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60. Production Requirements An electronics company pro-
duces transisors,sesistors, and computer chips. Each transistor
requires 3 unis of copper, 1 unit of zinc, and 2 units of glass.
Each resistor requires 3, 2, and 1 unis of the three materials,
and each computer chip requires 2, 1, and 2 unts of these mate-
als, respectively. How many of each product can be made with
the following amounts of materials?

(@) 810usits of copper, 410 units of zinc, and 490 units o glass

(b) 765 units of copper, 385 units of zinc, and 470 units of
glass

(©) 1010 units of copper, 500 units of zinc, and 610 units of
glass
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65. Encryption  Use the methods presented in Example 7 along
with the given matrix 5 to do the following.

246
B=|-1 -4 -3
01—l
(@) Encode the message, “To be or not o be™.
(b) Find the inverse of B.

(©) Use the inverse of B 10 decode the message 116,60, ~15,
294,197, =2, 148,92, =9, 96, =64, 4, 264, =182, 2.
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[SZXWEN Input-Output Matrix

Suppose a simplified economy involves just three commadity categories: agriculture, manu-
facturing, and transportation, all in appropriate units. Production of 1 unit of agriculture
requires 1/2 unit of manufacturing and 1/4 unit of transportation; production of 1 unit of
‘manufacturing requires 1/4 unit of agriculture and 1/4 unit of transportation; and production
of 1 unit of transportation requires 1/3 unit of agriculture and 1/4 unit of manufacturing.

Give the input-output matrix for this econormy.

soLuTIoN
Acutrs Mantacuring  Trnsparaton
rgus [0 1 1
Mantacurog t 0 H A
Tangoraion | § L 0

‘The first column of the input-output marix represents the amount of each of the three com-
modities consumed in the production of 1 unit of agriculture. The second column gives
the amounts required to produce 1 unit of manufacturing, and the last column gives the
‘amounts required to produce | unit of transportation. (Although it is perhaps unrealistic that
‘production of a unit of each commadity requires none of that commodity. the simpler matrix
involved is useful for our purposes.) -

NOTE  Notice that for each commodity produced, the various units needed are put in a
column. Each column corresponds to a commodity produced, and the rows correspond to.
what is needed to produice the commodity.

Another matrix used with the input-output matrix is the matrix giving the amount of
cach commodity produced, called the production matrix, or the matrix of gross output.
In an economy producing n commodities, the production matrix can be represented by a
column matrix X with entries ;. Xz, s . ... .
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@

ST Production Matrix

Suppose, in the economy from Example 1, 60 units of agriculture, 52 units of manufactur-
ing. and 48 units of transportation are produced. Find the number of units of cach commod-
ity required to meet this production.

SOLUTION  The production matrix is

60
x=|52|
48

Because 1/4 unit of agriculture is used for each unit of manufacturing produced,
1/4 X 52 = 13 units of agriculture must be used in the “production” of manufacturing.
Similarly, 1/3 X 48 = 16 units of agriculture will be used in the “production’” of transpor-
tation. Thus, 13 + 16 = 29 units of agriculture are used for production in the economy.
Look again at the matrices A and X. Since X gives the number of units of each commoity
produced and A gives the amount (in units) of cach commodity used to produce 1 unit of
‘each of the various commodities, the matrix product AX gives the amount of each commod-
ity used in the production process.

04 H[e0] [2
ax=|t o t||s2]=]a
oflss] Las

From this result, 29 units of agriculture, 42 units of manufacturing, and 28 units of transpor-
tation are used to produce 60 units of agriculture, 52 units of manufacturing, and 48 units
of transportation. -

‘The matix product AX represents the amount of each commodity used in the production
process. The remainder (if any) must be enough to satisfy the demand for the various com-
‘modities from outside the production system. In an n-commodity economs, this demand can
be represented by a demand matrix D with eniries dy, d;.....d,. If no production is to
remain unused, the difference between the production matrix X and the amount AX used in
the production process must equal the demand D, or

D=X-AxX.
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In Example 2,
6] [20] [3

p=|s2|-|a2|=|10

as] Las) L2,

so production of 60 units of agriculture, 52 units of manufacturing, and 48 units of trans-
portation would satisfy a demand of 31, 10, and 20 units of each commodity, respectively.
Inpractice, A and D usually are known and X must be found. That s, we need to decide
‘what amounts of production are needed to satisfy the required demands. Matrix algebra can
be used to solve the equation D = X — AX for X.
D=x-ax
D=IX—AX  identiy property
D= (I—AX Distibutive property
If the matrix / — A has an inverse, then

X=(1-4)"D.
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(] TECHNOLOGY NOTE [ 1t e production mati is lage or complicated, we could use a graphing calcultor On the
TE84 Plus C. for example, we would ente the command (1dencicy(3) ~ (41)7* (0]
fora’3 X 3 marix A

EE TECHNOLOGY NOTE " 1 i i pracical t0 do these calcultions on & spresdsheet. Fox more detils, e the Graphing

Caleulator and Excel Spreadsheet Manual sailable with tis book.

e [ZZUZYHE] Demand Matrix

‘Suppose, in the three-commodity economy from Examples 1 and 2, there is a demand for
516 units of agriculture, 258 units of manufacturing, and 129 units of transportation. What
should production of each commodity be?

BUUAPPLY IT SOLUTION The demand matrix is.
s16
D=2l
129

To find the production matrix X, first calculate / — A.
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Use row operations to find the inverse of / — A (the entries are rounded to three decimal places).

1395 0496 0.589
(1—A)" = 0837 1364 0620
0558 0465 1302
Since X = (1 = A)™D,
1395 0496 058975167 [924
X={0837 1364 0620 [[258 | =864
0ss8 0465 1302)[120] [576

(Each eniry in X has been rounded to the nearest whole number.)

‘The last result shows that production of 924 units of agriculture, 864 units of manufac-
turing, and 576 units of transportation are required to satisfy demands of 516, 258, and 120
units, respectively. TRY YOUR TURN 1

“The entres in the matrix (1 — A)are often called musplies,and they have important
cconomic intepretations. For example, every S1 increase i tota agricultural demand will
result in an increase in agricultural production by about $1.40, an increase in manufactur-
ing production by about S0.84, and an increase intransportaton production by sbout SO.56.
Similarly, every S3 increase in total manufacturing demand will resul in an increase of
about 3(0.50) = 150, 3(1.36) = 408, and 3(0.47) = 141 dolars in agricultural produc-
tion, manufacturing production, and transportation production,respectively.

[SZXY] Wheat and Oil Production

An cconomy depends on two basic products, wheat and oil. To produce | metric ton of
‘wheat requires 0.25 metric ton of wheat and 0.3 metric ton of oil. Production of 1 metric
ton of oil consumes 0,08 metric ton of wheat and 0.11 metric ton of oil.

(@) Find the production that will satisfy a demand for 500 metric tons of wheat and 1000
metric tons of oil.
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EESAPPLY IT

SOLUTION  The input-output matrix is

4 [025 008
“los on

Also,

075 008
I-a= —033  089]
Next,caleulate (1 = )"

e e

05147 11699

“To find the production matrix X, use the equation X = (7~ A)"1D, with

The production matrix is

y = [13s82 012s8][ s00] _ [ s19
“los147 11699 [ 1000, 1427)"
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Production of 819 metric tons of wheat and 1427 metric tons of oil is required to satisfy
the indicated demand.

(b) Suppose the demand for whest goes up from 500 to 600 metrictons. Find the increased
production i wheat and il that will be required to meet the new demand.
SOLUTION ~ One way tosolve this problem i using the mulipiers for whea, found in
the frstcolumn of (7 — A)"' from part a). The clement inthe irst row, 13852, is used
1o find the increased production in wheat, while the iem in the second row, 0.5147. i
used to find the increased production in oil. Since the increase in demand for wheat i
100 metic tons, th increased production in wheat must be 100(1.3882) = 139 metric
tons. Similarly the increased production i oil s 100(0.5147) = 51 metrc tons.

‘Alteratively. we could have found the new production in wheat and il with the

equation X = (1~ A)°'D, giving

[um olm][ m] - [ qss]
05147 1.1699] 1 1000. 1479)°

We find the increased production by subiracing the answers found in part (a) from
these answers. The increased production in wheal is 958 — 819 = 139 metric tons,

and the increased production in oil is 1479 — 1427 = 52 metric tons. The slight differ-
‘ence here from the previous answer of $1 melric tons is due to rounding. =

Closed Models The input-output model discussed above i referred to s an open model,
ince it allows for a surplus from the production equal to D. I the closed model,al the
production s consumed interally i the roduction process, 5o that X = AX. Thereis noth-
ng left over to satsty any outside demands from other parts of the economy or from other
cconomies. I this case, thesum of each colum in the input-ouput matrx cquals |

"To solve the closed model,set D = O inthe equaton derived arler, where O i a 2ero
matrix. a matrix whose clementsareal zros.

(1—Ax=

=0
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The system of equations that corresponds o (1 = A)X = O does not have a single
‘unique solution, but it can be solved in terms of a parameter. (It can be shown that i the

columns of a matrix A sum to 1, then the equation (1 — A)X = O has an infinite number
of solutions.)

5 [TV Closed Input-Output Model

‘Use matrix A below to find the production of each commoity in a closed model.

SOLUTION  Find the value of I — A, then set (/ — A)X = O'to find X.

|
>
[
oo

S e

Multiply to get
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‘The last matrix equation corresponds to the following system.

—in =t in
Solving the system with x a the parameter gives the soluton of the system

For example, i x; = 9 (a choice that eliminates fractions in the answer), then x, = 8 and
x2 = 4, 50 the production of the three commaodities should be in the ratio 8:4:9.
TRY YOUR TURN 2 M

Finding a Production Matrix

To obain the production mairix, X, for an open input-output model, follow these steps:

1. Form then X n input-output matrix, 4, by placing in each column the amount of the
‘various commoitis required to produce 1 uni of a particular commodity.

2. Calculate I — A, where [is the n X n identity matrix.

3. Find the inverse, (1 = A)™.

4. Multply theinverse on the right by the demand matrix, D, to obtain X = (1 — A)"'D.

To obtain  production matrix, X, for a closed input-output model, solve the system

(-ax=o.
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17. Input-Output Open Model A primitive cconomy depends.
on two basic goods, yams and pork. Production of 1 bushel of
yams requires 1/4 bushel of yams and 1/2 of a pg. To produce.
1 pig requires 1/6 bushel of yams. Find the amount of each
‘commodity that should be produced to get the following.

(@ 1 bushel of yams and 1 pig

(b) 100 bushels of yams and 70 pigs
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19. Input-Output Open Model In his work Inpur-Output Eco-
nomics, Leontief provides an example of a simplified economy
Wit just three sectors: agriculture, manufacturing, and house-
holds (i, the sector of the economy that produces labor). It
has the following input-output maix: Source: Input-Output
Economics.

Agrculure  Manufscturing  Households

agicure [ 025 040 0133
Manutactring | 0.14 0 0100
Households | 050 360 0133

He also gives the demand matrix

[}

Find the amount of each commodity that should be produced.
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27. Input-Output Closed Model  Use the input-output matrix
Steol Caal

wlid

and the closed model to find the ratio of coal to steel produced.
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29. Input-Output Closed Model Suppose that production of
1 unit of mining requires 1/5 unit of mising, 2/5 unit of manu-
facturing, and 2/ unit of communication. To produce 1 unit of
‘manufacturing requires 3/5 unit of mining, 1/5 unit of manu-
facturing, and 1/5 unit of communication. To produce 1 unit of
‘communication requires 0 units of mining, 4/5 unit of manu-
facturing, and 1/5 unit of communication. Find the ratio of the
three commoditiesin the closed model.

YOUR TURN ANSWERS mmm
1749 units of agriculiue, 962 units of manufacturing, and
561 units of transportation
2.(42,9)
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ST Fertilizer

‘Three brands of fertilizer are available that provide nitrogen, phosphoric acid, and soluble
potash to the soil. One bag of each brand provides the following units of each nutrient.

For ideal growth, the soil on a Michigan farm needs 18 units of nitrogen, 23 units of
phosphoric acid, and 13 units of potash per acre. The corresponding numbers for a California
farm are 31, 24, and 11, and for a Kansas farm are 20, 19, and 15. How many bags of each
brand of fertilizer should be used per acre for ideal growth on each farm?

SOLUTION  Rather than solve three separate systems, we consider the single system
Tty +i=a
W4y
x o+ oz=c

where a, b, and ¢ represent the units of nitrogen, phosphoric acid, and potash needed for the
different farms. The system of equations is then of the form AX = B, where

123
A=[3 1 2] ad x=|y|
201
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B has different values for the different farms. We find A™ first, then use it to solve all three
systems.
To find A™, we start with the matrix

12
W=3 1
20

so -
o-o
—oo

and use row operations to get [/]4”"]. The result
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Now we can solve each of the three systems by using X = AB.
18
Forthe Michigan farm, B = | 23 |.and

2u|=|4
ul L7

Buy 2 bags of Fertifun, 4 bags of Big Grow, and 7 bags of Soakem.
20

For the Kansas farm, B = | 19 |. Verify that this leads to.x
Is.

‘We cannot have a negative number of bags, so this solution is impossible. In buying enough

bags to meet all of the nutrient requirements, the farmer must purchase an excess of some

nutrients. In the next two chapters, we will study a method of solving such problems at a

‘minimum cost. =

—10,andz = 13.

In Example 5, using the matrix inverse method of solving the systems involved consider-
ably less work than using row operations for each of the three systems.
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Solving an Inconsistent System of Equations
Use the inverse of the coefficient marix to solve the system
n-ay=13
x-2y=1

inverse. This means that the given system cither has no solution or has an infinite number of
Solutions. Verify that this system s inconsistent and has no solution. =

o o i i o s [ ] e v

NOTE If a matrix has no inverse, then a corresponding system of equations might have either
0 solutions or an infinite number of solutions, and we instead use the echelon or Gauss-Jordan

T e

firstrow of this matrix is double the second row. The system
2= 4y

has an infinite number of solutions because the first equation is double the second equation.
The system
-y
x-2y=1
has no solutions because the let side of the fist equation is double the leftside of the second
‘equation, but the right side s not.

3
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Systems of Linear Equations and Matrices

e [E7YENIEA Cryptography

Throughout the Cold War and a the Internet hs groven and developed. the need fo sophis-
ticated methods of coding and decoding messages has increased. Although there arc many
methods of cncrypting messages, one fairly sophistcated method uses matrix operations.
“This method first assigns a number to cach leterof the alphabet. The simplest way to do
this s to asign the number 1 10 A, 2o B, and so.on, with the mumber 27 used to represent
a space between words.

APPLY IT  For cxample. the message math is cool can be divided into groups of three etters and.
Spaces each and then converted into numbers as follows

w] [13
al=|1|
' 2.

‘The entire message would then consist of four 3 X 1 columns of numbers:

13 8 19 15
[E 27 15|
2, 9 3 12

‘This code is casy to break, so we further complicate the code by choosing a matrix that
has an inverse (i this case a 3 X 3 matrix) and calculate the products of the matrix and each
of the column vectors above.

If we choose the coding matrix

>
v
e
—w e
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then the products of A with each of the column vectors above produce a new set of vectors.

96 125 12 108
87 || 7| s
7. o5 133 102
‘This set of vectors represents our coded message, and it will be transmitted as 96, 87,
74,125 and so on.
‘When the intended person receives the message, it is divided into groups of three num-

bers, and each group is formed into a column matrx. The message is easily decoded if the
receiver knows the inverse of the original matrix. The inverse of matrix A is

—02 02 02
at=| 04 —06 02
0 04 02

‘Thus, the message is decoded by taking the product of the inverse matrix with each col-
‘umn vector of the received message. For example,

9] [13
atls7|=|1
7] L0,

Unless the original matrix or its inverse is known, this type of code can be difficult to
break. In fact, very large matrices can be used to encrypt data. It is interesting to note that
many mathematicians are employed by the National Security Agency to develop encryption
methods that are virtually unbreakable. TRY YOUR TURN 3




