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Consider the graph of each quadratic function. Do the following. See Examples 1-4.
(a) Give the domain and range. (b) Give the coordinates of the vertex.

(c) Give the equation of the axis. (d) Find the y-intercept.

(e) Find the x-intercepts.

I Concept Check Maich each function with its graph without actually entering it into a
calculator. Then, after completing the exercises, check the answers with a calculator. Use
the standard viewing window.

15. f(x)=(x—4)>-3 16. f(x)=—(x—4)*+3
17. f(x)=(x+4)* -3 18. f(x)=—(x+4)2+3
A B.
H L 1o i
= -10
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19. Graph the following on the same coordinate system,

(@ y=x? (b) y=3x? () y= %x:

(d) How does the coefficient of x? affect the shape of the graph?
20. Graph the following on the same coordinate system.

(@ y=2x? (b) y=x*-2 (¢) y=x*+2

(d) How do the graphs in parts (b) and (c) differ from the graph of y = x2?
21. Graph the following on the same coordinate system.

@ y=(x—2) () y=(x+1)2 (e) y=(x+3)

(d) How do these graphs differ from the graph of y = x2?
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22, Concept Check A quadratic function f(x) has vertex (0, 0), and all of its intercepts
are the same point. What is the general form of its equation?

Graph each quadratic function. Give the (@) vertex, (b) axis, (¢) domain, and (d) range.
Then determine (e) the largest open interval of the domain over which the function
is increasing and (f) the largest open interval over which the function is decreasing.
See Examples 1-4.

23, f(x) = (x — 2 24. f(x) = (x+4)
25, flx)=(x+3)}—4 26. f(x)=(x—5)7—-4
27, f(x) = —%(x +1)2-3 28. f(x)=-3(x—2)*+1
29, f(x)=x2=2x+3 30. f(x)=x*+6x+5
3. f(x)=x2—10x+ 21 3R, f(x)=2x>—4x+5
33 f(x)=-2x2-12x-16 34. f(x)=-3x*+24x — 46
1 1 2 8 5
PR S, PO ok Dy &
35. f(x) 2.& 3x > 36. f(x) 3x 3x + 3
Concept Check The figure shows the graph of a quadratic ¥

Sunction y = f(x). Use it to answer each question.
37. What is the minimum value of f(x)?
38. For what value of x is f(x) as small as possible? 3

39. How many real solutions are there to the equation

f(x) =17 H:‘-:‘Hlﬂr:: ¥

40. How many real solutions are there to the equation
f(x) =42

Concept Check Several graphs of the quadratic function
f(x)=ax* +bx+¢

are shown below. For the given restrictions on a, b, and ¢, select the corresponding
graph from choices A-F. (Hint: Use the discriminant.)

4. a<0; b2—4dac=0 42, a>0; b’ —dac<0
43, a<Q b*—dac<0 M4, a<0; b*—4ac>0
45, a>0; b2 —4dac>0 46, a>0, B*—4dac=10
A ¥ B. ¥ C. v
\\/
0 = o x ] X
D. v E. » F.
0| = 0 7 0 %
¢/\
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Parabolas are symmetric with respect to a line (the y-axis in Figure 1). This
line is the axis of symmetry, or axis, of the parabola. The point where the axis
intersects the parabola is the vertex of the parabola. AsFigure 2 shows, the ver-
tex of a parabola that opens down is the highest point of the graph, and the
vertex of a parabola that opens up is the lowest point of the graph.

Graphing Techniques Graphing techniques may be applied to the graph
of f(x) = x? to give the graph of a different quadratic function. Compared to the
basic graph of f(x) = x2, the graph of F(x) = a(x — h)? + k, with a # 0, has
the following characteristics.

F(x) =a(x - /) + k*\

\‘a
ey
* Opensupifa >0 Vertical shift:
* Opens downifa <0 ® kunitsupiftk >0
* Vertically stretched * | k| units down if k <0
(narrower) if |a| > 1
¢ Vertically shrunk
(wider) if 0 < |a| < 1
!- ... . Graphing Quadratic Functions
Graph each function. Give the domain and range.
(a) f(x) = x?— 4x — 2 (by plotting points)
1 |
(b) g(x) = —3x” (and compare to y = x? and y = 7x?)

(©) F(x) = —:,l_(.r — 4)? + 3 (and compare to the graph in part (b))

SOLUTION

(a) See the table with Figure 3. The domain of f(x) = x? — 4x — 2 is (—, ),
the range is [ —6, ), the vertex is the point (2, —6), and the axis has equa-
tion x = 2. Figure 4 shows how a graphing calculator displays this graph.

[

) =x2 — 4x=2

WORMAL FLOAT AUTOD RESL m

h o W =D -
|
=)

—— ) e e =[]

-6
1£2,—6)

Figure 3 Figure 4

(b) Think of g(x) = —3x? as g(x) = —(3x2). The graph of y = $x? is a wider
version of the graph of y = x2, and the graph of g(x) = — (%xz) is a reflec-
tion of the graph of y = %xz across the x-axis. See Figure 5 on the next page.

The vertex is the point (0, 0), and the axis of the parabola is the line x = 0
(the y-axis). The domain is (—0o, o), and the range is (—o°, 0].
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Calculator graphs are shown in Figure 6.

[

5 )
=% y= Sx*
) B b

| W
! \\V’/

|
i

g(x) = — =X

Figure5 Figure 6

(¢) Notice that F(x) = —1(x — 4)2? + 3isrelated to g(x) = — 3x? from part (b).
The graph of F(x) is the graph of g(x) translated 4 units to the right and
3 units up. See Figure 7. The vertex is the point (4, 3), which is also shown
in the calculator graph in Figure 8, and the axis of the parabola is the line
x = 4. The domain is (—2, %), and the range is (—2, 3].

I
Fx) = Fix

— 4> + 3
i a0t /

-

glx)=- %x"

Figure 8
v’ Now Try Exercises 19 and 21.

Completing the Square  In general, the graph of the quadratic function
f(x) =a(x —h) +k (a#0)

is a parabola with vertex (h,k) and axis of symmetry x = h. The parabola
opens up if @ is positive and down if @ is negative. With these facts in mind, we
complete the square to graph the general quadratic function

f(x) = ax? + bx + c.

! EXAI Graphing a Parabola (a = 1)

Graph f(x) = x% — 6x + 7. Find the largest open intervals over which the func-
tion is increasing or decreasing.

SOLUTION We express x2 — 6x + 7 in the form (x — /)% + k by completing
the square. In preparation for this, we first write

f(x) = (x*? — 6x )+ 7.

We must add a number inside the parentheses to obtain a perfect square trino-
mial. Find this number by taking half the coefficient of x and squaring the result.



f)=x2—6x+7

iy

s ve2

This screen shows that the vertex of the
graph in Figure 9 is the point (3. =2).
Because it is the fowest point on the
graph, we direct the calculator to find
the minimum.
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[3-6)] = (-37
= e

fx)=(x*—6x+9)—9+7
Ax)=(x—3)2—1

The vertex of the parabola is the point (3, —2), and the axis is the line x = 3. We
find additional ordered pairs that satisfy the equation, as shown in the table, and
plot and join these points to obtain the graph in Figure 8.

x|y
0 T <«
.| 2
3| -2 «—
51 2
6 ?‘7

The domain of this function is (—o, =), and the
range is [ —2, ). Because the lowest point on
the graph is the vertex (3, —2), the function is
decreasing on (—, 3) and increasing on (3, %). Figure9

v Now Try Exercise 31.

NOTE In Example 2 we added and subtracted 9 on the same side of the
equation to complete the square. This differs from adding the same number
to each side of the equation, as is sometimes done in the procedure. We want
f(x)—that is, y—alone on one side of the equation, so we adjusted that step
in the process of completing the square here.

> _Graphing a Parabola (a # 1)

Graph f(x) = —3x2 — 2x + 1. Identify the intercepts of the graph.
SOLUTION To complete the square, the coefficient of x? must be 1.

flx) = —3(x2 + %x ) +1

fx) = —3(x2+§x+— —) + 1 13

flx)= —3(1:2 + %x + —) = 3( —) +1

1\ 4

=-3(x+=] +=

s = =3+ 1) 4

The vertex is the point (— :I,-,, %) The intercepts are good additional points to find.
The y-intercept is found by evaluating f(0).

F(0)=—3(1)* —2(0) + 1
f(0) =1<—
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6.6

fly=-32-2c+ 1
fl ——‘4( +l):+
flx) = -.1'!3

66

B

X
A

This screen gives the vertex of

the graph in Figure 10 as the point

(— 'Ig '4") (The display shows decimal
approximations.) We want the highest
point on the graph, so we direct the
calculator to find the mavimum.

4

3
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The x-intercepts are found by setting f(x) equal to 0 and solving for x.

=—3x2—2x+1
0=3x2+2x—-1
0=0Bx—1)(x+1)

1
x=§ or x=-—1

Therefore, the x-intercepts are (% 0) and (—1, 0). The graph is shown in Figure 10.

Figure 10 ¢/ Now Try Exercise 33.

NOTE It is possible to reverse the process of Example 3 and write the
quadratic function from its graph in Figure 10 if the vertex and any other
point on the graph are known. Because quadratic functions take the form

f(x) =a(x—h)* + k&,

we can substitute the x- and y-values of the vertex, ( =L ‘;) for h and k.

P A | O

f(x) =a( +;—)2+%

We find the value of a by substituting the x- and y-coordinates of any other
point on the graph, say (', 1), into this function and solving for a.

l—a( +1)2+i =1
3 3 Yo
1\ 4
Pigghis] Gt
“(9) 3
1.1 :
3 9
a=—3

Verify in Example 3 that the vertex form of the quadratic function is

R ) ¥

Exercises of this type are labeled Connecting Graphs with Equations.




LOOKING AHEAD TO CALCULUS
An important concept in calculus is the
definite integral. If the graph of f lies
above the x-axis, the symbol

b
/ flx)dx

represents the area of the region above
the x-axis and below the graph of f
from x = a to x = b. For example, in
Flgure 10 with

fx)==3x?=2x+1,

ga=—l,and b= _l;, calculus provides
the tools for determining that the area
enclosed by the parabola and the x-axis
is ;% (square units).
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The Vertex Formula ' We can generalize the earlier work to obtain a for-
mula for the vertex of a parabola.

fx)=a*+bx+e¢

gy P
=al x*+ —x +c
a

I
8
I ’5‘{\ o
+ ud
Rl als
p S 2
[ 8
J’_
L]
|
1%

f(x)=a x—(—%)]2+7 !

Thus, the vertex (I, k) can be expressed in terms of g, b, and c. It is not neces-
sary to memorize the expression for k because it is equal to f(h) = _f( = % 5

Graph of a Quadratic Function
The quadratic function f(x) = ax?> + bx + ¢ can be written as

y=f(x) =alx — h)*+ ', witha #0,

b
h h=—— and
whnere all

The graph of f has the following characteristics.

. It is a parabola with vertex (h, ') and the vertical line x = & as axis.

. Itopensup if @ > 0 and down if a < 0.

. It is wider than the graph of y = x2if |a| < 1 and narrower if |a| > 1.
. The y-intercept is (0, £(0)) = (0, ¢).

tn W e

. The x-intercepts are found by solving the equation ax® + bx + ¢ = 0.
If b2 — 4ac > 0, then the x-intercepts are (w, (}).
If b2 — dac = 0, then the x-intercept is (— %, 0].

If b2 — 4ac < 0, then there are no x-intercepts.

Using the Vertex Formula

Find the axis and vertex of the parabola having equation f(x) = 2x% + 4x + 5.
SOLUTION The axis of the parabola is the vertical line

L b_ 4
2a 2(2)
The vertex is (|, f( )). Evaluate f(—1).
1) =21 +d4(-1] +5 =3
The vertex is (|, 3). v’ Now Try Exercise 31(a).
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ALGEBRAIC SOLUTION

(a) Use the projectile height function.

s(t) = —161> +
s(t) = —16¢* +

(b) The coefficient of 2 is —16, so the graph of the
projectile function is a parabola that opens down.
Find the coordinates of the vertex to determine
the maximum height and when it occurs. Let

in the vertex formula.

and

[=——=

2

s(t) = —162* + 80 + 100
5(2.5) = —16(2.5)2 + 80(2.5) + 100

5(2.5) = 200

~ QuadraticModels  Because the vertex of a vertical parabola is the highest
or lowest point on the graph, equations of the form

y=ax’+bx+c

are important in certain problems where we must find the maximum or mini-
mum value of some quantity.

When ¢ < 0, the y-coordinate of the vertex gives the maximum value of y.
When a > 0, the y-coordinate of the vertex gives the minimum value of y.

The x-coordinate of the vertex tells where the maximum or minimum value occurs.

If air resistance is neglected, the height s (in feet) of an object projected
directly upward from an initial height 5, feet with initial velocity v, feet per
second is

s(t) = =161 + vyt + s,

where 1 is the number of seconds after the object is projected. The coefficient
of £* (that is, —16) is a constant based on the gravitational force of Earth. This
constant is different on other surfaces, such as the moon and the other planets.

| EXAMPLE! Solving a Problem Involving Projectile Motion _

A ball is projected directly upward from an initial height of 100 ft with an initial
velocity of 80 ft per sec.

(a) Give the function that describes the height of the ball in terms of time ¢.

(b) After how many seconds does the ball reach its maximum height? What is
this maximum height?

(c) For what interval of time is the height of the ball greater than 160 ft?
(d) After how many seconds will the ball hit the ground?

GRAPHING CALCULATOR SOLUTION

(a) Use the projectile height function as in the alge-
braic solution, with vy = 80 and s, = 100.

s(f) = =162 + e +

(b) Using the capabilities of a calculator, we see in
Figure 11 that the vertex coordinates are indeed

(2.5,200).
Herex =t
y1 = =162 + 80x + 100 == and y, = s(1).

WG aml. FLOAT AUTO uu.
m.c
oo AT 16AT+HEK- 100

)=2.5

94

-—TEJ

m_ vazee

Figure 1l

Therefore, after 2.5 sec the ball reaches its maxi-
mum height of 200 ft.

Be careful not to misinterpret the graph in Fig-
ure 11. It does not show the path followed by the
ball. It defines height as a function of time.



