
lists the exact moments of In X, as well as the covariance betweenIn X and V.

PROPOSITION 2 Assume that V(0) > 0. If 2k8 > &2 then the process for V can
never reach zero. If 2x0 < &2, the origin is accessible and strongly reflecting.

In typical applications, 2«6 is often significantly below £2, so the likelihood of
hitting zero is often quite significant. Indeed, the process for V often has a strong
affinity for the area around the origin, as is evident from the distribution graph
in Figure 1. For comparison, we have superimposed Gaussian and lognormal
distributions matched to the first two moments of V; evidently neither of these
distributions are particularly good proxies for the true distribution of V.

Conditional on X(¢), the characteristic function for In X(7') is known in
closed form; see, for example, Heston (1993). As a consequence, Fourier-based
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Heston simulation

expressions for the price of European call and put options can be worked out.
‘The following formulation, in the style of Lipton (2002), is convenient for
computations.

PROPOSITION 3 Cousider a call option paying (X (T) — K)* at time T. The time
zero (undiscounted) price of the call option is:

E(X(T) — K)*)

_ _ K e exp((1/2 - ik) In(X(0)/K) + ki — (K* + 1/9)h)V (0)
=X0) =5 /_oo k24+1/4 dk

where i is the complex unit, and

k0 _ 4oy e T
hy=—— T+2 —— e
- 1 £2 (8+ + ’ln( 2% )]

1—e57 R
=g e K=Kk pEf2

8y =& F (ikpe + &), & =+k262(1 — p2) + 2ikepk + 2+ £2/4

For numerical work, it is generally useful to recognize that the process for
X (@) is often relatively close to geometric Brownian motion, making it sensible
to work with logarithms of X (z), rather than X (¢) itself. An application of Ito’s
lemma shows that (1)-(2) is equivalent to:

dln X (1) = =4V @) dr +/V (1) dWx () 3)
AV =0 - V(@) dr + &/ V(D) dWy (1) @)

All of the numerical works shall center on this formulation of the model dynamics.

2.2 Path simulation

Given some arbitrary set of discrete times 7 = {1;} ,N= 1» consider now the problem
of generating random paths of the pair (X (t), V(¢)) for all 1 € 7. This would
be required, for instance, in the pricing of path-dependent securities with payout
functions that depend on observations of X (f) at a given finite set of dates. To
devise such a scheme, it suffices to contemplate the more fundamental question
of how, for an arbitrary increment A, to generate a random sample of (X (r 4+ A),
V(t + A)) given (X (1), V(1)); repeated application of the resulting one-period
scheme (with A generally different at each date in 7) will produce a full path
(X(1), V())1eT. Below, we outline a few previously proposed techniques for
updating X and V fromtime ¢ totime ¢ -+ A.

Research Paper www.journalofcomputationalfinance.com

Supplied by The British Library - "The world's knowledge"

5




6 L. Andersen

2.3 Euler scheme

Using X and V to denote discrete-time approximations to X and V, respectively,
a basic Euler scheme for (3)-(4) would take the form:

IR+ A) =X - VOA+ V) ZxVA

Vi +A) =V +k@ — V()A -6V (1) ZvV/A (5)

where Zy and Zy are standardized Gaussian variables with correlation p. Note
that generation of Zy and Zy on a computer can be done by setting:

Zy =0~ Uy
Zx = pZy ++1=p2 &~ (U2)

where Up and U, are independent uniform samples, and where $~1 is the
inverse cumnulative Gaussian distribution function. Computation of ®~! can be
accomplished, for instance, by the algorithm in Moro (1995), at relatively small
computational cost.

One immediate problem with the scheme above is that the discrete process
for V can become negative with non-zero probability, which in tumn would make
computation of \/—f7 impossible and cause the time stepping scheme to fail. To
get around this problem, several remedies have been proposed in the literature;
see Lord et al (2006) for a review of various “fixes”. The scheme that appears to
produce the smallest discretization bias can be written in the form:

nRe+ A =0 - OOt ZVE  ©

V@ +A)=V) +x06 - VDA +e/VO)r ZvVA N

where we use the notation x7 = max(x, 0). In Lord er al (2006) this scheme
is denoted as being “full truncation”; its main characteristic is that the process
for V is allowed to go below zero, at which point the process for V becomes
deterministic with an upward drift of «@.

2.4 Kahl-jackel scheme
Kahl and Jackel (2005) suggest discretizing the V-process using an implicit
- Milstein scheme, coupled with their “1JK” discretization for the stock process.

Journal of Computational Finance Volume 11/Number 3, Spring 2008
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Heston simulation 7
Specifically, they propose the scheme:
A n A A ~ ~
X+ A)=InX({) - Z(V(r + A)+ V() + o V(1) ZvvV A

+ %—(\/v(r + A+ 70 )(ZXJK— PYANIN

+gepA(Z — 1) ®)

V() + k0D + &y V(1) Zy VA + 1e2A(Z2 — 1)

Vie+a)= Y

®

It is easy to verify that this discretization scheme will result in positive paths for
the V process if 4x0 > £2. As argued earlier in connection with Proposition 2,
“—this Testriction is rarely satisfied in practice, and one typically finds that the
____sampling_scheme for_V_produces negative values with_substantial probability.
Unfortunately, Kahl and Jackel (2005) do not provide a solution for this problem,
_but it seems reasonable.touse a truncation scheme similar to that behind (6)-(7).
That is, whenever 1% drops below zero, we use (7), and simultaneously make sure
‘touse V(t + A)* and V (1), rather than V(¢ + A) and V (1), in (8).

2.5 Broadie-Kaya scheme

In Broadie and Kaya (2006), V(¢ -+ A) is sampled directly from the known
distribution in Proposition 1. As direct inversion of the distribution function for
V(r 4+ A) is numerically expensive, an acceptance—rejection technique is used
instead. Loosely, the scheme involves éampling from a Poisson distribution fol-
lowed by an acceptance-rejection sample from a central chi-squared distribution
with its degree-of-freedom parameter determined by the outcome of the Poisson
—draw—See-Broadie-and Kaya-(2006)-or-Glasserman—(2003)-for-details--With V
being drawn from its exact probability distribution, the resulting sampling scheme
for the V process is completely bias-free.
To obtain a bias-free scheme for sampling the asset price process, first integrate
the SDE for V (¢), to yield:

: A t+A
Vai+A)=V{E)+ f k@ —-V@)du-+e f v V) dWy(u)
I t

or, equivalently:

+A t+A
f V@) dWy @) =&~} (V(z +A)—=V({)—kOA+« f - V) du)
!
' (o)
A Cholesky decomposition shows that:

dln X(r) =—3 V() dr + p,/V(ﬂ) dWy @ + 1 — 02/ V() dW (@)

Research Paper www.journalofcomputationalfinance.com
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8 L. Andersen
where 1V is a Brownian motion independent of Wy. In integral form:
InX@t+A)=InX()+ g(V(t +A) - V() —x0A)

kp 1 1+A A
+ (— — -—) [ V(@) du+ /1 — p? / V V() dW(u)
t 1

£ 2
(11)

where we have used (10). Conditional on V(r + A) and _[,H"A V(1) du, it is clear
that the distribution of In X (# + A) is Gaussian with easily computable moments.
After first sampling V (r 4+ A) from the non-central chi-squared distribution (as
described above), one then performs the following steps:

(1) conditional on V(t + A) (and V (1)) draw a sample j;'+A V (ue) dues
(2) conditional on V(¢ + A) and f:_fm V(i) du, use (11) to draw a sample of
In X (¢ + A) from a Gaussian distribution.

While execution of the second step is straightforward, the first one is not, as the
necessary conditional distribution of f,H'A V (1) du is not known in closed form.
Broadie and Kaya (2006) are, however, able to derive the characteristic function,

which they can numerically Fourier invert to generate the conditional cumulative
-—-——distribution-function for f,’+A V(1) du. Numerical inversion of this distribution
function over a uniform random variable finally allows for generation of a sample

of f:’m V (1) du. The total algorithm requires great care in numerical discretiza-

tion to prevent introduction of noticeable biases and is further complicated by

the fact that the characteristic function for f‘,""A V (i) due contains two modified

Bessel functions? (each of which represents an infinite series).

The Broadie—Kaya algorithm can be extended to delta and gamma computa-
tions (see Broadie and Kaya (2004)) and is bias-free by construction. However,
in its pure form its complexity and lack of speed often limits practical use
to benchmarking of theoretical values against which more practical schemes
can be measured; see Lord et al (2006) for numerical cost-benefit comparison
against the Euler scheme (6)~(N.3 Also, the use of an acceptance-rejection
scheme in the simulation of V(¢ + A) is inconvenient in many trading and risk
management applications, as perturbation of model parameters may alter the total
number of pseudo-random uniform numbers needed to generate a path of X
and V. Techniques based on caches or separated random number streams can

2While the technique of Smith (2007) still requires the computation of Bessel functions, his
slight modification of the characteristic function allows for caching of calculation results,
improving overall speed. — ‘

3Broadie and Kaya (2006) also compare their method to an Euler scheme, but one with a sub-
optimal way of handling negative values of V. ~
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be introduced to circumvent this,* at the potential cost of introducing additional
complexity into an already challenging simulation algorithm.

2.6 Other discretization schemes

For the special case of zero correlation, Andersen and Brotherton-Ratcliffe (2005)
use an Euler scheme for In X and suggest approximating the process for V
as a lognormal variable, with moments fitted to the true moments given in
Corollary 1. Unlike a standard Euler scheme in V, this scheme insures that the
V process stays strictly positive. Still, we know from Figure 1 that the distribution
for V is not particularly close to lognormal, and we typically find that the
computational performance of the scheme in Andersen and Brotherton-Ratcliffe
(2005) is comparable to that of the Euler scheme (6)~(7).

The textbook Glasserman (2003) briefly considers applications of a standard
Milstein scheme (see, for example, Kloeden and Platen (1999)) on the Heston
model; the results demonstrate a somewhat erratic convergence behavior for
European call option pricing. The test case considered in Glasserman (2003) has
. . —quite benign parameters, as £ is only 30%, about three times lower than values
‘ __typically used in practice; if one increases € to 100%, it can be verified that the
Milstein scheme essentially breaks apart. This is not surprising, given that the
~ drift term (ie, the term that multiplies A) contains a factor V (£)~1/2, which leads
to poor numerical performance for the cases where there is a high likelihood of the
- V.process-reaching zero.-As-also-pointed-out-in-Glasserman (2003), applications
of the Milstein scheme lack theoretical support as the SDE for V fails to satisfy
certain smoothness conditions. We cannot recommend application of the standard
Milstein scheme as a way to discretize the V-process and shall not discuss it
further here. We do, however, consider the implicit Milstein scheme suggested

in Kahl and Jackel (2005) in the numerical tests in Section 5.

3 PROPOSED DISCRETIZATION SCHEMES FOR V

Before commencing on the description of the new V-discretization schemes we
shall test in this paper, let us briefly consider a few qualitative properties of the true
distribution for V (see Proposition 1). First, it is known (see Johnson et al (1995,
p. 450)) that the non-central chi-squared distribution approaches a Gaussian
distribution as the non-centrality parameter approaches co. From Proposition I,
we know that V(¢ + A) is proportional to a non-central chi-squared distribution
with non-centrality parameter V (¢) - n(t, t + A), where n is independent of V ().

4As noted by Mark Broadie, one way to avoid acceptance-rejection techniques would be to
combine numerical root-search with known algorithms (see, for example, Ding (1992)) to create
a large three-dimensional cache of the inversc of F, X2 (z; v, A) for all conceivable values of v
and A. Interpolation into such a table could then gcncrate samples of V by the standard inverse
transform method. As the parameter space is potentially very large, such “brute-force™ caching
would have its own challenges (eg, the dimensioning of the cache and design of inter- and
extrapolation rules). h -
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10 L. Andersen .

In other words, for sufficiently Jarge® V(t) a good proxy for V(i 4+ A) would
be a Gaussian variable with the first two moments fitted to match those given in
Corollary 1.

For small V(¢), on the other hand, the non-centrality parameter approaches
zero, and the distribution of V (¢ + A) becomes proportional to that of an ordinary
(central) chi-squared distribution with 4x0/e? degrees of freedom. We recall that
the density of a central chi-squared distribution with v degrees of freedom is:

|
V)= a—X/2,v/2-]
fxz(x, V) = BT w/2) e X (12)

For many cases of practical relevance, 4x0/&% < 2, so the presence of the term
x¥/2=1 in (12) implies that, for small V (r), the density of V(t + A) will be very
large around zero; see Figure 1 for visual confirmation. It should be clear that
approximation—of V-(t~-A)with-a-Gaussian-variable-is typically not accurate
when V (1) is close to zero.

3.1 The truncated Gaussian scheme

In this scheme the idea is to sample from a moment-matched Gaussian density
where all probability mass below zero is inserted into a delta-function at the
origin. For large values of V (t) (where the likelihood of reaching zero is low)
this scheme will automatically reproduce the asymptotic behavior of V(¢ + A)
described earlier. For small V (), the resulting scheme will approximate the chi-
squared density in (12) by a mass in zero combined with an upper density tail
proportional to e~**/2_ Given the near-singular behavior of (12) around the origin,
this does not seem like an unreasonable approximation, as shown in Figure 2
(compare with Figure 1).
In summary, the truncated Gaussian (TG) scheme writes:

Vi+8)=u+o-Zy)" (13)

where Zy is a standard Gaussian random variable, and ¢ and o are constants that
will depend on the time step A and V(t), as well as the parameters in the SDE
for V.

3.1.1 Computing i and o

To set 1 and o, we will proceed to match both E(‘j’(t + A)) and E(V(t + Ao
the exact values of E(V (1 + A)|V (1) = V(1)) and E(V ( + A2V (1) = V(1)) as
computed from Corollary 1. The result is listed in the proposition below.

SNote that n(r, t + A) goes to infinity for A | 0, so what constitutes a large ehough value of
V (t) for the distribution of V(¢ + A) to be well approximated by a Gaussian depends on the
size of the time step, of course.
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FIGURE 2 Cumulative distribution of V.
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" Note: The figure shows the cumulative distribution function for V(T) given V(0), with T =0.1.
Model parameters were as in Figure 1. The TG approximating distribution was computed by moment
matching a truncated Gaussian distribution, as described in Section 3.1.1.

PROPOSITION 4 Let ¢(x) = (2r)~1/2 e~%/2 pe the standard Gaussian density,
and define a fimction r : R — R by the relation:

FOGC) + SCENAF D = T D@EE) + r@ D (x))?

Also set m =E(V(t + D)V (1) =V (1), s2 = Var(V{t + A)|V (1) = V(1)) and
Y =s52/m? > 0. If V(t + D) is generated by the TG scheme (13), with parameter
settings:

m m

@+ oG S +r@C W)
then E(V(l -+ A)) =m and Var(V(I + A)) =52,

(14)

PROOF For (13), an easy computation shows that:

E(V( 4+ A)) = [ o) de= pd(u/o) +odule)  (15)
» —ufo
o0
E(V(t + A)P?) = [ / (1t +0ox)?p(x) dx =E(V({ + A + 62 (/o)
—ufo

(16)

Due to the non-linear form of Equations (15)-(16), the moment-matching exercise
cannot be carried out analytically, so we will have to rely on numerical methods.
For reasons of computation efficiency, however, a naive brute-force approach that |
employs a two-dimensional root-search routine at each time step in the scheme is
obviously out of the question. Instead, we proceed by defining the ratior = /0.

Research Paper www.journalofcomputationalfinance.com
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12 L. Andersen

Matching the mean (15) to m results in:

m —1 m

K= s +em ° 0 FT e +row

Inserting this expression into (16), along with o =ru, we get, after a few
rearrangements: '

E(W:+A)2)=mi’-(_ SR 40 2)
FBO o0 | @0+ rer)

Matching (16) to 5% + m? then yields:

) 2 1 P(r) )
sc+m-=m (r‘lqﬁ(r) 1o + (@(r) +rd(r))?

With ¢ = s2/m? > 0, this equation can be rearranged to:
rg(r) + @)1 +r%) = 1 + )@ () +ro()?
Clearly, then, r is only a function of ¥, ie, r = r (¥). O

Recovery of the function r must be done by numerical root-search, but
the function is generic and can be mapped out once and for all, completely
independent of any model or simulation setup. In practice, we would carry out
this mapping on a discrete, equidistant grid for ¢ (to allow for easy look-up),
on a bounded domain. To determine the limits of this domain, we notice, from
Corollary 1, that

m=0+(V({r) —0)e <4 a7
s V()ete s —ea. . 0€? CeAD
SPP=— e (l—e") 4 —(1—e*P) (18)
2k
such that:
2 (V)2 e ™ 2 fi)(1 — e™2) + (02 /2k)(1 — e™*2)2
Y=—= = — (19
g @+ (V(0) - 6) e=x4)?

Differentiating this expression with respect to \7(1) shows that 81#/8\7(0 < O for
all V(r) > 0, such that the largest possible value for  is obtained for V(1) =0
and the smallest possible value for V() = o0. Inserting these values for V(1) into
(19) shows that ¥ € (0, £2/(2«¢8)].

In practice, there is no need to map r(y) all the way down to yr =0; if the
probability of V(t + A) reaching zero, is negligible, we.can skip the moment-
fitting step entirely and simply set £ = m and o = s. If we introduce a confidence
multiplier @ (a number around 4 or 5), we can decidé to skip the fitting step
when m/s =¥ ~1/2 > o. In practice, the relevant domain for ¢ on which we,
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FIGURE 3 Functions f, and f5.

-asa 'minimum, need to map the function r (y) is thus:
¥ ell/e?, £2/(2¢0)] (20)

As a final computational trick, note that, once we have established the function
r, we can write, from (14):

e e )

=t W= segn ey D
g1

= fo .5, o = 22

I R T e AT T ) 2

The two functions f,(¥) and f(¢) are ultimately what we should cache on a
computer once and for all, on an equidistant grid for ¢ large enough to span the
domain (20). Figure 3 shows the functions f,,(¥) and f5 (¥). Intuitively, shifting
the left tail mass of a Gaussian into a delta-function at zero will, all things equal,
raise the mean and lower the variance relative to the original Gaussian distribution.
To counter these effects, for large values of ¥ (which correspond to small values
of V) f, becomes significantly negative and f, becomes substantially larger than
one, For instance, for the model parameters used in Figure 2, when \7(t) ={ we
get f, = —49.4 and f, = 6.65. Naive truncation schemes (such as certain Euler
schemes) that assume f,, & f; = | not surprisingly have large biases.

3.1.2 Summary of the TG algorithm

Assume now that we have proceeded to map out f,(¥) and fo () on a domain
for ¢ at least as large as (20). The detailed algdrithm for the TG simulation Step
from V(1) to V (f + A) is then as follows:

Research Paper www. journalofcomputationalfinance.com
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(1) given f}(t), computc:6 nr and 52 from Equations (17) and (18);

(2) compute ¥ = s2/m? and look up £, (¥) and f, () from the cache;

(3) compute i and o according to Equations (21) and (22);

(4) draw a uniform random number Uy;

(5) compute Zy = &~ 1(Uy), eg, using the algorithm in Moro (1995); and

(6) use (13),ie,set V(t + A) = (u + 0 Zy)™ .

" If implemented intelligently, apart from the computation of Zy, a step in the
TG scheme should only involve a handful of simple algebraic operations (4, —, /,
and *) and should have speed comparable to the Euler step (6)-(7).

3.2 The quadratic-exponential scheme

The TG scheme models the upper tail of the density for V(t + A) as being
proporticnal to e™* ’I2_ For low values of V (1), however, this s density decay is

too fast, as is obvious from (12). We now introduce a scheme that is de51gned to
address this issue; as an added benefit, the resulting scheme will not require the
same amount of precaching as was necessary for the TG scheme.

-We derive our new scheme in steps. The first step is based on an observation that
a non-central chi-squared with moderate or high non-centrality parameter can be
well represented by a power function applied to a Gaussian variable. See Patnaik
(1949), Pearson (1959) and Piterbarg (2003), as well as the survey in Kahl and
Jackel (2005). While there is evidence that a cubic transformation of a Gaussian

——variable-ispreferable;such-aschemecould not-preserve mon-negative values for

the V process and we abandon it in favor of a quadratic representatlon, along
the lines of Patnaik (1949). Spec1ﬁca]ly, for sufficiently large” values of V (1), we
write:

Vit +A)=a®+Zv)? (23)

where Zy is a standard Gaussian random variable, and @ and b are certain
constants, to be determined by moment matching. These constants will depend
on the time step A and V(r), as well as the parameters in the SDE for V.

The scheme (23) does not work well for low values of V(!) — in fact the.

moment-matching exercise mail fail entirely — so we supplement it with a scheme
to be used for low values of V (¢). For this, we take inspiration from the asymptotic
density in (12) and use an approximated density for V (r 4+ A) of the form:

Pr(V( + A) € [x, x +dx]) ~ (ps(0) + B — p) e P)dx, x>0 (24)

5Notice that these computations involve an exponential exp(—kx A). Needless to say, this
exponential, which only depends on the size of the time step, should be computed outside
the Monte Carlo loop. For extra efficiency, we could go further and consider writing ¥ =
(V(Oky + k) ~2(V(t)k3 + kg), where the four A-dependent constants kj, ..., k4 can be
computed before the Monte Carlo simulation starts. To the extent that the time grid is non-
equidistant, and/or the parameters in the SDE for V are functions of time, we will need to cache
such data for each time step. The computational overhead to do this is trivial, of course.
TRecall that the non-centrality parameter in the exact distribution for V(¢ 4 A) is proportional
to V(r). We shall shortly make it precise what we mean with “sufficiently large”.
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where § is a Dirac delta function, and p and § are non-negative constants to be
determined. As in the TG scheme, we have a probability mass at the origin, but
now the strength of this mass (p) is explicitly specified, rather than implied from
other parameters. The mass at the origin is supplemented with an exponential tail,
qualitatively similar to that of the density (12). It can be verified that if p € [0, 1]
and B > 0, then (24) constitutes a valid density function. Figure 4 in Section 3.2.3
below demonstrates the quality of the approximations (23) and (24); generally
the quadratic-exponential (QE) approximations are more accurate than the TG
approximations,

Sampling according to (24) is straightforward and efficient. To see this, first we
integrate (24) to generate a cumulative distribution function:

V) =PtV +A)<x)=p+(U-pU—-eP%, x>0

We notice that the inverse of ¥ is readily computable:

(25)

vy == p, p) nre: (1—p

By the standard inverse distribution function method, we thus get the simple
sampling scheme:

De+a) =9 (Uy; p, B) 26)

where Uy is a draw from a uniform distribution. Note that this scheme is
extremely fast to execute.

Equations (23) and (26) together define our QE discretization scheme. What
remains is the determination of the constants a, b, p and 8, as well as a rule for
when to switch from (23) to (26).

3.2.1 Computinga and b
Our strategy is again to determine a and b by moment-matching techniques.

PROPOSITION 5 Let m and s be as defined in Proposition 4 (Equations (17) and
- (18)), and set f = s2/m?. Provided that <2, set:

B=2¢7 =142y 12T 120 ' 27

and:

(28)

Let V(t + A) be as defined in (23); then:
E(V(t+A)=m and Var(V(t + A))=5".

Research Paper www. journalofcomputationalfinance.com
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PRroOOF We first recognize that (23) describes V(i + A) as being distributed as
a times a non-central chi-squared distribution with one degree of freedom and
non-centrality parameter b2 (see, for example, Johnson et al (1995)). From known
results, it follows that:

E(V(@+A)=a(l+b%), Var(V(+ A)) =2a%(1 + 2b%)
Equating these moments to the exact values m and s? gives the equation system:
a(l+ b5 =m, 2a%(1+2b% =52

Set x = b2 and ¥ = s2/m?. Elimination of a yields:
2+ -2¢ H+1-2¢71=0

Evaluation of the discriminant of this second-order equation shows that a solution
is only possible if ¢ < 2. Under this constraint, the solution forx = bris(27). O

We emphasize that the values of @ and b in Proposition 5 only apply for the
case where ¥ < 2. For higher values of y (corresponding to low values of V(¢)),
the scheme will fail.

3.2.2 Computing p and B
PROPOSITION 6 Let m, s and  be as defined in Proposition 4. Assume that
¥ > 1 and set:

y—1 .
p;¢+le[0, D . —- {29)
and: [ )
p=—2> 0 (30)

m m@ElD
Let V(t + A) be as defined in (26); then:

_E(V@+A)=m and Var(V(+4)=s>

PROOF By direct integration of the density (24), it is easy to show that:

. 1— . 1—p?
EV (@ + A)) = -Bﬁ, Var(V (¢t + A)) = ﬁf
Enforcing the moment-matching conditions results in the equation system:
1-p  1-p*
__e =n, ﬁ?-p = 52

Elimination of 8 yields:

A+9)p2=2¢p+¢ —1=0

where y = s2/m?. This system will always have exactly one solution for p less
than I, namely that in (29). Equation (30) then immediately follows. We stress
that for the solution (29)-(30) to make sense, we need p'to be non-negative. That
is, we must demand that ¥ > 1. N O
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3.2.3 Switching rule
With ¥ = Var(V(r + A)|V (1) = V(1)) x E(V(t + A)| V(1) = V(1) "2, we have
shown that the quadratic sampling scheme (23) can only be moment matched
for 1 < 2. On the other hand, the exponential scheme (26) can only be moment
matched for ¥ > 1. Fortunately, these domains of applicability overlap, such
that at least one of the two schemes can always be used. A natural procedure
is to introduce some critical level ¥, € [1, 2], and use (23) if ¢ < ¥, and (26)
otherwise. The exact choice for ¥, appears to have relatively small effects on
the quality of the overall simulation scheme; we use Y. = 1.5 in our numerical
tests. We note from (19) that, for any fixed value of V(t) llmA ¥ =0,s0as
the time step is reduced the need to use (26) becomes increasingly remote. For
practical-sized values of the time steps however, the switching likelihood is often
very substantial.

At this point, it may be worth considering whether one could dispense of the
switching rule by, say, relaxing the requirements that both the first and second

‘moments of the V=process be matched exactly. Piterbarg (2003), for instance, uses

a quadratic scheme similar to (23) but only fits the first moment when ¢ > 2

" (an eévent that in many practically relevant model settings will have significant
“probability). There are, however, no speed benefits to such a scheme and, as one

would intuitively expect, numerical tests generally show a marked deterioration in
numerical performance relative to our full switching scheme.
To illustrate the quality of the QE approximation to the true distribution of V,

we consider two different cases, one on each side of the trigger condition for .
See Figure 4 for the results.

3.2.4 Summary of QE algorithm
Assume that some arbitrary level ¥, € [1: 2] hasnbeen selected. The detailed
algorithm for the QE simulation step from V (¢) to V(¢ 4+ A) is then:

i

_Ah-..._.____Supplied by The British Library - "The world's knowledge"

(1) given f/(t)., compute m and 52 from Equations (17) and (18);
(2) compute ¥ = s2/m?;
(3) draw a uniform random number Uy}

@ Y <y

(a) compute a and b from Equations (28) énd 27,
(b) compute Zy = q:‘l(UV), eg, using the algorithm in Moro (1995),
(c) use (23), ie, set V(t + A) = a(b + Zy)?; and

(5) Otherwise, if ¢ > ¢, :

(a) compute g and p accordmg to Equations (30) and (29),
(b) use (26), ie, set V(t+A)-— vl(Uy; p, B), where ¥~ is given
in (25).

As before, exponentials used in computation of m and 52 should be precached; see
Footnote 6. T
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FIGURE 4 Cumulative distribution of V.
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Note: The figures show the cumulative distribution function for V(T) given V(0), with T =0.1.
Model parameters are as in Figure 1, but V(0) has been lowered to V(0) = 1% in the upper figure

~“and raised to V(0) = 9% in the lower figure.

3.2.5 Extensions

Schemes TG and QE both capture the near-singular behavior of V around the
origin by inserting a Dirac mass at V = 0. The real V density, however, does not
have such a mass and one wonders whether a more careful characterization of the
behavior at V = 0 may be possible. Inspection of the limiting chi-squared density
(12) shows that, for example, one could consider replacing in (24) the Dirac mass
in zero with a term of the form constant - x7, for some constant g between —1
and 0. This idea indeed leads to a tractable sampling scheme, of potential use
when a very accurate approximation for small V is required; see Appendix B for
details. For most practical applications, scheme QE s listed above is accurate
enough, so we do not pursue further extensions in the main paper.

Journal of Computational Finance Volume 11/Number 3, Spring 2008
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4 PROPOSED DISCRETIZATION SCHEMES FOR X

We start our discussion about the discretization of the X process by considering
a scheme that does not work well. The rationale for the failure of this scheme,
however, is quite illuminating and will guide us to a better scheme, proposed in
Section 4.2.

- 4.1 How not to discretize the X-process

For concreteness, assume first that we have chosen to use the TG scheme in
Section 3.1 as our method of choice for the generation of random paths for the
variance process V. That is, advancement of V on the time interval [1, 1 + A]
takes the form:

Vit +A)=@+oZy)*

where u and o are certain moment-matched constants and Zy is a Gaussian
random variable. Suppose that we combine this scheme with an Euler scheme
in In X (as in (7), but with no need to truncate V at zero):

InX(t+A)=InX() - IVOA+/ V() Zx VA 31

where Zx is another Gaussian random variable. It is quite tempting to set the
correlation between Zy and Zy equal to p ~ that is, the correlation between the
driving Brownian motions in the SDE (3)-(4) - but is this, in fact, reasonable?
To analyze this, we Tirst nofice that the strongly non-linear relationship between
17(1 + A) and Zy will imply that the effective correlation between In X (t+4A)
and l?(t -+ A) will be closer to zero than p for the cases where Pr(u +oZy
< 0) is significant, as it would be if V () was close to zero. In reality, however, it
can be verified from the results in Appendix A that the true correlation between
In X(¢t + A) and V(¢ + A) (conditioned on V(¢) and X (r)) will always be close
to p, even for large values of A and when V(¢) is close to the origin.

If one were to nevertheless ignore the problem of “leaking correlation” and
insist on using (31), at practical levels of A one would experience a strong ten-
dency for the Monte Carlo simulation to generate too feeble effective correlation
and, consequently, paths of X with poor distribution tails. In call option pricing
terms, this would manifest itself in an overall poor ability to price options with
strikes away from at-the-money. '

4,2 Discretization scheme for X

In light of the problems highlighted above, we abandon naive Euler discretization
for In X and instead turn our focus on the exact representation (11):

InX(+A)=1InX()+ S(V(t +A) = V() — kBA)

Kp 1 1+4A . Cpt4A
+ (_ - _) / V() du + /1 - p? f VV @) dW ()
t 4

‘32
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In the expression for In X (r + A) the term (p/g) V(¢ + A) is the key driver of the
correlation between X (f + A) and V (¢t + A); any discretization scheme forln X
should attempt to keep this term.

To use (11) in the discretization of In X, we need to consider how to handle the
time integral of V. Rather than using Fourier methods, here we simply write:

t+A
f V() du = Al V() + 2V (¢ 4 A)] (32)
¢

for certain constants y) and y». There are multiple ways for setting y; and y3,
the simplest being the Euler-like setting ) = 1, y2 = 0. A central discretization,
on the other hand, would set y; =y2 = %— A more sophisticated (but slower)
approach could be based on moment matching; the interested reader can find the
exact moments for f:‘m V (1) du in Dufresne (2001, p. 16).

As W is independent of V, conditional on V (¢} and fl""A V(u) du, the Ito
integral:

4+-A
[ VV @) dW)
t

is Gaussian with mean zero and variance f,H'A V (1) du. With our approximation

(32), this leads us to propose the following natural discretization scheme:
In R( + A) =In X() + -S(f/(r +A) = V() —k6A)
K 1 ~ A
+ A(;" - 5)(;« V@) +»V @+ A)

VA T= AP0+ Ve +24) -2
=InX@)+ Ko+ K1V(t) + K2V (1 + A)

KV + KVt + B) - Z (33)

where Z is a standard Gaussian random variable, independent of V, and
Ko, ..., K4 are given by:

pkl . kp 1 p
Ko=——A, Ki=pa(LXt-2)-£
0= =y ( 2) -
K 1
K2=yzA(;”—5)+§, Ky=pA(-p%), Ki=yAd—p?)

Note that K;,i =0, . .., 4, depend on the time step as well as on the constants y;
and y».

For given values of y) and y», the scheme constitutes our proposed discretiza-
tion scheme for In X. It is to be combined with a simulation scheme for V, in the
following fashion: - ~
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(1) given V), generate 9(: + A) using one of the time stepping schemes in
Section 3;

(2) draw a uniform random number U, independent of al{ random numbers used
for V(t + A);

(3) set Z=~ 1(U ), eg, using the algorithm in Moro (1995); and

(4) given In X (t)V(t) and the value for V(t + A) computed in Step (1),
compute In X (t.+ A) from (33).

We note that Step (1) can, if desired, be replaced by an acceptance-rejection
algorithm (or perhaps the cache methodology mentioned in Footnote 4).3

4.3 Martingale correction: regularity

The scheme (33) is equivalent to:

xexplKaV (t+ A) + KV + KV +0)-2)  (39)

As discussed in-Andersen-and Pnterbarg (2005); the continuous-time process for
' "X may not have finite higher moments, but will always be a martingale. That is:

s e B+ AX )= X () < 00

——]n-contrast;-(33)-will-not-satisfy-an-equivalent-discrete=time martingale condi-
tion,? ie: A A A
ER(+ MR # X0

The practical relevance of this is often minor, as the net drift away from the mar-
tingale is typically very small and controllable by reduction of the time step. Also,
the ability to hit the mean of the distribution for X does not necessarily translate
itself into better prices for options. Nevertheless, in the spirit of Glasserman and
Zhao (1999), let us examine whether it is possible to modify our sampling scheme
for X to strictly enforce E()z' (t + A)l)? )= X (2). As part of this, we will also
examine whether there might be parameter settings where the X process blows
up, in the sense that E(f( t+ A)I}? ) =c0

PROPOSITION 7 Let K;, i =1, ..., 4, be as defined in Equation (33). Define:

; . 1 1
M=EE 0(1)>0, A=K +Ki= -‘E-(l +K728) = Zy200°

8Attempts at numerical comparison of such a scheme with the QE scheme turned out somewhat
inconclusive, as a very large number of Monte Carlo simulations was required to detect any
noticeable differences in bias between the two schemes. If V is sampled exactly from a chi-
squared distribution, analytical martingale correction (see Section 4.3) of the process for X is
sull possible. The required expressions are available from the author upon request.

9The Euler scheme (6)7) satisfies E(X (t+ A)[X (t)) =X (t), whereas the Kahl-Jackel
scheme (8)-(9) does not,
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IfM <0, ﬂzre:szf()Air' (t —4{—7A)|):A{ (1)) < oo. Assuming that M is finite, set:
Ki=—InM— (K1 + 1K) V(1) (35)

and:

mXa+a) =X+ K+ K V@) + KV + )

+ KV () + KVt +0)-Z (36)
where 7 is a standard Gaussian random variable. In this case,
E(X@ + A)IX @) = K@)

PROOF By iterated conditional expectations, from (36) we note that (suppressing
the implicit conditioning on V (1)):

EX @ + ANX @)
=EBEX ¢ + A)X@), V(i +A))
_ X(t) oKa +KIV(‘)E( sza+A)E( VEVO+KVEDZ) (), V(e + A)))

— X(t) el\o'!‘(h|+II&3)V(1)E(CAV(I+A)) (37)

where the third step uses '1 known result for lognormal dlstnbuuons and where we
have defined A = K7 + K4 For E(X (t+ A)IX (1)) to equal X (1), we evidently
require:

eK3HEI+ 3KV pp

whxch is (35) O

To summarize, the martingale corrected scheme in Proposition 7 involves
substituting K3 for Ko in the basic scheme (33). As stated in the proposition,
for this to be possible — and indeed for (33) to be meaningful in the first place
— we require that M = E(exp(A V(t + A)lV(r))) be finite. Assummg that y» > 0
(which would always be the case in pracnce) and V(t + A) > 0 {which is always
the case for the schemes in Section 3), it can be verified that A <0 for p <0,
which in turn shows that:

p<0=>M<co (38)

This is an obvious consequence of the fact that eV “+4) here is bounded to the
interval [0, 1].

In practical applications, we virtually always have p <0, in which case (33) is
safe to use. Positive correlations may occur, of course, in which case we will need
to examine the discretization scheme for V in more defail. We proceed to do so
below. ~
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4.3.1 The TG scherpe
PROPOSITION 8 Let V(t + A) =(u+ o Zy)™ (the TG scheme). Then, for any
value of A, we have:

E@AVE+D|D (1)) = eM 1477 o (d, ) + D (—d_) (39)
with:
de=E 140, a_=E
ol g

PROOF Here 17(1 + A)=(u+0Zy)t where u and o depend on V(t). For
A > 0, we have:

E(e*7 0+ (1)) = Emax(exp(Apt + Ao Zy), 1))
=1+ E(max(exp(Ap + AcZy)—1,0)), A=>0

For A <0, on the other hand, the same arguments lead to:
E@eA7+817 (1)) = 1 — E(max(1 — exp(Ap + Ao Zy), 0))

Irrespective of the sign for A, the variable exp(Ap + Ao Zy) is lognormal (as
Zy is Gaussian), so standard results from Black-Scholes analysis can be used to
compute the-above option:like expectation. The final result, which is always finite
irrespective of the value of A, is (39). , 0

While the result for EeAY+2)|V (1)) is available in closed form, it is rather
complicated and not particularly efficient to compute inside a discretization loop,
as required in martingale correction by (35). Caching techniques can help, of
course, but they become cumbersome for general (non-equidistant) time grids.

4.3.2 The QE scheme

PROPOSITION 9 Let the QF scheme be given as in Section 3.2, and characterized
by constants a, b, B and p computed from Propositions 5 and 6. Let § = s2/m?,
withm and s given in (17} and (18). Also, let Y. € [1, 2] be given. If f < ., then:

exp(AbZa/(l — 2Aaq))

E eAt‘/(z+A) Vi) = 40
a0 S (40)
where A must satisfy: ,
1
A<— 41
= 2a “h)
If, on the other hand, yr > V., then:
. . | —
BT+ (1) = p+ 2L 42)
B—A
provided that:
A<B ~ 43)
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PROOF For i < ¥, we recall that the QE scheme sets \7(t +A)y=alb+ Zv)?,
the distribution of which is a times a non-central chi-squared distribution with
one degree of freedom and non-centrality parameter b?* (see Section 3.2.1).
From known results for the non-central chi-squared distribution (specifically, its
moment-generating function), we get the result (40). For this expectation to exist,
we must demand that aA < 1/2.

For ¥ > Y, we have:

Bl —p)
B —A

provided that A < B (otherwise the expectation does not exist). O

. oo
E@eAV V() = p+ B0 - p) f el du = p +
0

We emphasize that for the QE scheme the expectation E(eAV0+8)|V (1)) does

" not exist for all values of A. Of the two regularity conditions (41) and (43), the

first is, in practice, the most restrictive.!? To get a feeling for how restrictive (41)

" s, we recall that:

1
A= -g(l + Ky A) — EyzApz

We also notice that the definition of @ in (28) guarantees that @ > 4 1e2(1 —
e~*2) always, so (41) will certainly be satisfied if:

P | 2 2k
-8-(1 +ky24) — EYZAP R TTR—
If p > 0, this imposes a limit on the size of the time step, roughly peA <2. As ¢
is normally around 50-150%, the resulting restriction on the time step is not likely
to be a practical problem, even for quite large positive values of p.

Application of the result of Proposition 7 to enforce the martingale condition in
the discretization of X here is straightforward and convenient. Specifically, in (36)
we simply set: T

Ab%a 1 1 s
o —1= a+§1n(l-2Aa)—(K1+§K3)V(l), ¥ <
" —-ln( +——-———ﬁ(1—”))—(1< +—1-K)I7(t) V>
p TB-4 1T 543 ) c

4.4 Convergence considerations

A formal analysis of the convergence properties for the schemes proposed in this
paper is difficult and complicated by the fact that the X process may not have
any high-order moments. As such, the usual examination of (weak) convergence
of expectations of polynomials of X is not always meaningful. While we could,
in principle, undertake an examination of the convergence of expectations on

e

10Recall that B =2/(m(Y¥ + 1)) = m~!, where m is typically a small number for ¥ > .
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selected slow-growing payouts of X (eg, call options), the technicalities of such
an analysis are considerable and we skip it. (See Lord e al (2006) for examples of
this type of analysis.) Instead, we focus on a simpler concept, namely that of weak
consistency. As shown in Kloeden and Platen (1999, p. 328) there is a strong link
between weak consistency and weak convergence.

PROPOSITION 10 Assume that y\ + y2 in (33) approaches 1 for A — 0. The TG
and QF schemes are then both weakly consistent. That is, conditional on X (t) and
V (1), we have for both schemes:

. (X +A)-IXO) 1,
L
In X(t + A) —In X(2) @9
- n - n A
~Ah-{>n0 Var( N7 ) =V({)
AV +A) =V (@) 5
ATOE( ! ) = k(6 — V(1))
Vi +A)— V@) *9)
. - 25
A’Lno Var( 7 ) =gV (1)

lim Cov( Vi +A)=V(@E) InX(@+A)=InX@)
0 S /A
PROOF Both conditions in (45) are clearly satisfied, as the TG and QE schemes

are based on exact matches of the first two conditional moments of f/(t + A).
From (33) we also have (suppressing conditioning on X {#) and V(¢)):

) =peV(1)  (46)

E(n X(t + A)) —In X(#)
A
_ (/) EW( + A)) = V() —k64)
- = _
i - ~
+ (Egﬂ - 5) (V@) +rEWViE+ A)))

=L@ -V -x0) + (53 - l)'f’(t) =200
& & 2 2

The second part of (44) is proved the same way. Equation (46) follows from the
observation that the form of (33) implies that:

Cov(V(t +A), nX(t + A) = cOv((/(r + A), gif/(r + A))

= i;iVar(f/(t + A)) O
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5 NUMERICAL TESTS

To test our discretization schemes, we turn to the pricing of European call options
in the Heston model. This constitutes a standard test case, as prices can be
computed with great precision from the analytical result in Proposition 3. We
consider a call option C maturing at time T with strike K'; let the exact option price
at time 0 be C(0). Using a discretization scheme that approximates X (T) with
X(T), we can establish an approximation C(0) to the option price by computing
the expectation: X i
C(0)=E(X(T) - K)")

Due to the errors introduced by the discretization of time, c (0) is generally not
equal to C(0). We define the bias e of a discretization scheme as:

e=C(0) — C(0) 47

Clearly, e is a function of the time step A used in the discretization scheme; we are
interested in establishing the function e(A) for the schemes outlined in previous
chapters.

In (47), C(0) can be computed by the technique in Proposition 3. To estimate
¢ (0), we use Monte Carlo methods. Specifically, for a given discretization scheme
for X, we draw N independent samples of }?“)(T), X(z)(T), cens }Z'(N)(T) using
an equidistant time-grid with fixed step A; C‘(O) is then estimated in standard

. Monte Carlofashion.as: e

N
E@ =~ 3 ROM - Kyt

i=1

The right-hand side of this equation is'a random variable with mean C(0) and a
standard deviation (“Monte Carlo error”) of order O(N =1/2)_ Using a sufficiently
highmunmerw—oﬁsamphwwemn—keepﬂw-mndﬂfdﬂw%mieﬁ%%aﬂdﬁbmin—am
high-accuracy estimate for C(0).

Having outlined the basic procedure to measure bias, let us set up some specific
test cases. As discussed in Section 1, in our tests we wish to use parameters and
option characteristics that are challenging and practically relevant. For this, we
consider three quite different settings, listed in Table 1. ’

Loosely, the data of Case I are representative of the market for long-dated
FX options, such as those that are embedded in the popular power-reverse dual
contract. Case II could be considered representative for a long-dated interest rate
option, and Case III has model parameters that may be encountered in equity
options markets. Case HI is similar to test cases prevalent in the existing literature;
we expect it to be the most straightforward to handle numerically. For all test
cases, we examine option prices at three levels of the strike: K =70, K’ =100
and K = 140. *

In our numerical results, we use the following discretization schemes: the
Euler scheme (6)—(7); the Kahl-Jackel scheme (8)~(9), denoted “IM-LJK™;
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TABLE 1 Test cases for numerical experiments.

Casel Casell Caselll

€ i 0.9 1
K 0.5 0.3 1
P -0.9 -05 ~0.3
T 10 15 5

V@), o 4% 4% 9%
Note: In all cases V(0) =6 and X(0) = 100.

the TG scheme of Section 3.1; and the QE scheme of Section 3.2. For the
latter two schemes, we use (33) to discretize In X, using central discretization
(y1 =2 =1/2). In (33), we work both with and without martingale corrections

(see (36)); we use “TG-M” and “QE-M" to label the martingale-corrected versions
of schemes TG and QE, respectively. To keep the sample standard deviation low,
all tests were run using a high'! number of paths, N = 105, The random number
generator used for all numerical experiments was!? ran2 from Press ef al (1992).

5.1 Results for Case |

For Case I, Table 2 lists Monte Carlo estimates of the bias e(A), for values of A
ranging from 1/32 year to 1 year. :
From the table, we see the following.

 The TG and, in particular, the QE schemes both have biases that are
substantially lower than that of the Euler scheme: for at-the-money or out-

of-the-money options, the bias of the TG/QE schemes at a valueof A=1

or A = 1/2 is roughly comparable to that of the Euler scheme at A = 1/32.

* The QE scheme outperforms the TG scheme and has a bias that converges
very rapidly as the time step is reduced: for all strikes in the table, a
simulation step of A = 1/2 or A = 1/4 is sufficient to render the bias for
the QE scheme statistically insignificant, even at 10 paths.

* The TG and QE schemes are robust with respect to option moneyness, with
particularly strong performance for out-of-the money options.

* Adding a martingale correction to the TG and QE schemes generally
lowers the bias further relative to the basic schemes, particularly (and not
surprisingly) for the in-the-money options with X = 70.

”ldeally, we would have liked to have used an even higher number of sample paths, as the
biases of the new schemes are quite low (as we shall see). Practical computing limitations,
however, makes it difficult to increase the number of paths: for 32 steps per year, pricing a 15-
year option in the Heston model requires drawing 960 random numbers for each path, so at 106
paths we already need about a billion random numbers (and associated manipulation of these
numbers to increment X and V) to compute a single opuon price.

12This generator has a period of 2 x 108, which ensures that there is no chance of period
exhaustion in our trials, despite the very large number of random numbers needed.
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» The Euler scheme becomes increasingly competitive relative to the TG
scheme when the strike is lowered. This is a consequence of the fact that
the Euler scheme by construction is bias-free for the case K = 0, whereas
the TG scheme is not (but TG-M is).

e The IM-1JK scheme does poorly, with biases that are substantially larger
than those of the Euler scheme.

The poor performance of the IM-IJK scheme is surprising, given that this
scheme is supposed to be particularly efficient for the setup that we consider
in Case I, namely strong negative correlation p. To investigate whether the poor
performance was caused by either the Milstein scheme (for the V process) or the
IJK scheme (for X), we ran a series of tests where we combined an Euler scheme
for V with the IJK scheme for X; the results were similar to those for IM-IJK
in Table 2, suggesting that the IJK scheme for X is the main reason for the large
biases. e

To visualize some of the results in Table 2, consider the case K = 100, say, and
let us convert biases in the table into errors in implied Black—Scholes volatility.
The upper panel of Figure 5 shows some of the results; the superior performance
of our new discretization techniques relative to the Euler scheme are obvious.
Graphs for other values of K are similar. ‘

One might at this point consider the problem of establishing empirical conver-
gence order!3 for the various schemes covered in Table 2. An immediate problem
here is the fact that our new schemes (QE and QE-M in particular) have biases that
are so low that the bulk of the numbers in Table 2 are not statistically significant,
and to make them so would require an impractical amount of computing effort.
Instead, additional runs were undertaken with coarser time steps than those in the
table, in the hope that a bias pattern might emerge from these runs. The results
are listed in the lower panel of Figure 5. The Euler scheme has a convergence
order of 1 (as expected), whereas the QE and QE-M schemes converge at a rate
that is substantially-higher-than linear, but — at least for the values of A in the
graph — no fixed convergence rate can be established. The convergence rate for
the TG and TG-M schemes is lower than for the other two schemes and appears
to be around 0.5. As a consequence, when the step size is reduced further than
in the figure, the Euler scheme will (in all likelihood) eventually produce less
biased results than the TG and TG-M schemes. This, however, will often be of
limited practical relevance, as the precision of the TG and TG-M schemes is
often adequate for applications long before the convergence “cross-over” point is
reached. In particular, when running a practical number of paths («10%), Monte
Carlo noise for a practical number of paths will often overwhelm the bias of the
TG and TG-M schemes, even when only a handful of time steps per year are used.
A more penetrating analysis of the various trade-offs between bias and Monte
Carlo noise could be performed along the lines of Duffie and Glynn (1995), but

3Recall that a discretization scheme has order 2 if the absolute value of the bias e decays as
constant - A", , h
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FIGURE 5 Convergence of bias.
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NoGte: For test Case I'and K = 100, the figures above show the convergence of the estimated call
option price bias (e) as the time step A is reduced. The upper figure converts the bias into an error
in implied Black-Scholes volatility and has the total number of time steps (= T/A) on the x-axis.
The lower figure graphs the logarithm of the absolute value of the bias against the logarithm of the
time step. The “Noise” graph indicates the approximate level of the logarithmic bias below which it
becomes statistically insignificant at the level of three sample standard deviations.

we skip it here as the QE scheme is so obviously the winner for the tests above.
For notes on computation times, see Section 5.3.

5.2 Results for Case Il and Case lll

Tables 3 and 4 list estimated call option price biases for test cases II and IIL
Results for Case II are qualitatively and quantitatively very similar to those of
Case I, with the TG and QE schemes outperforming the Euler scheme, which in
turn outperforms the IM-IJK scheme. Of the schemes proposed in this paper, the
TG scheme is again slightly worse than the QE scheme, which here performs very
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strongly with all biases being statistically insignificant with just two steps per
year. Adding martingale correction to the TG and QE schemes appears to yield
less benefits than for test Case I above, although some improvements can be seen
for K =70.

For the less challenging Case III, our new schemes still perform significantly
better than both the Euler and IM-IJK schemes, but now the IM-IJK scheme
produces somewhat reasonable results, although the convergence of the bias is
rather erratic. Thus, while there apparently are parameter combinations for which
the IM-TJK scheme can be used, the scheme is not robust. In particular, as the
variance of the V-process is increased — through a decrease of x and/or an increase
in £ — the IM-1JK scheme performs increasingly poorly.

5.3 Computational times

When comparing the numerical efficiency of discretization schemes, one needs

~ to consider both the bias of the individual schemes, as well as the time it takes

to compute a sample path. A scheme that computes very fast but has a large bias
may in fact be preferable to a slower scheme with a low bias, to the extent that one
can use a substantially smaller time step in the former scheme than in the latter
for a fixed computational budget. For reference, Table 5 lists computing times for
all schemes used in Sections 5.1 and 5.2, measured relative to the computing time
of the Euler scheme.!* The numbers were averages for all runs in Tables 1-4. As
the QE scheme here is only marginally slower than the Euler scheme, the strong
results of the QE scheme in Sections 5.1 and 5.2 makes it clearly preferable to
the Euler scheme and it should be the method of choice. Martingale correction of
the QE scheme (that is, the QE-M scheme) takes only a little extra time, and
can be expected to yield some modest benefit for in-the-money options. Note
that percentage timing differences between the various schemes would, of course,
shrink-in-applications-involving-payouts-more-costly-to -compute than that of a
simple European call option.

We note that the martingale-corrected TG scheme here is slower than the
other schemes by a factor larger than two, which is a consequence of the fact
that the martingale correction for the TG scheme is rather involved (and also,
in part, a consequence of the fact that we did not bother to attempt to cache or
otherwise optimize the algorithm). In light of the often modest gains associated
with martingale correction, in most cases it should not be activated for the TG
scheme.

6 EXTENSIONS

Before we conclude the paper, let us consider a few possible extensions.

14The computer used was a standard laptop PC with a Pentium CPU running at 1.6 GHz.
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34 L. Andersen

TABLE 5 Average computation times, relative to the Euler scheme.

MUK TG QE TG-M QE-M
123 128 1.21 292 1.38

6.1 Displacement

In interest rate applications, it is often technically convenient to assume that
p =0 in the Heston model. As this generally does not produce option prices that
calibrate well to the market, a separate “local volatility” mechanism is introduced
into the model to mimic the effect of negative correlation between X and V. A
standard model (see, for example, Andersen and Andreasen (2002) or Piterbarg
(2005)) replaces (2) in the Heston SDE with:

dX (1) = (hX (@) + k) V() dWx (1)

where & and k are positive constants. Let X*(t) = hX(1) + kand V*(1) = RV ().
An application of Ito’s lemma then shows that:

dx*) = x*(r)\/v*(r dWy (1),
dV*(t)—x(1129 v* (;)) dt+hs\/V*(t de(t)

This vector SDE can be dlscretlzed wnh the methods in this paper; the resulting
path for X* () can be translated into paths of X (1) by the relation X (1) = (X*(1) - -
k)/h.

Itis equally easy to introduce a dlsplacement in the process forv, whlch allows
us to work with processes of the form:

R 14 (9 A SCARR () AV SRR UL -
\F Vi)

where & is some constant. We leave the details to the reader.

6.2 Time-dependent parameters

In some applications, certain parameters of the Heston SDE are functions of time.
One such application can be found in Andersen and Andreasen (2002), where the
process for X (¢) is written as:

dX )/ X @) = A1)/ V() dWx (1) (48)

where A is a bounded deterministic function of time. In Andersen and Andreasen
(2002), the process for V (r) has constant parameters and can easily be discretized
by the schemes in Section 3. To handle (48), we could assume that A can be
approximated as being piecewise flat on [, 1 + A] With value A; for instance,
we could set A to (A(7) + A(¢ -+ A))/2. This leads to a trivial modification of the
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sampling scheme for In X:

X +A)=1nX(@) + -’831(17(: +A) — V() —kBA)

+ Ai("—f - g—)(m‘/(r) +1V @+ A)

+ A1 -pZ\/Y1V(t)+yz‘7(t+A)-Z

where the notation is the same as in (33). For the more general case where the
parameters of the process for V(t) may also depend on time (as in Piterbarg
(2005)), we proceed in the same fashion and approximate all parameters as being
piecewise flat on the discretization grid; this, in turn, allows for application of all
schemes in this paper. See (Glasserman 2003, p. 130) for similar ideas.

6.3 Jumps in stock price and variance
Both Broadie and Kaya (2006) and Lord et al (2006) consider 2 model where

a Poisson jump term is added to the basic Heston dynamics of the X-process.
Specifically, we write: ‘

din X =—=1v () dt —niz dt + V(@) dWx (1) + J (1) AN ()

where N (t) is a Poisson process with intensity 5 and J (¢) is Gaussian. Both N and
- ~J-are-assumed-to-be-independent-of the-Brownian motions for V and X. Adding
the term J(z) AN (t) to the process of In X will induce jumps: if N(t) increments
at time 1, the X process jumps to X () ¢/, Note that we have added a martingale
compensation drift T to keép X a martingale; ji is given by j1 = E(e/) — 1.

Simulation in the model is trivial due to the independence assumption. Specif-
ically, we can write:

T

InX(@) =W X*(t)+ Z(t), Z('{)"Z"f"“ J(r) dN (1)
0

where In X*(¢) is governed by a standard jump-free Heston model. The simulation
techniques developed in this paper can be used to generate paths for In X*(z)
(incorporation of the drift nf is trivial) and paths of Z(t) can be generated by
overlaying samples from a Poisson distribution with Gaussian jumps.

In some applications, jumps may also be added to the variance process V. The
proper way to generate paths in this case is to first draw all the jump times of the
V process and then use one of the discretization schemes for V (see Section 3)
between these jump dates. We trust that the user can intuitively grasp how this is
done; the paper by Broadie and Kaya (2006) contains further details.

7 CONCLUSION

In this paper, we have considered two new discretization schemes — denoted TG
and QE - to be used in Monte Carlo simulation of Heston (and Heston-like)
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36 L. Andersen

models. The schemes also have applications for simulation of affine models
in more generality. Our proposed discretization schemes are based on careful
analysis of the true, and often rather problematic, behavior of affine square-root
processes, combined with a mechanism to generate the correct amount of co-
dependence between the variance process and the asset process. The schemes
introduced in this paper are simple to implement and generally yield very substan-
tial efficiency improvements over existing methods. Of the schemes considered,
the QE scheme should be the default choice, due to its simplicity and strong per-
formance; martingale correction (the QE-M scheme) is optional. The TG scheme
has considerable intuitive appeal, but has sublinear convergence and generally
performs somewhat worse than QE at practically relevant time steps. In the TG
scheme, the variance process is simulated by applying a guaranteed monotonic
transformation to a Gaussian random variable; this may make this scheme more
natural to use than the QE scheme in multi-asset applications that involve several
correlated variance processes. Examination of such multidimensional applications
is left for future research.

Computational performance tests of the proposed schemes were carried out
using realistic and challenging model parameters and payout characteristics.
While all our new schemes were robust under changes to model parameters
and option moneyness, some schemes in the existing literature did not do as
well as expected. The “fixed” Euler scheme of Lord ef al (2006) has acceptable
behavior but generally requires substantially more time steps than any of our
new schemes before biases are reduced to acceptable levels. Still, for benign
parameters (eg, where 2x0 > £2) we find that the scheme in Lord et al (2006) has
good performance and would likely be a perfectly adequate choice. The scheme in
Kahl and Jackel (2005) was not robust in our tests and returned very high biases in
some cases. Even with benign model parameters, the scheme did not consistently
outperform Euler stepping.

While the schemes in this paper are alrcady significant 1mprovements over
existing methods, we do not doubt that additional performance can be teased out
of the fundamental ideas of the paper. Experiments with better approximations to
time integrals of the variance process — perhaps using bridge-type processes or
moment matching (as suggested in Section 4.2) — may be one avenue to pursue
in future research. Suitable applications of the results in Appendix B when the V
process is close to zero might also reduce bias even further, as might, say, more
complicated switching rules in the QE/QE-M schemes. For such high-precision
results to have much practical relevance, however, methods must be introduced
to reduce Monte Carlo noise below the levels we encountered in this paper.
Construction of such variance reduction methods is yet another topic that may
be pursued in future research.

APPENDIX A MOMENTS OF V AND In X

PROPOSITION Al Forsome T > 0, consider the joint__gharacterisﬁc Junction:
@, v) =E@E@VNHDY - (T) =In X(T)/ X (0)
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where X and V are characterized by the vector SDE (3)-(4). Define:

d(v) = /(ivpe — )2 + v?e? + £2iv

o (v) — i _k—ivpexd(v)
Q("v v) - o ('U) _ iu ¥ ai(v) - 82
Then:
qo(u, U) — eC(T;u.v)+D(T;n.v)V(O) . (A.l)
with:

1— 0, v) & a_(v)/a4(v)
1 — O, v) edWT
a—(v) — as(v) ]n(Q(u, v) T _ l)]
d(v) Q,v)—1

D(T; u, v) =a4(v)

C(t;u,v)= KB[a+(v)r +

PROOF Let:
q@t, V, x;u, v) = @YD vy = v, x(1) =x)

such that @i, v) =¢(0, V(0), 0; u, v) From standard results for diffusion pro-
cesses, g must satisfy a PDE:
8qg 1_dq %qg 1. 3% 8%q

1
°9 _ v e - v—-— eV velq, _ 2y 29 g
ar 2V ax TKO - Vigy HesVas +2 ax2+2g av2

subject to the terminal boundary condition q(T Voxu,0) = — eiV+ix_ The affine
form of our equations suggest that:

q(t V. x: " v) = eC(T—t;u'v)+D(T—l;u.v)V+ivx

Insertion of this expression into the PDE above yields a Riccati system of ordinary
ODE:s for C and D, which can be solved by separatlon of variables. The result

[ﬂ 1) then lUllO\Vb - {

Equipped with the characteristic function ¢ (1, v) as computed in (A.1), we can
(assisted by a symbolic calculus computer package) establish various moments of
In X(T) and V (T) by differentiation. First, let us define a few auxiliary variables:

Q) =T g2 +4 e~ T((1 4+ kT)e? — 2pke@ + kT) + 2%?)

4+ (2kT — 5)&® — 8pice(cT — 2) + 8x*(kT — 1)
Q= —e T2 4 2e~*T(—kTe? + 2pexc(l 4+ «kT) — 22) + €2 — dicpe + 4ic?
dkp — €

Q3 =e 2T 4 2 e”‘T(T - ?"(1 + ICT)) +

2pK2T) _ %
€

Q4= e—xT(l — kT -+
With these definitions, we have the results in Table A.1.
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TABLE A.1 Exact and first-order moments.

Moment Value o(T) limit
E(In X(T)) In X(0) + 5';(9 - VO —e*Ty — %er In X(0) — %V(O)T
0 V(0)
Var(In X(T)) §K—3§z, + WQ"- V)T
E(V(T)) 6+ (V) —0)e*T V() + k(@ - VO)T
2 2
Var(V(T)) Y—(-g—)f—(e—” —e~ Ty 4 %%—(l —e~xT)2 V(0)e2T
2 2
Cov(ln X(T), V(T)) 98 0,4+ YO, pV(O)eT
4x2 22

APPENDIX B REFINEMENT OF THE QUADRATIC-EXPONENTIAL
SCHEME FOR SMALL YV

First, let us consider a pure central chi-squared distribution with v degrees of
freedom; the relevant density is given in (12). We assume that v <2 and wish to
approximate the true density by an expression of the form:

Cix1, 0<x<x. (B.1)
Cre P, x>x,

The following result establishes the constants Cy, C2, B and x; by moment
matching.

PROPOSITION Bl Let Q be a random variable with chi-squared density (12),
where 0 <v <2, Let Y, be a variable with density I in (B.1), and define
g=v/2—1¢€(—1,0). Set xo = —q and:

2q2
ky= 3
(g+3)g+2)
g+1 _(g+D3q +4))
k) = 2( -2 —4(g+1)(g+2
e G127 g+ D{g+2)
@+ DBg+4Y
ko=2
q+2
—ky — /K2 — dkako :
y=
2ks -
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For'Yy and Q to have identical first and second moments, we must have:

Cr=(1-y)g+1)-(—g)~9th ‘ (B:2)
C _l

B= ((2q + 2 — Eﬁ(——q)q“)y_] + q) (B.3)

Cr=ypePa (B4)

At these parameter values, h(x) is a proper density.

PROOF By direct computation, we notice that the cumulative distribution corre-
sponding to density / is:

Ci

x9+! 0<x<ux,
g+1
e Hx)=Pr(Yy s x) = c C (B.5)
I g+l 2, —Bx —Bx
X G ——=(e7TFrk —eF), x>ux
P ; ( ) ¢
In particular:
R 1 g+1 ; C2 _p;
H = —xs +—= ¢
( +1°° B
Straightforward integration shows that:
S E(}r ) == Cl xq+2 + -’C-‘-’-z—'t:_'ﬂr:,x' + P kY e
v g+2 c B Xt )
Br2) = —Clxd*3 4 C2 o~Bre(x2 1 05 g1 4267
v q +3 ﬁ c

To establish a reasonable value for x,, let us first note that, for v=2and v —
0, the form of h(x) becomes exactly identical to that of a central chi-squared
density, provided that we-set x, = 0 and x, — 1, respectively. Assuming linearity,
a pragmatic general choice for x, is then to set:

Xe = 1 - v/2=—-—q

To find the remaining constants (Cy, Cz, 8), we.match the first two moments
against those of the true chi-squared distribution. As a chi-squared distribution
with v degrees of freedom has mean v and variance 2v, we get, after inclusion of
the condition H (00) = 1, the following system of equations:

Ci

—L x4y =1 B.6
g+1 c y (B.6)
L@ 4 et By =v ®.7)
q+2 ‘
C ' p—

LI 22 pT 287Dy =R+ 2y (B.8)

q+3 -
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Here, we have defined y = y(Ca, B) = (C2/B) e~ F%.

To solve (B.6)-(B.8), we eliminate C; and S, to yield a single equation in y.
Specifically, (B.6) allows us to write C; as a function of y and Equation (B.7) then
allows us to also write B as a function of y. Insertion of the resulting expressions
for Cy and B in (B.8) then yields, after several trivial rearrangements and use of
Xe = —g:

kay? +kiy +ko=0 (B.9)

where the constants kg, k1 and k2 were defined above. Solution of (B.9) yields .

the result for y listed in the proposition; it can be verified that the solution always
exists for the range of g covered in the proposition. Inserting y in (B.6)~(B.8)
(with x, = —q) yields the results of (B.2)-(B.4). a

Having established a workable approximation for a chi-squared distribution
with low degrees of freedom, let us consider how we can use this in an approxi-

mation for a nion-central chi-squared distribution.

' PROPOSITION B2 Let the random variable R be distributed according to a non-

central chi-squared distribution with d degrees of freedom and non-centrality
parameter ). Set ¢ = (d +2))/(d + X), and assume that (d + X)[fc 2. The
distribution of R can be approximated by:

Pr(R <x)=Pr(Yy, <x/c) (B.10)

—where v a2 (d +2)/2c and_the distribution_of ¥, is_given by the density h in

Proposition B1. In particular, the first two moments of Y, and R coincide.

PROOF Following the ansatz in Patnaik (1949), one can approximate R as being
distributed as ¢ times a central chi-squared distribution with v degrees of freedom.
Appropriate values for ¢ and v can be found by moment matching to be:

c# d+20)/d+2), v=d+2)/c

Assuming that v'< 2, the result in Proposition B1 can then be used to establish the
result (B.10). ]

With the result in Proposition B2, we immediately get the following result.

PROPOSITION B3 Consider the Heston variance process (2). For some positive
time step A, define k=e™* Ap(r; 1 + AL, where n(t, t + A) is defined in
Proposition 1. Set d = 4k 0 /82, A= V(t)n (., t+A), c=(d+2)0)/(d+Ar) and
q ={d + 1) /(2c) — 1. Assuming that q € (—1, 0), then, as an approximation:

Pr(V(i + A) < x|V (1)) & H({%) (B.11)

where H(x) is given in (B.5) with x. = —q, and C1, C2 and B are computed as
prescribed in Proposition Bl. In particular, with V (t + A) distributed according
to(B.11), EV(t + A)IV()) =m and Var(V (t + AV (1)) = 52, where m and s
are the true moments given in (17) and (18). ~
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PROOF We recall from Proposition I that, conditional on V (1), V(t + A) is k
times a non-central chi-squared distributed with 4 degrees of freedom and non-
centrality parameter A. The result of the proposition then follows directly from
Proposition B2 above, . 0

The result above hinges on the condition g € (—1, 0) or, equivalently, 0 <
(d + A)/(2¢) < 1. Only the upper bound of 1 is relevant here; it translates into
(d+ A)z/(d -+ 2)) < 2. Insertion of the definitions of d and A followed by a few
rearrangements reduce this to the requirement ¥ > 1, where ¥ = s2/m?. This
restriction coincides (not surprisingly) with that of the scheme (26), allowing us
to substitute in the QE scheme (26) with sampling from the distribution (B.11).

Sampling from (B.11) requires inversion of the cumulative distribution func-
tion H. The form of H, however, allows this to be done in closed form.
Specifically, we have:

/(g+1)

[((q—+2-li\ , O0<u<iu,

H‘l(u) = NI
—p! ]n(eﬂq _n ; "c), e <u <1

2
C
Ue = q _I_l 1 (—Q)q-H
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