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Concept Check Match the rational function in Column I with the appropriate descrip-
tion in Column Il. Choices in Column Il can be used only once.

1 In
x+
29. f(x)= : 3 T A. The x-intercept is (—3, 0).
x+ 10
30. f(x)= ; o B. The y-intercept is (0, 5).
31. f(x)= %4 C. The horizontal asymptote is y = 4.
X
=2 ; ;
32. f(x)=— D. The vertical asymptote is x = —1.
52
x2—16 : 2
33 f(x)= 234 E. There is a hole in its graph at (—4, —8).
4x+3
M. f(x)= 2 7 F. The graph has an oblique asymptote.
N
x4+ 3+
35. f(x)= % G. The x-axis is its horizontal asymptote, and the y-axis
A= is not its vertical asymptote.
+
36. f(x)= A = 2 H. The x-axis is its horizontal asymptote, and the y-axis
s is its vertical asymptote.
Give the equations of any vertical, horizontal, or oblique asymptotes for the graph of

each rational function. See Example 4.

37

40

43

45

S =2 . 1) =775 . 109 =351
. f(x) = i‘j:’ a1. f(x) =f+_3l 42. f(x) ='f:j 14
f=ETEd e = ey
fw =5 6 )=

Concept Check Work each problem.

47

. Let f be the function whose graph is obtained by translating the graph of y = '; to
the right 3 units and up 2 units.

(a) Write an equation for f(x) as a quotient of two polynomials.
(b) Determine the zero(s) of f.
(c) Identify the asymptotes of the graph of f(x).

48. Repeat Exercise 47 if [ is the function whose graph is obtained by translating the
graph of y = — 1 to the left 3 units and up 1 unit.
49. After the numerator is divided by the denominator,
2 +xt+a? + 1 i
x) =———F——— becomes x)=x+1+ 3
f(x) 41 f(x) x+1

(a) What is the oblique asymptote of the graph of the function?
(b) Where does the graph of the function intersect its asymptote?

() Asx—> o, does the graph of the function approach its asymptote from above or
below?
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The graph of f(x) = % is shown in Figure 43.

Reciprocal Function | f(x) = % —

Domain: (—2, 0) U (0, %) Range: (—, 0) U (0, =)

X Y ¥ |
=3 -1 [ Vertical flx) = X

: 3 7O el i
-1 -1 Horizontal /

asymptote T :
1
X

0 | undefined e .

|

3 2 1

1 1

2| 2

Figure43
e f(x)= %decreases on the open intervals (—, 0) and (0, ).
e It is discontinuous at x = (.
* The y-axis is a vertical asymptote, and the x-axis is a horizontal asymptote.

e It is an odd function, and its graph is symmetric with respect to the
origin.

The graph of y = {- can be translated and/or reflected.

! EX Graphing a Rational Function

Graph y = ~_%. Give the domain and range and the largest open intervals of the
domain over which the function is increasing or decreasing.

SOLUTION The expression —% can be written as —2(;) or 2(_%), indicating

that the graph may be obtained by stretching the graph of y = % vertically by

a factor of 2 and reflecting it across either the x-axis or the y-axis. The x- and
y-axes remain the horizontal and vertical asymptotes. The domain and range are
both still (—, 0) U (0, ). See Figure 44.

2 ¥
g
i
4,0 2= T
—+— —+— x
sz 9
6.6 6.6
l/f S
=4.1

' Figure 44
The graph in Figure 44 is shown here

using a decimal window. Using a The graph shows that f(x) is increasing on both sides of its vertical asymp-

nondecimal window mey produce an PP .
e /L W tote. Thus, it is increasing on (—, 0) and (0, ).
extraneous vertical line that is not part

of the graph. v’ Now Try Exercise 17.
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L., | GraphingaRational Function

2

Graph f(x) =

x+ 1

. Give the domain and range and the largest open intervals of

the domain over which the function is increasing or decreasing.

ALGEBRAICSOLUTION

2
The expression ;;—I can be written as 2(1_1 1)’

indicating that the graph may be obtained by shifting
the graph of y = % to the left 1 unit and stretching

it vertically by a factor of 2. See Figure 45.

The horizontal shift affects the domain, which s
now (—oe, —1) U (—1, ). The line x = —1 is the
vertical asymptote, and the line y = 0 (the x-axis)
remains the horizontal asymptote. The range is still
(—20,0) U (0, ). The graph shows that f(x) is
decreasing on both sides of its vertical asymptote.
Thus, it is decreasing on (—oc, —1) and (—1, ).

GRAPHING CALCULATOR SOLUTION

When entering this rational function into the function
editor of a calculator, make sure that the numerator
is 2 and the denominator is the entire expression

(x +1).
The graph of this function has a vertical asymptote
at x = —1 and a horizontal asymptote at y = 0, so it is

reasonable to choose a viewing window that contains the
locations of both asymptotes as well as enough of
the graph to determine its basic characteristics. See
Figure 46.

Figure 46
¢’ Now Try Exercise 19.

The Function f(x) = &

The rational function

) ==

X

also has domain (—2¢, 0) U (0, =). We can use the table feature of a graphing
calculator to examine values of f(x) for some x-values close to 0. See Figure 47.

NORNAL FLOAT SUTD REAL RARIAN nP " D b "
FRERTT  RESS ENTER TREN
1 1
1 100
" 10000
el s
iy |
s | s
ses |z
a1 v 1m1-%?

As x approaches 0 from the left,

Y= ;'- approaches .

As x approaches 0 from the right,
1

==
x

¥; = 73 approaches .

Figure 47

The tables suggest that f(x) increases without bound as x gets closer and closer
to 0. Notice that as x approaches 0 from either side, function values are all posi-
tive and there is symmetry with respect to the y-axis. Thus, f(x) — o as x — 0.
The y-axis (x = 0) is the vertical asymptote.
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T LA As |x| increases without bound, f(x) approaches 0, as suggested by the
- Y tables in Figure 48. Again, function values are all positive. The x-axis is the
horizontal asymptote of the graph.

The graph of f(x) = tL is shown in Figure 49.

181

As x approaches =, y, = .L approaches Rational Functlﬂn f (X) _Z
0 through positive values. %

- 1

Domain: (=, 0) U (0,=)  Range: (0, %)

1 X X \
% |8, S
Fre b I
ol fra) 2 1
s | ar-a2
+1 1
1
+1
i 5 !
1
As x approaches —=_ y, = ‘I— approaches x i 16 N -1 o
0 through positive values. 0 | undefined
2_'
Figure 48
Figure 49

e f(x) = 5 increases on the open interval (—, 0) and decreases on the
open interval (0, =).

e It is discontinuous at x = 0.
¢ The y-axis is a vertical asymptote, and the x-axis is a horizontal asymptote.

It is an even function, and its graph is symmetric with respect to the y-axis.

! XAMPLE 3 y Graphingal!ational Function

Graph g(x) = GO + 2
intervals of the domain over which the function is increasing or decreasing.

— 1. Give the domain and range and the largest open

SOLUTION The function g(x) = 1 is equivalent to

- -
(x +2)*
g(x) = f(x+2) — 1, where f(x)=-;

This indicates that the graph will be shifted
2 units to the left and 1 unit down. The
1 horizontal shift affects the domain, now
8D =757 1 (=%, —2) U (=2, %). The vertical shift af-
fects the range, now (—1, =).

X The vertical asymptote has equation
x = —2, and the horizontal asymptote has
equation y = —1. A traditional graph is
shown in Figure 50, with a calculator graph
Ls6 g 46| in Fi.gure. 51_. Both.graphs show that this This is the graph of y = éshi&ed
function is increasing on (—o, —2) and 2 units to the left and 1 unit down.

decreasing on (—2, ). Figure 50

=11

Figure 51 v/ Now Try Exercise 27.
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LOOKING AHEAD TO CALCULUS

The rational function

flx) =

x+1

in Example 2 has a vertical asymptote
at x = — 1. In calculus, the behavior
of the graph of this function for values
close to —1 is described using one-
sided limits. As x approaches —1 from
the left, the function values decrease
without bound. This is writien

lim_f(x) = ~=.
As x approaches — 1 from the right,

the function values increase without
bound. This is written

Jim_f(x) ==,
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Asymptotes" The preceding examples suggest the following definitions

of vertical and horizontal asymptotes.

Asymptotes

Let p(x) and g(x) define polynomial functions. Consider the rational func-

s (X . ;
tion f(x) = ';(—t;, written in lowest terms, and real numbers ¢ and b.

L. If | f(x)| — o as x — a, then the line x = a is a vertical asymptote.

2. If f(x) = b as | x| — =, then the line y = b is a horizontal asymptote.

Locating asymptotes is important when graphing rational functions.

We find vertical asymptotes by determining the values of x that make the
denominator equal to 0.

We find horizontal asympiotes (and, in some cases, oblique asymptotes), by
considering what happens to f(x) as |x| — «. These asymptotes determine
the end behavior of the graph.

Determining Asymptotes

To find the asymptotes of a rational function defined by a rational expres-
sion in lowest ternis, use the following procedures.

1. Vertical Asymptotes
Find any vertical asymptotes by setting the denominator equal to 0 and
solving for x. If a is a zero of the denominator, then the line x = ais a
vertical asymptote.

2. Other Asymptotes
Determine any other asymptotes by considering three possibilities:

(a) If the numerator has lesser degree than the denominator, then there is
a horizontal asymptote y = 0 (the x-axis).

(b) If the numerator and denominator have the same degree, and the
function is of the form

_ax"+ - +a

flx) = m, where a,, b, # 0,

then the horizontal asymptote has equation y = :—".

(¢) If the numerator is of degree exactly one more than the denominator,
then there will be an oblique (slanted) asymptote. To find it, divide
the numerator by the denominator and disregard the remainder. Set the
rest of the quotient equal to y to obtain the equation of the asymptote.

NOTE The graph of a rational function may have more than one vertical
asymptote, or it may have none at all.

The graph cannot intersect any vertical asymptote. There can be at
most one other (nonvertical) asymptote, and the graph may inter-
sect that asymptote. (See Example 7.)
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Finding Asymptotes of Rational Functions

Give the equations of any vertical, horizontal, or oblique asymptotes for the
graph of each rational function.

x+1 2x+ 1 x4+ 1

x—Na+3 PIO=""5 @M="

@) f(x) = (

SOLUTION

(a) To find the vertical asymptotes, set the denominator equal to 0 and solve.
2x—=1)(x+3) =
2x—=1=0 or x+3=0
1

= - ‘=“'3
X 2 or X

The equations of the vertical asymptotes are x = ;— and x = =3,
To find the equation of the horizontal asymptote, begin by multiplying
the factors in the denominator.

f(x) = x+1 _ x+1

Now divide each term in the numerator and denominator by x2. We choose
the exponent 2 because it is the greatest power of x in the entire expression.

m (B
x  x? Stop here, Leave
flx) = 2 = the expression in
2x 5 3 5 3 complex form.
x*t

113

2
x'xttx

As | x| increases without bound, the quotients
and the value of f(x) approaches

, and :—z all approach 0,

0+0
2+0-0

The line y = 0 (that is, the x-axis) is therefore the horizontal asymptote. This
supports procedure 2(a) of determining asymptotes on the previous page.

(b) Set the denominator x — 3 equal to 0 to find that the vertical asymptote has
equation x = 3. To find the horizontal asymptote, divide each term in the
rational expression by x since the greatest power of x in the expression is 1.

2x 1 1

—+- 2+-=
f()_2x+l_ _ X
& x—3 f&é 3

] e =
X

As | x| increases without bound, the quotients J’; and } both approach 0, and
the value of f(x) approaches

The line y = 2 is the horizontal asymptote. This supports procedure 2(b) of
determining asymptotes on the previous page.
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(c) Setting the denominator x — 2 equal to 0 shows that the vertical asymptote
has equation x = 2. If we divide by the greatest power of x as before (x? in
this case), we see that there is no horizontal asymptote because

2ol

E.2 _ x?
M=~y 271 2
x 2

does not approach any real number as | x| — o, due to the fact that H = %

is undefined. This happens whenever the degree of the numerator is greater
than the degree of the denominator.

In such cases, divide the denominator into the numerator to write the
expression in another form. We use synthetic division, as shown in the mar-
gin. The result enables us to write the function as follows.

R— 2

fx)=x+2+

For very large values of |x|, -\f—z is close to 0, and the graph approaches
the line ¥ = x + 2, This line is an oblique asymptote (slanted, neither verti-
cal nor horizontal) for the graph of the function. This supports procedure
2(c) of determining asymptotes.

v/ Now Try Exercises 37, 39, and 41.

Graphing Techniques = A comprehensive graph of a rational function will
show the following characteristics.

all x- and y-intercepts
all asymptotes: vertical, horizontal, and/or oblique

the point at which the graph intersects its nonvertical asymptote (if there is
any such point)

the behavior of the function on each domain interval determined by the ver-
tical asymptotes and x-intercepts

Graphing a Rational Function

Let f(x) = {% define a function where p(x) and g(x) are polynomial func-

tions and the rational expression is written in lowest terms. To sketch its
graph, follow these steps.

Step 1 Find any vertical asymptotes.
Step 2 Find any horizontal or oblique asymptotes.
Step 3 1f g(0) # 0, plot the y-intercept by evaluating f(0).

Step 4 Plot the x-intercepts, if any, by solving f(x) = 0. (These will cor-
respond to the zeros of the numerator, p(x).)

Step 5 Determine whether the graph will intersect its nonvertical asymptote
y =bory= mx+ b by solving f(x) = b or f(x) =mx + b.

Step 6 Plot selected points, as necessary. Choose an x-value in each domain
interval determined by the vertical asymptotes and x-intercepts.

Step 7 Complete the sketch.



