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In calculus it is sometimes necessary to treat a function as a composition of
two functions. The next example shows how this can be done.

_ Finding Functions That Form a Given Composite
Find functions f and g such that
(feg)(x) = (x* —5)' —4(x* = 5) + 3.

SOLUTION Note the repeated quantity . If we choose
and f(x) = x* — 4x + 3, then we have the following.
(feg)x)
= fla(x))
= 1 )

= (=SP4 -5} +3

There are other pairs of functions f and g that also satisfy these conditions. For
instance,

fx)=(x=5P—-4(x=5)+3 and g(x)=x%
v Now Try Exercise 99.

—

Exercises

CONCEPT PREVIEW Withour using paper and pencil, evaluate each expression given
the following functions.

f(x)=x+1 and g(x)=x?

L (f+g)(2) 2 (f-2)(2) 3. (fe)(2)
f
+ (Do 5. (F8)2) 6 (59))
CONCEPT PREVIEW Refer to functions f and g as described in Exercises 1-6, and
find the following.
7. domain of f 8. domain of g 9. domainof f + g 10. domain ofﬁ

Let f(x) = x> + 3 and g(x) = —2x + 6. Find each of the following. See Example 1.
1L (f+g)(3) 1. (F+g)(-5) 13 (f-g)(-1) 14 (f-g)(4)

s gow e oey o (Den s (D

For the pair of functions defined, find (f + g)(x), (f — g)(x). (fg)(x), and (;—r)(x)
Give the domain of each. See Example 2.

19. f(x)=3x+4 g(x)=2x—35 20. f(x)=6—3r, g(x)=—4x+1

21. f(x)=2x*—3x, g(x)=x>—x+3 22, f(x)=4x2+2x, g(x)=x2-3x+2

23. f(x) = Vdx—1, 3(1):% 24. f(x)=V5x—4, gx)= f%
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Associate’s Degrees Earned The graph shows Associate's Degrees Earned
the number of associate s degrees earned (in thou- ¥
sands) in the United States from 2004 through

1200
2012. %

2 - 1000

05
M(x) gives the number of degrees earned by males. & § 80|
F(x) gives the number earned by females. - _E :::; EM( ;

] I M(x
T(x) gives the total mumber for both groups. E 8 200 i
25. Estimate M(2008) and F(2008), and use 2004 2006 2008 M0 2012
the results to estimate 7(2008). Year

Source; National Center for

26. Estimate M(2012) and F(2012), and use Education Statistics.
the results to estimate T(2012).

27. Use the slopes of the line segments to decide in which period (2004-2008 or

2008-2012) the total number of associate's degrees earned increased more rapidly.

28. Concept Check Refer to the graph of Associate's Degrees Earned.
If 2004 < k < 2012, T(k) = r,and F(k) = 5. then M(k) = — .

Science and Space/Technology Spending The graph shows dollars (in billions) spent
for general science and for space/other technologies in selected years.

G(x) represents the dollars spent for general science.
S(x) represents the dollars spent for space and other technologies.

T(x) represents the total expenditures for these two categories.

29. Estimate (T — §)(2000). What does this Science and Space Spending
function represent? ¥
30. Estimate (T — G)(2010). What does this E 2 B s )
ail sent? - Eoadifisiaimb -
function represent? 2 ;(‘: I /_—-
31. In which category and which period(s) % 2;] " R
does spending decrease? &
32. In which period does spending for T(x) é 10
increase most? 8 5[

i H i .
1995 2000 2005 20000 2015
Year
Source: U.S. Office of Management and Budget.

Use the graph to evaluate each expression. See Example 3(a).

B.o@ [+ ) F—g() M@ (f+20) ® (F-g(-1)
© (f)0) @ (9(1) G - G)(z)

Lo
=l
cheyn
.1
.
|
1
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35. (@) (F+g)(—1) M) (f—g)(-2) 36. (@) (f+g)(1) () (f—g)0)
@uo @ (Lo @ vy @ (Ho

_J__Z_\;;
Bl

Use the table 1o evaluate each expression in parts (a)—(d), if possible. See Example 3(b).

@ (f+£)2) () (f - £)(4) © (fe)(-2) (@ (i)(u)

3. x| f(x)|8(x) B x| fx) &)
2 o[ & -2 [ -a] 2
o[ 5] o 0| 8-l
2| 1] -2 2| 5| a
s 1w0] s 4 0

39. Use the table in Exercise 37 to complete the following table.

x|+ ¢ - 0W| | (f)w

Lo L =

40. Use the table in Exercise 38 to complete the following table.

| F+aE| ¢ -2 | U] ()

]

41. Concept Check How is the difference quotient related to slope?

42. Concept Check Refer to Figure 93. How is the secant line PQ related to the tangent
line to a curve at point P?

flx+h) — f(x)

For each function, find (a) f(x + k). (b) f(x + k) — f(x). and (c) h
See Example 4.
43. f(x)=2-x 4. fx)=1-x 45. f(x)=6x+12

46. f(x) =4x+11 47. f(x)=-2x+5 48. f(x)=—4x+2
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49. f(x)= I: 50. f(x) = % 51. f(x) =x2
52. f(x)=—-x? 53 f(x)=1—-4x? 54. f(x) =1+ 242
55. f(x) =x2+3x+ 1 86. f(x)=x'—4x+2

Let f(x) = 2x — Y and g(x) = —x + 3. Find each function value. See Example 5.
57. (feg)(4) 58. (f-£)(2) 59. (fog)(-2) 60. (g°f)(3)
61. (g°£)(0) 62. (g°f)(-2) 63. (fo£)(2) 64. (gog)(-2)

Concept Check The tables give some selected ordered pairs for functions f and g.

x 3141|6 x 217 I 9
F(x)] 1 319 gx)3]6]|9]12

Find each of the following.
65. (fog)(2) 66. (fog)(7) 67. (g21)(3)
68. (g f)(6) 69. (fof)(4) 70. (gog)(1)

71. Concept Check Why can we not determine (f = g)(1) given the information in the
tables for Exercises 65-70?

72. Concept Check Exlend the concept of composition of functions to evaluate
(g ° (feg))(7) using the tables for Exercises 65-70.

Given functions f and g, find (a) (f° g)(x) and its domain, and (b) (g < f)(x) and its
domain. See Examples 6 and 7.

73 f(x)=—6x+9, g(x)=5x+7 M. f(x)=8x+12, g(x)=3x—1

7. f(x)= Vi glx)=x+3 76. f(x)= Vi glx)=x—1

7. f(x)=x% gx)=x*+3x-1 8. fix)=x+2, glx)=x*+x2-4
79. f(x)=Vx—1, g(x)=3x 80. f(x)=Vx—2 g(x)=2x

81. f(x)= %. g(x)=x+1 82. f(x)= %. glx)=x+4

83. f(x)=Vx+2 gx)= —% 84. flx)=Vx+4, glx)= —%

85. 5 = Vx g0 =—= 86. f() = Vx g0 =—

81, £ = 15 s = 8. ()= . )=

89. Concept Check Fill in the missing entries in the table.

x | fix)| a(x) | 2(F(x))
1] 3|2 7

1] 5
3|2
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4. For each basic function graphed, give the name of the function, the domain, the
range, and open intervals over which it is decreasing, increasing, or constant.

(a) b (b) ¥

5. (Modeling) Long-Distance Call Charges A certain long-distance carrier provides
service between Podunk and Nowheresville. If x represents the number of minutes
for the call, where x > 0, then the function

f(x) =040[x] + 0.75

gives the total cost of the call in dollars. Find the cost of a 5.5-min call.

Graph each function.

Vx ifx=0
2x+3 ifx<0

6. f(x)= { Tfx)=-+1 8 f(x)=2lx-1]/+3

9. Connecting Graphs with Equations The func- :
tion g(x) graphed here is obtained by stretching, ]
shrinking, reflecting, and/or translating the graph 1
of f(x) = V. Give the equation that defines this | =4
function.

w o] =

b i e
4

10. Determine whether each function is even, odd, or neither.

@ f(x)=x2-7 b) flx)=x*—-x—-1 (c) flx) =x10" —x¥

| Function Operations and Composition

m Arithmetic Operations
on Functions
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Quotient
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DVD Production
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l;a 20 30 40
DVDs (in thousands)

Figure 92

* Arithmetic Operations on Functions  Figure 92 shows the situation for
a company that manufactures DVDs. The two lines are the graphs of the linear
functions for

revenue R(x) = 168x and cost C(x) = 118x + 800,

where x is the number of DVDs produced and sold, and x, R(x), and C(x) are
given in thousands. When 30,000 (that is, 30 thousand) DVDs are produced and
sold, profit is found as follows.
P()=R()-C()
PL)=R()—C()
P(30) = 5040 — 4340
P(30) =700
Thus, the profit from the sale of 30,000 DVDs is $700,000.
The profit function is found by subtracting the cost function from the

revenue function. New functions can be formed by using other operations
as well.
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Operations on Functions and Domains

Given two functions f and g, then for all values of x for which both f(x)

and g(x) are defined, the functions f + g, f — g, fg. and i* are defined as
follows.

F +8)(x) = S(x) + g(x)

G gllE) = 50) — )
Ue)x) = £(6) - 8(x)
(£)e = ;% £(x) # 0

The domains of f + g, f — g, and fg include all real numbers in the
intersection of the domains of f and g, while the domain of‘:- includes

those real numbers in the intersection of the domains of f and g for which
g(x)#0.

NOTE The condition g(x) # 0 in the definition of the quotient means
that the domain of (‘%)(r) is restricted to all values of x for which g(x) is not

0. The condition does nor mean that g(x) is a function that is never 0.

E‘ ' __Using Operations on Functions

Let f(x) = x> + 1 and g(x) = 3x + 5. Find each of the following.

@ (f +g)(1) ®) (f—g)(-3) (© (fg)(5) (@ (ﬁ)(o)

SOLUTION
(a) First determine f(1) = ' and g(1) = 8. Then use the definition.
(F +)(1)
= f(1) +g(1)
= +8 e(1)=3(1)+5
=10
®) (F-g)( )
= fl—3)—#(-3)
=10—(—4)
=14
(© (£8)(5)
= f(5) - &(5)
=(52+1)(3-5+5)
=26-20

=520
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-~

) (E)(O)

_1O 1) o S0
£(0)
02+ 1

3(0) + 5

# Now Try Exercises 11,13, 15, and 17.

[

A | —

(L. usingOperations on Functions and Determining Domains _
Let f(x) = 8x — 9 and g(x) = V 2x — 1. Find each function in (a)-(d).

@+ O F-g© © f@Dx) @ (‘gf)m

(e) Give the domains of the functions in parts (a)~(d).

SOLUTION
@ (f+g)(x) M) (f—g)(x)
= + g(x) = f(x) — g(x)
= + V-1 —8x-9-V2xr—1
© ()0 @ (ﬁ)(.r)
= f(x) - g(x) f(x)
= (8x—9)V2x - 1 )
_ Bx-9
B V2x—1

(e) To find the domains of the functions in parts (a)—(d), we first find the domains
of fand g.

The domain of f is the set of all real numbers (—o, =).

Because g is defined by a square root radical, the radicand must be non-
negative (that is, greater than or equal to 0).

glx)=V2x—1
2x— 1
1
&
2

Thus, the domain of g is [% 30).

The domains of f + g, f — g, and fg are the intersection of the domains
of f and g, which is

1 1
— n|—- =|—- A
( ao,x) |:2,oc) |:2,oc)
The domain of £ includes those real numbers in the intersection above for

which g(x) = V2x — 1 # 0—that is, the domain of:? is G, 00}.
W Now Try Exercises 19 and 23.
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"_ AN 2 Evaluating Combinations of Functions

If possible, use the given representations of functions f and g to evaluate

GHO@. ¢-oe2. gom. wa (Lo

@ . ® x |s)] sx)
- .,-.--;r; —2 | =3 | undefined
] ] 0] 1 0
ARV AR 1] 3 I
Y = g(x) 4 9 2
IR
- ff’—ll ' © fx) =20+ 1, g(x) = Vax
=3
AT
SOLUTION
(a) From the figure, = andg(4) =2
(f+2)(4)
= +8(4)
=42
=11
For (f — g)(—2). although =, g(—2) is undefined because —2

is not in the domain of g. Thus (f — g)(—2) is undefined.
The domains of f and g both include 1.

(fe)(1)
= - &(1)
=]

=3

The graph of g includes the origin, so g(0) = 0. Thus (;’)(0) is undefined.

(b) From the table, f(4) = 9 and g(4) = 2.
(f +2)(4)
=f(4) +2(4)
=9+2
=11
In the table, g(—2) is undefined, and thus (f — g)(—2) is also undefined.

(f2)(1)
= f(1) - g(1)
=3-1
=3
The quotient function value (g)(O) is undefined because the denominator,
£(0), equals 0.
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(c) Using f(x) =2x+ landg(x) = Vx, we can find (f + g)(4)and (fg)(1).
Because —2 is not in the domain of g, (f — g)(—2) is not defined.

(f+e)4) (fe)(1)
= f(4) +g(4) = f(1) - &(1)
=(2-4+1)+ V4 =@2-1+1)-V1
=9+2 =3(1)
=11 =3
(i)(ﬂ) is undefined since g(0) = 0. ¥ Now Try Exercises 33 and 37.

TheDifference Quotient  Suppose a point P lies on the graph of y = f(x)
as in Figure 93, and suppose / is a positive number. If we let (x, f(x)) denote the
coordinates of Pand (x + h, f(x + h)) denote the coordinates of @, then the line

¥ joining P and Q has slope as follows.

e+ ) - £(x)

Secant line

(x+h)—x
|
| =
: nr:f—(x+h; f(x), h#0

0 |—h ]

This boldface expression is the difference quotient.

Figure 93 Figure 93 shows the graph of the line PQ (called a secant line). As &
approaches 0, the slope of this secant line approaches the slope of the line tangent
to the curve at P. Important applications of this idea are developed in calculus.

C: Finding the Difference Quotient "
Let f(x) = 2x? — 3x. Find and simplify the expression for the difference quotient,
flx+h) = £(x)
Y
SOLUTION We use a three-step process.

Step 1 Find the first term in the numerator, f(x + k). Replace x in f(x) with
x+h

o0
=2+ 1= 3 + 1)
Step 2 Find the entire numerator, f(x + h) — f(x).

fe )= 1)
=[2(x+h)2—3(x+h)] — (2x*> — 3x)
=2(x? + 2xh + 1) — 3(x + h) — (2x2 — 3x)

Remember this term =

=2x2 +4xh + 21° —3x — 3h — 247 + 3x
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LOOKING AHEAD TO CALCULUS
The difference quotient is essential in
the definition of the derivative of a
function in calculus. The derivative
provides a formula, in function form,
for finding the slope of the tangent line
1o the graph of the function at a given
point.

To illustrate, it is shown in calcu-
lus that the derivative of

flx)=x2+3
is given by the function
f'(x) = 2x.

Now, f'(0) = 2(0) = 0, meaning that
the slope of the tangent line to f(x) =
x% + 3at x = 0is 0, which implies that
the tangent line is horizontal. If you
draw this tangent line, you will see that
it is the line y = 3, which is indeed a

horizontal line.

CHAPTER 2 Graphs and Functions

Step 3 Find the difference quotient by dividing by h.

h
h(4x + 2h — 3)
h

=4xr+2h—-3

¥ Now Try Exercises 45 and 55.

CAUTION In Example 4, notice that the expression f(x + &) is not
equivalent to f(x) + f(h). These expressions differ by

flx+h)=2(x+h)?—-3(x+h)=2x + 20— 3x— 3h
Ff(x) + f(h) = (2x> = 3x) + (27 = 3h) = 2x2 = 3x + 20> = 3k

In general, for a function f, f(x + h) is not equivalent to f(x) + f(h).

Composition of Functions and Domain  The diagram in Figure 94
shows a function g that assigns to each x in its domain a value g(x). Then another
function f assigns to each g(x) in its domain a value f(g(x)). This two-step proc-
ess takes an element x and produces a corresponding element f(g(x)).

- #'#'ﬁ -

Figure 94

The function with y-values f(g(x)) is the composition of functions f and g,
which is written f o g and read “f of g” or “f compose g”’.

Composition of Functions and Domain

If f and g are functions, then the composite function, or composition, of f
and g is defined by

(£ £)(x) = fle(x))-
The domain of f ° g is the set of all numbers x in the domain of g such that
g(x) is in the domain of f.

As a real-life example of how composite functions occur, consider the
following retail situation.

A $40 pair of blue jeans is on sale for 25% off. If we purchase the jeans before
noon, they are an additional 10% off. What is the final sale price of the jeans?

We might be tempted to say that the jeans are 35% off and calculate
$40(0.35) = $14, giving a final sale price of

$40 — S14 = 326.

Incorrect
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The screens show how a
graphing calculator evaluates
the expressions in Example 5.
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$26 is not correct. To find the final sale price, we must first find the price after
taking 25% off and then take an additional 10% off that price. See Figure 95.

glx)=x-025x Sl =x-0.10x

Function g Function f
Input original takes 25% takes an Output sale
price off. aﬂ‘:“;_m’;'?l price
ofl.
$40 —;.]: — Z.—.}E j—-} $27
(40) [ ]
54(1-(12514()1 =30=0.10030)
=40-10 =30-3
= =27
(fo )40y =f =fi =27
Figure 95
L. ] Evaluating Composite Functions
Let f(x) = 2x — 1 and g(x) = ; 3 e
(a) Find (f°g)(2). (b) Find (g° f)(—3).
SOLUTION
(a) First find g(2): =t A
IDHINELEL ) “F—1 1
Now find (f = g)(2).
(fog)2)
=f(2(2)}
=£(")
=2(1) -1
=7
®) (g°)(-3)
= g(f(=3))
=g[2(-3)—1] f(-3)=2(-3)-1
=g(-7)
4
I
1
= _5 v/ Now Try Exercise 57.

t:‘ Determining Composite Functions and Their Domains
Given that f(x) = Vx and g(x) = 4x + 2, find each of the following.
(a) (feg)(x) and its domain (b) (g° f)(x) and its domain
SOLUTION
@ (fog)(x)

= flg(x))

= f(4x +2)

=Viax+2 x
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The domain and range of g are both the set of all real numbers, (—2, x).
The domain of f is the set of all nonnegative real numbers, [0, ). Thus,
2(x), which is defined as 4x + 2, must be greater than or equal to zero.

4x + 2
The radicand must
be nonnegative. 1
x=—=

2

Therefore, the domain of fo g is [ = %. W).

(b) (g° f)(x)
=g(f(x))
=g(Vx)
=4V +2

The domain and range of f are both the set of all nonnegative real numbers,

[0, =). The domain of g is the set of all real numbers, (—2, =), Therefore,

the domain of g o f is [0, ). v Now Try Exercise 75.

E_Daerminlng Composite Functions and Their Domains
Given that f(x) = ; 6 5 and g(x) = I; find each of the following.
(a) (f°g)(x) and its domain (b) (g ° f)(x) and its domain
SOLUTION
@ (fog)(x)

= f(g(x))

() ot

The domain of g is the set of all real numbers except 0, which makes g(x)
undefined. The domain of f is the set of all real numbers excepr 3. The
expression for g(x), therefore, cannot equal 3. We determine the value
that makes g(x) = 3 and exclude it from the domain of f o g.

—=3

X

1 =3x
1

==
3

3 : 1
Therefore, the domain of f ¢ g is the set of all real numbers except 0 and 3,
written in interval notation as

(=2, 0) U (o, %) u (;— ac).
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LOOKING AHEAD TO CALCULUS
Finding the derivative of a function
in calculus is called differentiation.
To differentiate a composite function
such as
hix) = (3x+2)4%,

we interpret f1(x) as (f ¢ g)(x), where

glx)=3x+2 and f(x)=x"

The chain rule allows us to differenti-
ate composite functions. Notice the use
of the composition symbol and func-
tion notation in the following, which
comes from the chain rule.
If h(x) = (fo g)(x). then
k' (x) = ['(g(x)) - &'(x)-
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(b) (g°f)(x)
= g(f(x))

:g(xfa) _

The domain of f is the set of all real numbers excepr 3. The domain of g is
the set of all real numbers except 0. The expression for f(x), which is A—f;
is never zero because the numerator is the nonzero number 6. The domain of
go f is the set of all real numbers except 3, written (—=, 3) U (3, =).

v’ Now Try Exercise B7.

NOTE It often helps to consider the unsimplified form of a composition
expression when determining the domain in a situation like Example 7(b).

(2770 showing That (g £)(x) s Not Equivalent to (f- £)(x) .
Let f(x) =4x+ 1 and g(x) = 2x2 + 5x. Show that (go f)(x) # (f° g){x).
(This is sufficient to prove that this inequality is true in general.)

SOLUTION First, find (g © f)(x). Then find (f g)(x).

(g°)(x)
=g(f(x))
=g( )
=2( )2+ 5( ) g(x) =2x2+ 5x

=2(16x2+ 8x+ 1) + 20x + 5

=32x2+ 16x+2+20x+5
=32y2+36x+7

(feog)(x)
= f(g(x))
=f( )
=4( )+l flx)=4dx+1
=8x2 4+ 20x + 1
Thus, (g° f)(x) # (f°g)(x). v Now Try Exercise 91.

As Example 8 shows, it is not always true that fog = g o f. One impor-
tant circumstance in which equality holds occurs when f and g are inverses of
each other, a concept discussed later in the text.




