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3. This problem concerns simple groups.

(a) (2 points) Define what it means for a group G to be simple.
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(b) (4 points) Prove that the cyclic group C, is simple if and only if n is a
prime number.
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(¢) (4 points) Prove that the alternating group Ay is not simple.




image10.png
(d) (6 points) Write the composition series for S; and identify the quotients
(also called composition factors).
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4. (12 points) How many abelian groups A of order 16 are there such that
at+a+at+a=0

for every a € A? Hint: you could start by writing down all abelian groups of
order 16.
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5. Consider the abelian group (Z, +).

(a) (6 points) Prove that every subgroup of Z is cyclic, i.e. generated by a single
clement.
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(b) (6 points) Let p, ¢ be distinct primes in Z. Consider the set of elements
{p,p+a,p- q,p% ¢"}. There is a unique subgroup of Z which contains
exactly three of those elements (and all other proper subgroups of Z have
fewer than three). What is the subgroup and what are the elements?
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6. Let IF, denote the field with p elements and GL(2, R) the group of 2 2 invertible
matrices with coefficients in the ring R.

(a) (4 points) Write all the elements of the group GL(2, Fs).
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(b) (2 points) What more common group is GL(2,F,) isomorphic to?
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(c) (4 points) Find an element of order 8 in the group GL(2,F3).
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7. A ring R is called Boolean if r*> =r for all r € R.

(a) (4 points) Prove that r +r = 0 for every r € R. Hint: use the binomial
expansion of (r +7)2.
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(b) (4 points) Prove that every Boolean ring is commutative. Hint: use the
binomial expansion of (r + s)? and (a).
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(¢) (4 points) Prove that the only Boolean ring that is also an integral domain
is Z/27.
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8. An element z € C is called a root of unity if 2" = 1 for some positive n € N.

(a) (4 points) Prove that all roots of unity z satisfy |z| = 1.
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(b) (4 points) Prove that z is a root of unity if and only if z = €™ with § € Q.
Hint: recall the polar form of a complex number:

re'¥ = r(cos(yp) +isin(p))




image22.png
(c) (6 points) If z* = 1, we call z an nth root of unity. In this case, prove that
Q(2)/Q is a field extension of degree <n — 1.
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1. Let IF be a field.
(a) (2 points) State the division algorithm for the ring Flz].




image2.png
(b) (4 points) Divide 2 — 4 by z + 1 in Q[z].




image3.png
(c) (4 points) Is [z + 1] a zero divisor in Q[z]/(z* — 4)? Why or why not?
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2. Let m,n € N be positive integers.

(a) (6 points) Prove that ged(m,n) - lem(m,n) =m - n.
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(b) (4 points) Consider the ring homomorphism ¢: Z/mnZ — Z/mZ x Z/nZ
where ¢([almn) = ([alm, [a],). Identify the kernel as an ideal.




image6.png
(c) (4 points) Using the first isomorphism theorem, compute the image of ¢ as
a ring.




