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This paper extends the linear multi-state consecutively-connected system (LMCCS) to the case of LMCCS-
MN, where MN denotes the dual constraints of m consecutive gaps and n total gaps. All the nodes
are distributed along a line and form a sequence. The distances between the adjacent nodes are usually
non-uniform. The nodes except the last one can contain statistically independent multi-state connection
elements (MCEs). Each MCE can provide a connection between the node at which it is located and the
next nodes along the sequence. The LMCCS-MN fails if it meets either of the two constraints. The uni-
versal generating function technique is adopted to evaluate the system reliability. The optimal allocations
of LMCCS-MN with two different types of failures are solved by genetic algorithm. Finally, two examples
are given for the demonstration of the proposed model.
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1. Introduction

In modern satellite communications, the purpose is to send
information from one point on earth to another through the
satellites in space. The information transmission can be simplified
to three procedures. First, a radio in one place on earth emits
signals up into space. Then one satellite gathers the signals and re-
transmits them to other satellites along the communication link.
Finally, a remote satellite gets the signals and sends them back
down to another spot on earth. The whole satellite communica-
tions can be modeled as linear multi-state consecutively-con-
nected systems (LMCCSs). The modern satellite communication
plays an increasingly important role in the world economy. Thus,
researches on the reliability analysis and optimal allocation for the
LMCCS would be meaningful and challenging. Generally, the
LMCCS can be used to model many systems, such as the fluid
transportation systems, wireless communication systems, sensor

Abbreviations: MCEs, multi-state connection elements; PM-LCCS, phased-mission
linear consecutively-connected systems; mGCCS, m consecutive gaps linear multi-
state consecutively-connected system; LMCCS, linear multi-state consecutively-
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LMCCS-N, linear multi-state consecutively-connected system with the constraint of
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rithm; UGF, universal generating function; PMF, probability mass function.
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systems and logistics systems. The N+ 1 orderly connected nodes
are evenly distributed along a line and form a sequence, which
forms an LMCCS [1]. The distance between two adjacent nodes is
defined as a basic length unit [2]. All the nodes can contain sta-
tistically independent multi-state connection elements (MCEs)
except the last one. Each MCE j can provide a connection between
the node at which it is located and the next nodes X; along the
sequence. The X; is a positive random variable (r.v.) and its prob-
ability mass function (PMF) is usually given. Any MCE failure may
cause a disconnection of the sequence. In other words, the system
fails, if the disconnection of any node exists in the sequence.

The LMCCS model was first proposed in Ref. [1]. Algorithms for
its reliability evaluation were studied in Refs. [3,4]. The LMCCS
model has a source node and a sink node. It can be generalized to
the multistate-node acyclic network model which has a source
node and a number of sink nodes [5]. The reliability evaluation of
LMCCS with fixed retransmission delays was studied in [6]. The
expenses of bypass transportation systems (BTS) in LMCCS are
introduced in Ref. [7], where the expenses depend on the number
of the gaps and the length of the gaps. The reliability analysis for
the BTS (such as oil pipeline transportation system and railway
network system) can be referred in Refs. [8-13].

The optimal allocation problem of multi-state elements in
LMCCS is introduced by Malinowski and Preuss in Ref. [14]. The
optimal allocation elements in LMCCS with the common cause
failures are studied in Ref. [15]. Then, a special case of LMCCS is
proposed by Levitin [16], in which several multi-state elements
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Nomenclature

E; set of consecutively ordered nodes {1, ...,j}

T; the most remote location with which the nodes in the
set E; can be connected

G; the most remote location with which the node j can be
connected directly

8k k-th realization of r.v. G;

p;. probability of the realization r.v. gj,

G; vector of different realization of G;

P; vector of probabilities of random realization of G;
1(A) having the value 1 when A is true and the value

0 when A is false
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Fig. 1. Linear multistate connected sensors in working state (a), and failed state (b,c).

can be allocated in the same node while some nodes can remain
empty. When several elements are allocated in a node, they can be
destroyed by common cause failures with the node suffering
attack. The optimal maintenance and allocation of elements in
LMCCS were solved by Peng et al. in Ref. [17], which is constrained
with the system availability requirement. Then, the LMCCS model
is extended to the phased-mission linear consecutively-connected
systems (PM-LCCS) in Ref. [18]. In each phase, the PM-LCCS can be
reduced to an LMCCS model and the nodes are in equidistant
locations. The reliability analysis for the phased-mission system is
studied in Refs. [19-21]. The PM-LCCS model with common cause
failures is studied in Ref. [22].

The LMCCS model was further extended to m consecutive gaps
linear multi-state consecutively-connected system (mGCCS) [23].
A gap exists in the sequence if a node cannot be connected with
any previous node. The m consecutive gaps in the sequence mean
that at least m consecutive nodes cannot be connected with any
previous node. The structure of the mGCCS model is the same as
that of the traditional LMCCS model. The nodes in the mGCCS
model is in equidistant locations along a line, and the system fails
as long as there is at least m consecutive gaps. When m = 1, no gap
is allowed, and the mGCCS model reduces to a traditional LMCCS
model. The condition of the m consecutive gaps is the only con-
straint for the mGCCS model. Another generalization of the LMCCS
model is the LMCCS with the constraint of n total gaps (LMCCS-N)
[2]. The LMCCS-N fails if it contains at least n nodes disconnected
with any previous node. In other words, the LMCCS-N fails if the
total number of gaps reaches a specified limit n. The structure of
the LMCCS-N model is the same as that of the traditional LMCCS
model. The nodes in the LMCCS-N model is also in equidistant
locations along a line. The traditional LMCCS model is a special
case of the LMCCS-N model with n = 1. Since the LMCCS-N model
is only focused on the constraint of the total number of gaps, it is
not suitable for the LMCCS with the constraint of consecutive gaps.
Another extended model of LMCCS is the LMCCS with the com-
bined gap constraints (m/nCCS) [24]. The m/nCCS model fails if
there exist at least m nodes not connected with any previous node
or at least n consecutive nodes not connected with any previous
node. The structure of the m/nCCS model is the same as that of the
traditional LMCCS model. The nodes in the m/nCCS model is also in

equidistant locations along a line. In the traditional LMCCS model
[1,4,15,16] and its extended models: LMCCS-N [2], mGCCS [23],
and m/nCCS [24], the structures are the same and the distances
between the adjacent nodes are equal to a basic length unit, which
may be not true in many practical applications.

Take the linear wireless sensor networks for example, sensors
are usually allocated to the non-uniform distributed nodes along a
line. The structure is shown in Fig. 1. Each sensor can cover dif-
ferent zones, which is dependent on the internal operation modes
and the external environment factors, and the size of covered
zones can vary discretely over different sensors. They must detect
some objects that traverse the line. Usually, there are two kinds of
objects: small objects and large objects. If a gap exists along the
line, some small objects can traverse the line, and cannot be
detected. If the number of consecutive gaps exceeds the size of a
large object, the large object can traverse the line, and otherwise it
cannot pass the line. When the objects pass the line, they cannot
be detected, and then the system may not work. The system
consists of two different types of failures: one is subject to the
number of undetected objects (as shown in Fig. 1(c)), and the other
is due to a large object being undetected (as shown in Fig. 1(b)).
That is to say, when the number of undetected objects exceeds a
pre-specified value by the engineering requirement, the system
fails. Moreover, when a large object passes the line, it will be
undetected, and then the system fails. When either of the two
different types of failures happens, regardless of which one hap-
pens first, the system fails. In other words, the system survives if
neither of the two different types of failures occurs (as shown in
Fig. 1(a)).

The traditional LMCCS model and its extended models: LMCCS-
N [2], mGCCS [23], and m/nCCS [24], can also not be applied
directly to evaluate the crude oil transportation system with the
unevenly distributed nodes. A crude oil transportation system is a
linear long distance transport system. It supplies crude oil from oil
well to a refinery, which is composed of crude oil transportation
pipelines and crude oil pumps. Oil pumps are located at the con-
secutive nodes between the pipelines. They provide enough
pressure to transfer the crude oil. The distances between any two
adjacent nodes are usually not equal because of the external
environment factors. Fig. 2 shows a crude oil transportation sys-
tem. Oil pumps are the key instruments in the crude oil trans-
portation system. In certain degree, the crude oil transportation
pipelines remain intact. If there exist nodes that are not connected
with any previous node, the oil cannot be transferred to these
nodes by the system and the dynamic bypass transfer instruments,
such as oil truck and tank truck, should be applied. With the
constraints, such as transportation capacity, energy consumption
and greenhouse gas emissions, the bypass instruments cannot be
competent for too many consecutive gaps. Subject to budget cost
constraint, the amount of the bypass instruments is also limited,
which limits the total number of the gaps. Either when the
number of consecutive gaps exceeds one pre-specified value, or
when the number of total gaps exceeds some pre-specified value,
the system fails.
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Fig. 2. Crude oil transportation system.

Motivated by the real applications, we proposed a new model
of linear multi-state consecutively-connected system subject to
the dual constraints of m consecutive gaps and n total gaps
(LMCCS-MN). Its structure is the same as the traditional LMCCS
model, but it adopts the uneven deployment of nodes. The LMCCS-
MN fails if it meets either of the two constraints.

Considering two different types of failures, the proposed
LMCCS-MN model is extended with previous researches [2,23,24].
Obviously, the traditional LMCCS model, the LMCCS-N model, the
mGCCS model and the m/nCCS model are four different special
cases of the proposed LMCCS-MN model in this paper. The lim-
itation of the four different special cases is that they can only deal
with the LMCCS with the evenly distributed nodes. The proposed
LMCCS-MN model overcomes the limitation and involves the
unevenly distributed nodes in the LMCCS.

When m=1 or n=1, no gaps are allowed, and the LMCCS-MN
model can reduce to the LMCCS model if it adopts the evenly
distributed nodes.

When m > n, the constraint of m consecutive gaps is in vain,
only the constraint of n total gaps is effective and the LMCCS-MN
model can reduce to LMCCS-N model if it adopts the evenly
distributed nodes.

Since the reliability of LMCCS-MN is considerably influenced by
the element positions, when n = N, the constraint of n total gaps is
no effect, only the constraint of m consecutive gaps is effective,
and the LMCCS-MN model can reduce to the mGCCS model if it
adopts the evenly distributed nodes.

When 1 <m<n<N, the LMCCS-MN model is subject to the
dual constraints. The proposed model introduces the uneven
deployment of nodes. If it has uniform deployment of nodes, it will
reduce to the m/nCCS model.

In this paper, the universal generating function (UGF) techni-
que is adopted to evaluate the reliability of the proposed model.
The UGF technique has been proved an efficient method in multi-
state system (MSS) reliability analysis [25-31]. The algorithm for
system reliability evaluation is based on the Refs. [2,23,24]. In the
evaluation algorithm [23] for the mGCCS model, a random variable
is used to count the consecutive gaps. In the evaluation algorithm
[2] for the LMCCS-N model, an integer counter is incorporated into
the UGF to keep the number of gaps. In the m/nCCS model [24], a
function is used to map the number of consecutive gaps and the
total number of gaps into an integer number. In the evaluation
algorithm for the proposed LMCCS-MN model, a random vector
clearly and concisely records both the number of consecutive gaps
and the number of total gaps. Besides the two different types of
failures, the non-uniform deployment of nodes is involved in the
proposed LMCCS-MN model. Anyway, the improvement for the
proposed LMCCS-MN model will increase the algorithm com-
plexity and the amount of calculation. In the LMCCS-MN model,
the locations for different nodes are determined in advance by the
external environment factors and cannot be changed. Fortunately,
the MCEs can be allocated to different nodes. Different allocation
strategies of the MCEs should be compared in order to improve the
reliability of the LMCCS-MN model. The problem of optimal allo-
cation of MCEs in the sequence is solved by genetic algorithm (GA)
technique.

The remainder of the paper is organized as follows. Section 2
presents the model description of the LMCCS-MN model, an
algorithm of its reliability evaluation is proposed based on UGF in

Section 3, and the computational complexity of the proposed
reliability evaluation algorithm is discussed in Section 4. Two
examples are given in Section 5 to demonstrate the reliability
evaluation and optimal allocation of the proposed model. Finally,
some conclusions are given in Section 6.

2. Model descriptions

The LMCCS-MN is subject to the dual constraints of m con-
secutive gaps and n total gaps. It experiences two different types of
failures: failure of consecutive gaps and failure of total gaps. That is
to say, when the number of consecutive gaps exceeds the pre-
specified value M, the failure of consecutive gaps occurs, and then
the system fails. Furthermore, when the number of total gaps
exceeds the pre-specified value n, the failure of total gaps occurs,
and then the system fails. When either of the two different types
of failures happens, regardless of which one happens first, the
system fails. The two different failures are s-dependent. They can
occur simultaneously. If the system generates more than m con-
secutive gaps and more than n gaps in total at the same time, then
the two different failures occur simultaneously.

The LMCCS-MN is composed of N+ 1 orderly connected nodes. All
the nodes, which can contain MCEs except the last one, are allocated
along a line. The distance between node j € {1, ---, N+ 1} and the first
node is referred as S;, specially S; =0. The distances between the
adjacent nodes are usually unequal. The unit of distance is usually
given such as miles, feet, kilometers or meters according to the need
of engineering practice. The range of the MCE in the node je
{1,---,N} can be from O to X; along the line. All the nodes in the range
of the MCE can be connected directly. Then the most remote location,
with which the node j can be connected directly, can be represented
by the positive r.v. G;=min (S;+X;,Sy41). It is allowed that some
node does not contain any MCE. If the node j does not contain any
MCE, the case can be seen as a disabled MCE contained with the
single state X; = 0. In this case, the most remote location connected
directly with the node j, is the location that the node j itself is allo-
cated, which gives G; =S;.

The node je{1,...,N} can be directly connected with K; differ-
ent locations, which can be represented by the positive r.v. G;. The
vector Gj=gj;, 8k, stands for the vector of different states
corresponding to the node j, where g; is the k-th realization of r.v.
G;. In the vector, the different states are sorted in ascending order.
The vector Pj =pj . ..., pjk, stands for the vector of probabilities of
random realization of G;, where p; is the probability of the r.v. G;
takes the realization gj,, and Zf’: oDjik=1.

Let set E; stands for the set of consecutive nodes {1, ]} The
positive r.v. T; represents the most remote location with which the
nodes in the set E; can be connected. It is equivalent to the max-
imum value of G, ie{1,...j}. It can be written as T; =
max; < <;j{G;}. T; can be obtained by the recursion formula T; =
max{T;_;,G;} for any j>1, where the initial value is To=0 by
definition. If r.v. T; < S, 1, node j+1 is connected with none of the
previous nodes in the set E;, and the gap exists.

The failure of consecutive gaps occurs when none of the nodes,
in the m consecutive nodes {s,s+1, ...,s+m— 1}, can connect with
any previous node. It can be written as
m+s—2

(Tj<Sj1) =1. M
j=s-1

The N+1 nodes in the system can be divided into N—m+1 sets
of m consecutive nodes, which are {2,3,...,m+1}, (3,4,...,m+2},
v, IN+1—m,N+2—m,...,N}, and (N+2—m ,N+3—m,...,N+1},
respectively. If there exists a set of m consecutive nodes, in which
all of the nodes are unable to connect with the previous nodes,
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then the system fails. Thus, the event that the failure of m con-
secutive gaps occurs can be represented as

N+2-m (mys—2
> ( II 1(Tj<sj+1))>0. )
s=2 \J=s-1

The failure of total gaps occurs if at least n nodes in the system
are unable to connect with any previous node. This kind of failure
can be expressed as

N
Z 1(Tj<sj+l) =>n. 3)
=1

Therefore, the system survives when no m consecutive gaps
occurs and the total number of gaps is less than n. The system
reliability can be defined as

N+2-m [mis—2 N
R=Pr{ > (1‘[ 1(Tj<sj+1)>:0,and,Zl(T,-<sj+1)<n . 4
s=2 \J=s-1 j=1
It also can be written as

N+2-m [mys—2 N
R=1-Pr¢ Y < I 1(Tj<5j+])>>0,or,21(TJ-<5j“)zn
j=1

s=2 j=s-1 j=
N+2-m [mys_2

:l—Pr{ > ( I1 1(T,-<s,+])>>o}
s=2 \Jj=s-1

N+t2-m [mys—2 N
+Pr Z ( 11 l(Tj<Sj+1)>>0,and,Zl(TI<Sj+1)2n

s=2 \j=s-1 j=1

N
—Pr{Zl(Tj<Sj+1)zn}A (5)
j=1

j=

3. An algorithm for the reliability evaluation

In this paper, we apply UGF technique for the reliability eva-
luation of LMCCS-MN, since the UGF technique is very effective in
reliability analysis and design of multi-state systems. For more
detail, it can be referred in [32].

The PMF of r.v. G; can be defined by a u-function as follows

Kl

U@ = > pjx2, (6)
k=1

where p;, is the probability of the realization g;}.

The positive r.v. T; represents the most remote location with
which the nodes in the set E; can be connected. Its recursion for-
mula is Tj = max{T;_1,G;} for any j > 1, where the initial value is
To=0.

In order to record the realizations of the random number of
gaps in LMCCS-MN, we define two different integer r.v. C; and D;.
The integer r.v. C; counts the random number of consecutive gaps
from the node j to the previous nodes in LMCCS-MN. The counter
G; increments only when T;j<S;,; and is assigned 0 when
T;>S;.1. The integer r.v. ; can be obtained by the recursion
formula

(0TS ;
7 Cj,1+1,iij<Sj+]7 ( )

for any j > 1, where the initial value is Co =0.

The integer r.v. D; counts the random number of total gaps in
the set E;, where E; stands for the set of consecutive nodes {1, ...,j}
in LMCCS-MN. The counter D; increments only when T; <S; 4. In
other words, it increments once a new gap exists. The integer r.v.

D; can be obtained by the recursion formula

o Dj_],iijZSj+1 3
IZ\ Do+ Lif Ty < Sy @)

for any j > 1, where the initial value is Dy = 0.

Then, we define a random vector W; = (T}, (;,D;) of node j. It
simultaneously records the random number of the most remote
location T; connected to the nodes belonging to the set E;, the random
number of the consecutive gaps C; from the node j to the previous
nodes, and the random number of total gaps D; in the set E;.

Thus, the random vector W; can be obtained by the recursion
formula W; =Q(W;_1,G;) for any j> 1, where the initial value is
Wy = (0,0,0). From Eqs. (7) and (8), the recursion formula W; =
£(W;_4,Gj) can be defined as follows
(max{T;_1,Gj},0,D;_1),if T;j > Sj ;1

Wj=Q(W;-1,6)) = { (max{Tj_1,G;},C_1+1,D;_1+1),if Tj<Sj 1 )

The PMF of random vector W; can be defined by a u-function as
follows:

H; K;
U@ =Y Qnz"n =Y Quzltncnd), (10)
h=1 h=1
where Q;; is the probability of the realization of wj,=
(tj,ha Cj,h= dj,h)v for j: 1, ~~,N,h = 1, ~--,Hj. As PI'{WO = (0, 0, 0)} = 1,
Up(2) = 12000 = z(000) Tp obtain the u-function of the random
vector W}, we can apply the composition operator with function £2
recursively

Hi_\ K
U@ =Uj- 1@ = > > Qj_14p;z®i-1n8is)
h=1k=1
HJ
= 3 Qpzllinindin), an

h=1

for j=1,...,N. The initial value is Uy(z) = 1z(000 = z(0.00),

Note that the realization t;, in the u-function U;(z) of nodej is a
positive value, and takes values from the interval [S;, Sy, ]. Both
the realization of counter ¢;, and the realization of counter d;, are
integer values and cannot exceed j. That is no more than j gaps can
exist in the set Ej, because E; contains only j nodes. Meanwhile, it
holds ¢;, <d;p, for j=1,---,N, because the number of consecutive
gaps c;;, will never exceed that of total gaps d;, in the set E;.

The u-function Uj(z) of node j can contain some terms with the
same exponent. The circumstances arise when different combinations
of realizations of W;_ and G; result in the same W;. These terms are
called the like terms and can be collected. For example, the PMF of
Ws represented by u-function is Us(z)= @5,2>12 +q5,260D +
gs3z7%D. The PMF of Gg represented by u-function is
U6(2) = p12% 4+ Ppg22”. The locations of the nodes are S5 =5, S¢ =6
and S; = 7 respectively. After applying the composition operator (11),
we get the PMF of W represented by u-function

Us(2) = Us(2) ® oUis(2) = (4512512 + 45,200 + ¢53270D) ® o (p6 12° + D6 22”)
6.2.3 6,12 7,0,1 7,02
= CIS,lPG,lZ( )+45_2P6,1Z( )+Q5,3P6,1Z( )+CI5,1P6,2Z( )
7,01 7,01) _ 6.2.3 6.1.2
+QS,2p6,ZZ( )+QS,3P6,2Z( )= ‘JS,1P6,1Z( )+QS.2P6,1Z( )

+(953P61 +952P62 +¢15,3P6,2)Z(7'0’1) +QS,1P6,2Z(7’0’2)~

The result shows that three different combinations of realiza-
tions of W5 and Gg produce Wg=(7,0,1). By collecting the like
terms in the u-function, we can achieve the simplified u-function.
This is an effective way to reduce the computational complexity of
further applications of the composition operators over the
obtained u-function.

Some terms with ¢;, =m in the u-function U;(z) of node j cor-
respond to the event of failure of m consecutive gaps in the set of
nodes E; 1. While, certain terms with d;;, = n in the u-function U;(z)
of node j correspond to the event of failure of n total gaps in the set of
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nodes E; 1. Moreover, a number of terms with ¢;, =m and d;, =n in
the u-function U;(z) of node j correspond to the joint event of failure
of m consecutive gaps and failure of n total gaps in the set of nodes
E; 1. To obtained the probability that the set of nodes E;,; contains
m consecutive gaps or n total gaps, the following operator can be
used over Uj(z) = Zg’:] Qjpz"in,

H; H;
Yinn (Uj(z)) =¥mn (Z Qj,hzwj‘h> =YWmn <Z Qj.hz([]'hycj'mdj’h)>

h=1 h=1
H; Hj
= > lgh=mordin=n)Qn= > 1(Gn=m)Qn
h=1 h=1
H; H;
+ Z 1(dj,h = n)Qj,h — Z 1(Cj,h =m and dj,h = Tl) Qj,h-
h=1 h=1

12)

where 1(A) is an indicator function of A.

The event of system failure is an union of the mutually exclu-
sive failure events ArU<Ar+1ﬂ7Xr) U---U(ANQ/TN,1), where
r=min(m,n) The event A; is that the set of nodes E;,; contains
m consecutive gaps or n total gaps. If the event A; occurs, the
system fails, which is independent of the states of nodes not
belonging to E; , ;. The event A;(A;_; is that the set of nodes E; , ;
contains m consecutive gaps or n total gaps, whereas the set of
nodes E; contains both less than m consecutive gaps and less than
n total gaps. The failure probability of the entire system is

F=Pr{Ar}+Pr{A,+1m/T,}+...+Pr{ANm/TN,1}, 13)

where r = min(m, n).

When j <, the set of nodes E; , ; contains neither more than m
consecutive gaps nor more than n total gaps from node 2. In other
words, when j <r, the number of consecutive gaps is always less
than m, and the total number of gaps is always less than n. Thus,
the event A; cannot occur and Pr{A;} =0 for any j <r.

The probability Pr{A;} = Pr{the set of nodes E,,; contains m
consecutive gaps or n total gaps} can be obtained by the operator
Vmn(Ur@) in (12), where r=min(m,n). The probability
Pr{A]ﬂ/Tj,1} is Pr{the set of nodes E;,{ contains m consecutive
gaps or n total gaps | the set of nodes E; contains both less than m
consecutive gaps and less than n total gaps}. The method of cal-
culation for the probabilities can be referred to the Refs. [2,23]. The
probability Pr {Ajﬂ/_\j,1} can be obtained by the following three
steps:

Step 1. Delete the terms with C;_; = m (excluding the event that
m consecutive gaps exist in the set E;) and the terms with D;_;
=n (excluding the event that n total gaps exist in the set E;), and
the truncated u-function of U;_;(2) can be written as U;_1(2).
Step 2. Apply the operator ® o in (11) over the truncated u-
function U;_1(z) and u-function uj(z), and Uj(z) = U; _1(2)® ou;(2)
is obtained.
Step 3. Apply the operator v, ,(Uj(z)) in (12) over the u-
function Uj(z), and the probability Pr{A;(A;_; ; is obtained.
The reliability of LMCCS-MN can be obtained by the following
recursive algorithm with four steps, when the PMF of G; is given
for 1 <j < N. The algorithm of reliability evaluation for LMCCS-
MN is referred to the Refs. [2,23]. It is as follows:

Step 1. Get the u-function of G; from the G;, P; and Eq. (6), for

1<j<N.

Step 2. Assign Ug(2) = 2000 F = 0.

Step 3. For 1, ...,N: apply Uj(z) = U;_1(2) ® ou;(2), add the value

Wmn(Uj(@) to F, delete the terms with C;=m and the terms

with D;j =n from Uj(z), and then collect the like terms.

Step 4. Gain R=1-F.

4. Computational complexity of the proposed algorithm

In the algorithm of reliability evaluation, the operator ® o
should be applied over u-function U;_(z) and u;(z), forj=1,...,N.
It has been used N times. The computational complexity of each
operator is proportional to the product of the numbers of the
terms in the u-function U;_1(2) and u;(z). Then the total compu-
tational complexity is proportional to

N
> U@ [us2)1. (14
j=1
In the most complicated situation, each r.v. G; can take all
possible values from j to N+1

[ui@|=N—j+2. (15)

The r.v. T; takes values from the interval [S;, Sy 1]. Assume that
the realizations of T; are separately in different intervals
[(Sj,SjH), [(Sj+],5j+2)7 RN [(SN,SN+1), [SN+1,5N+]]- Tj has no more
than N—j+2 different realizations. The counter C; takes no more
than min(j, m) integer values from 0 to m—1 , while the counter D;
takes no more than min(j, n) integer values from 0 to n— 1. This is
because when the counter C; is m or the counter D; is n, the terms
in the u-function U;_(z) will be removed. Thus,

|Uj—1(@)] = (N—j+2) x min(j, m) x ming, n). (16)

The total computational complexity is proportional to

N N
> IUim 1@ @) = Y (N=j+2)(N—j+3) x minG—1,m)
j=1 j=1

N
xminG—1,m) < > (N—j+2)(N—j+3)
=1

mn(N+ 1)(N-3i—2)(N+3)

xmn= —-2mn. 17)

Therefore, according to the Eq. (17), the computational com-
plexity of the proposed algorithm is polynomial, increases with m,
n and N. It is not faster than O(mnN?), where m is the allowed
number of consecutive gaps, n is the allowed total number of the
gaps and N is the number of nodes that can host MCEs. The
computational complexity of the mGCCS model in Ref. [23] is
o(N3), while that of the LMCCS-N model in Ref. [2] is O(n2N2>.
The computational complexity of the proposed algorithm is higher
than that of both the mGCCS model and the LMCCS-N model. Since
the two different types of failures are involved in the proposed
model, which increases the complexity of algorithm and the
amount of calculation.

5. Illustrative examples
5.1. Analytical example

Consider an LMCCS-MN of five nodes (N+1 = 6). The locations
of the nodes are S; =0, S, =2,53 =3,54=4,S5 =5, and Sg = 6. The
distance between the first node and the second node is 2, while
the other distances between the adjacent nodes all equal to 1. The
system fails if either the event of two consecutive gaps (m=2)
or the event of three total gaps (n = 3) exists. The PMF of the first

0 1 2 3 4 5 6 7
Fig. 3. Analytical example of LMCCS-MN.
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five nodes are G; ={0,1,2}, P1 = {p;1,P12. P13}, G2=1{2,3}, P, =
{P21:P22}.G3 =3}, P3={1}G4=1{4,5}, Ps={ps1.p42},G5=
{5,6}, and P5 = {ps 1,ps, }. The structure is show in Fig. 3.

Following Step 1 of the algorithm of reliability evaluation, the
u-functions of the nodes are

U1(2) = p112°+p1 22" +p137%
Uz(2) = P12 +D,7°,
U3(2) = 2°,U4(2) = Py 1 2% + D42 2°,

Us5(2) =Ps 4 z +P5,226-

Then we assign Uy(z) = 200 F = 0, and apply the operator ® o
in (11) recursively, U1(z), U2(2), U3(2), U4(z), Us(z) and truncated u-
functions U,(z), U5(z), U4(z) are obtained, which can be seen in the
Appendix in detail. From their relation with F the failure prob-
ability of LMCCS-MN is obtained,

F=ps14P22P41+ (P1.1+D12)P22P42P51-
and the reliability of LMCCS-MN is

R=1-F=1-py1—pP22Pa1— (P11+P12)P22P12P51-

5.2. Numerical example

Considering a linear wireless sensor network, sensors are
allocated to the non-uniform distributed nodes along a line. The
linear wireless sensor network consists of N+1 =11 nodes. The
distances S; between node j and the first node are shown in
Table 1. Each of the first 10 nodes can contain a sensor, which
provides a downstream connection with other nodes along a line.
The linear wireless sensor network can be seen as a simple
LMCCS-MN model. It fails if there exist at least m consecutive gaps
or n total gaps. The PMF of X; and the corresponding G; for all the
sensors are listed in Table 2. The nodes 3 and 6 are empty, which is
actually equivalent to allocating dummy sensors represented with
Pr{X;=0}=1.

Table 3 gives the values of the system reliability of LMCCS-MN
as function m and n. The values of the system reliability in the first
row and the first column are all equivalent to 0.02514. This indi-
cates that the LMCCS-MN reduces to the traditional LMCCS model
when m=1 or n=1, where no gap is allowed. The value in the
third row and the fourth column is 0.5623, which means the
reliability of the LMCCS-MN system with the constraints of m=3
consecutive gaps and n =4 total gaps in the example. In the last
column the constraint of n= N total gaps is in vain and only the
constraint of m consecutive gaps is effective. The LMCCS-MN
system model with n=N is still different from the mGCCS model
[23]. The proposed LMCCS-MN model can deal with the non-
uniform deployment of the system nodes, while the mGCCS model
only deals with the uniform deployment of system nodes. The
mGCCS model is a particular case of the proposed LMCCS-MN
model. In each column, all the entries below the main diagonal are
identical to the one on the main diagonal. In fact, the number of
consecutive gaps is no more than the number of total gaps in the
LMCCS-MN system. Thus, when m > n, the LMCCS-MN model is
only subject to the constraint of n total gaps. A particular case of
this situation is the LMCCS-N model [2]. The LMCCS-N model only

Table 1
The distance S; between node j and the first node.

St S22 S3 S4 S5 S Sz Ss  So S0 Su

Distances 0 4 6 10 18 26 30 36 40 44 50

Table 2
PMF of X; and G; for the numerical example.

Index of sensors State no. 1 2 3 4 5
1 P 0.3 0.7 - - -
X 0 5 - - -
G 0 5 - - -
2 P 0.2 0.1 0.4 0.3 -
X 0 2 4 6 -
G 4 6 8 10 -
3 P 1.0 - - - -
X 0 - - - -
G 6 - - - -
4 P 0.25 0.05 0.4 0.3 -
X 0 4 8 10 -
G 10 14 18 20 -
5 P 0.08 0.2 0.15 0.45 0.12
X 0 4 8 12 16
G 18 22 26 30 34
6 P 1.0 - - - -
X 0 - - - -
G 26 - - - -
7 P 03 0.1 0.1 0.5 -
X 0 4 5 7 _
G 30 34 35 37 -
8 P 0.05 0.25 0.7 - -
X 0 5 10 - -
G 36 11 46 - -
9 P 0.6 0.4 - - -
X 0 6 - - -
G 40 46 - - -
10 P 0.25 0.75 - - -
X 0 8 - - -
G 44 50 - - -

deals with the uniform deployment of system nodes. The entries
above the main diagonal are of great interest. This shows that
when 1 <m <n <N, the LMCCS-MN model is subject to the dual
constraints. A particular case of this situation is the m/nCCS model
[24], which is subject to the combined gap constraints. The m/
nCCS model allows uniform deployment of system nodes, while
the proposed LMCCS-MN model allows non-uniform deployment
of system nodes. Fig. 4 indicates that the reliability of the model
first increases with the constraint of m when m < n and eventually
reaches an a stable value when m>n. Fig. 5 shows that the
reliability of the model first increases with the constraint of n and
eventually reaches a stable value.

5.3. Optimal element allocation of the numerical example

Subject to the given sensors, the reliability of the system can be
greatly affected by the allocation of sensors among the system
nodes. The reliability of the system can be enhanced by reallo-
cating the sensors to the system nodes. The optimal allocation for
the LMCCS-MN is very valuable and can provide some good
reference for the design of LMCCS-MN systems. The optimal allo-
cation problem of N sensors in the LMCCS-MN with N nodes is a
complicated optimization problem. The number of all possible
solutions for the problem is N!. Considering the algorithm of
reliability evaluation, the computational complexity of the optimal
allocation problem is O(mnN3 x N!). It is not practical to use the
brute-force with an exhaustive examination of all possible solu-
tions in a reasonable time constraint. The heuristic search algo-
rithms are widely applied to optimize engineering problems. As a
heuristic search algorithm, genetic algorithm (GA) has strong
global search ability, and has been proved an efficient optimization
tool in reliability engineering [22]. In this paper, we adopt the
package for GA in Ref. [33]. Without optimal allocation, the relia-
bility of the system in the Table 3 in the Section 5.2 is 0.56230,
when m=3 and n=4. Table 4 gives two optimal element



H. Yu et al. / Reliability Engineering and System Safety 150 (2016) 35-43 41
Table 3
LMCCS-MN reliability as function of m and n.
m n
1 2 3 4 5 6 7 8 9 10
1 0.02514 0.02514 0.02514 0.02514 0.02514 0.02514 0.02514 0.02514 0.02514 0.02514
2 0.02514 0.13405 0.2883 0.37187 03872 038725 0.38725 0.38725 038725 038725
3 0.02514 0.13405 0.34512 0.5623 0.68492 0.71978 0.72439 0.72452 0.72452 0.72452
4 0.02514 0.13405 0.34512 0.59573 0.78552 0.876 0.90216 0.90617 0.90643 0.90643
5 0.02514 0.13405 0.34512 0.59573 0.80358 0.91542 0.95129 0.95759 0.95807 0.95807
6 0.02514 0.13405 0.34512 0.59573 0.80358 0.92844 0.9759 0.98594 0.98691 0.98692
7 0.02514 0.13405 0.34512 0.59573 0.80358 0.92844 0.98151 0.9948 0.99639 0.99646
8 0.02514 0.13405 0.34512 0.59573 0.80358 0.92844 0.98151 0.99679 0.99937 0.99954
9 0.02514 0.13405 0.34512 0.59573 0.80358 0.92844 0.98151 0.99679 0.99965 0.99988
10 0.02514 0.13405 0.34512 0.59573 0.80358 0.92844 0.98151 0.99679 0.99965 1
1 TV Table 4
Optimal allocation of the numerical example, when m=3 and n=4.
0.9
Allocations  Nodes index Reliability
0.8 K
1 2 3 4 5 6 7 8 9 10
0.7
1 7 2 5 6 10 8 3 4 1 9 077888
2 7 2 5 3 10 8 6 4 1 9 077888
5 0.6 D
§ 0.5
2 0 the nodes in the numerical example are empty. They can be seen
' as two dummy sensors, which remain the failure state with
0.3 probability being equal to 1. The sequences of dummy sensors do
not affect the reliability of system. Thus, different kinds of allo-
0.2 cations can result in the same optimal reliability.
0.1
0 6. Conclusions
2 4 6 8 10
m

reliability

n

Fig. 5. Reliability as function of n for different m.

allocation of the numerical example, when m =3 and n = 4. After
applying the optimal element allocation, the reliability of the
LMCCS-MN in the numerical example in the Section 5.2 is raised to
0.77888. The reliability of the LMCCS-MN increases 38.52% by the
optimal element allocation. Meanwhile, it can be seen that the
optimal allocation can be more than one. The reason is that two of

Considering the dual constraints of m consecutive gaps and n
total gaps in practice, the paper introduces the LMCCS-MN model,
which is a generalized model of the LMCCS. The proposed LMCCS-
MN model deals with the non-uniform deployment of system
nodes. The LMCCS-MN fails if it meets either of the two con-
straints. In this paper, two different types of failures: the failure of
consecutive gaps and the failure of total gaps are studied. In order
to evaluate the system reliability, the universal generating function
technique is adopted in the reliability evaluation algorithm. The
computational complexity of the suggested algorithm is poly-
nomial and is less than O(mnN®), where m is the allowed con-
secutive number of gaps, n is the allowed total number of gaps,
and N is the number of nodes in the system. The algorithm can be
used to evaluate the system reliability and to search the optimal
allocations of the LMCCS-MN, which is shown by illustrative
examples in Section 5.

The proposed LMCCS-MN model can be applied to the fluid
transportation systems, wireless communication systems, sensor
systems and logistics systems. One limitation of the proposed
LMCCS-MN model is that it is only effective and suitable for the
linear consecutively-connected system with one source and one
sink. In real engineering applications, some wireless sensor net-
works would provide connection between one source node and
more than one sink nodes or between one sink node and more
than one source nodes [34-36]. In the further researches, the
LMCCS-MN model can be extended to evaluate the wireless sensor
networks with multiple source nodes or multiple sink nodes, and
the circular multi-state consecutively-connected system. If a gap
exists before the node j in the LMCC-MN model, the distance
between the location of the node j and the most remote location
covered by the nodes ahead of the node j is referred to as the size
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of the gap. In the proposed LMCCS-MN model, we consider the
unevenly distributed nodes subject to the number of gaps con-
straints, but we do not involve the size of a gap. In the further
researches, the size of a gap constraint should be involved in the
LMCCS model. In addition, the phased-mission and elements
maintenance can be taken into account in the future searches.
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Appendix

According to the algorithm of reliability evaluation in Section 3
and the u-functions of the nodes, assign Ug(z) = z%%9 F =0, and
apply the operator ® o in (11) recursively. U;(2), U2(2), Us(2), U4(2)
,Us(z) and truncated u-functions U,(z), U3(2), U4(z) are obtained as
follows:

Forj=1: S; =2
U1(2) = Up(@) @ ou1(2) =2%%0 ® o (1 12+ 1 22" +D132%)

=p1a2O0 4 py 21D 4 py 52200

Forj=2: S3=3

Uz(2) = U1(2) ® oua(2)
= (P1,1 Z(O’]'])+P1,2Z“'l’1) +P1,3Z(2’0'0)) ®a (Pz,l z? +P2,223)

222 222 21,1 3,01
=P1,1P2,1Z( )+P1,2P2,1Z( )+P1,3P2,1Z( )+P1,1P2,2Z( )

3.0.1 3.00) _ 222
+P1,2P2,2Z( )+P1,3p2,22( ) = (pl,l +P1,2)P2,1Z( )
+p],3p2712(2’]’1’+ (P14 +P1,2)P2,2Z(3’0’1)+P1,3P2‘22(3’0’0)v

The term (p;;+pi,)p,123%? corresponds to the failure of
LMCCS-MN. The value y,5(U3(2)) = (p1,1+P12)P21 is added to F.
After removing the term corresponding to the system failure, the
truncated u-function U,(z) is
Uy(z)= P1,3P2,1Z(2’]’1) + (P14 +P1,2)P2,2Z(3’0’1) +P1,3P2,2Z<3’0'0)-

Forj=3: S4=4

Us(2) = U2 ®qus(@) = (P1‘3P2,1Z(2’]’1) + (P14 +P1,2)P2,zz(3’0’])
+P13P227%%9) ® (23) =P13D21 2622 4 (P11 +P1,2)P2,2Z(3’]'2)

+P1,3P2,2Z(3’]’1)~

The term p; 3p, ;2322 corresponds to the failure of LMCCS-MN.
The value y,3(U3(2)) =p; 3Py is added to F. After removing the
term corresponding to the system failure, the truncated u-function
Us(2) is

Us(z) = (P1.1+P12)P2223 1P + Dy 3P0 0.
Forj=4: Ss=5
Us(@) = U39 ® qua@)
= ((Pm +p1,2)p2,22(3’1'2) +P1,3P2,22(3’1’1)) ®0 (174,1 z* +P4‘225)
= (P1,1 +p1,2)P2,2P4,1 z(423) +D13P22P41 z*422
+ (Pl,l +P1,2)P2,2P4,2Z(5’0’2) +P1,3P2,2P4,2Z(5’0’])~

The term (p;;+P12)P22P412*>> and term p;sp,,ps,2%2?
correspond to the failure of LMCCS-MN. The value v, 3(U4(2)) =

(P11 4+D12)P22Da1+D13D22P41 =D22Ps1 is added to F. After
removing the terms corresponding to the system failure, the

truncated u-function U4(z) is

Us2)= (P14 +P1,2)p2,2p4,22(5’0’2) +P1,3P2,2P4,22(5’0’1)-
For j=5: S¢=6
Us(2) = Us()® quis(@)

=((P1a +P1,2)P2,2P4,2Z(5‘0'2’+P1,3P2,2P4,22(5’0’1)) ®Q(P5,125+P5,226)
513 51,2
= (P11 +P1,2)P2,2P4,2P5,1Z( )+IJ1,3P2,2P4,2P5,1Z( )
6,02 6.0,1
+ (P11 +P1,2)IJ2,2P4,2P5,22( )+P1,3P2,2P4,2P5,22( ).

The term (p; 1 +P13)P22P42Ps12>1 corresponds to the failure
of LMCCS-MN. The value w,3(Us(2)) = (P11 +P12)P22Pa2Ps1 1S
added to F. Hence, the failure probability of LMCCS-MN is

F=py1+DP22P41+ (P11 +DP12)P22D42D51-
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