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The expected value of

X equals the mean of the
population from which the
sample is selected.

Chapter 7 Sampling and Sampling Distributions

characteristics of the sampling distribution of X. In Section 7.6 we discuss the characies
istics of the sampling distribution of p.

Sampling Distribution of ¥

In the previous section we said (hat the sample mean ¥ is a random variable and its pros
ability distribution is called the sampling distribution of X,

SAMPLING DISTRIBUTION OF x

The sampling distribution of X is the probability distribution of all possible values of
the sample mean Xx.

This section describes the properties of the sampling distribution of x. Just as with othes
probability distributions we studied, the sampling distribution of x has an expected valus o=
mean, a standard deviation, and a characteristic shape or form, Let us begin by consides
the mean of all possible x values, which is referred (o as the expected value of X,

Expected Value of ¥

In the EAT sampling problem we saw that different simple random samples result in a var-
ety of values for the sample mean x. Because many different values of the random variab's
x are possible, we are often interested in the mean ol all possible values of x that can 5
generated by the various simple random samples. The mean of the X random variable is the
expected value of x. Let E(%) represent the expected value of x and u represent the mean o
the population from which we are selecting a simple random sample. It can be shown tha
with simple random sampling, E(x) and p are equal.

EXPECTED VALUE OF ¥
E(x)=pu

where
E(¥) = the expected value of X
wu = the population mean

This result shows that with simple random sampling, the expected value or mean of ths
sampling distribution of ¥ is equal to the mean of the population. In Section 7.1 we saw
that the mean annual salary for the population of EAL employees is g = $51.800. Thas,
according (o equation (7.1), the mean of all possible sample means for the EAI study is
also $51,800.

When the expected value of a point estimator equals the population parameter, we say
the point estimator is unbiased. Thus, equation (7.1) shows that X is an unhiased estimator
of the population mean p.
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The term standard error is
used throughour siatistical
inference to refer 1o the
standard deviation of a
point estimator.

Chapter 7 Sampling and Sampling Distributions

To compute o, we need to know ¢, the standard deviation of the population. To further
emphasize the difference between o and o, we refer to the standard deviation of ¥, o, as
the standard error of the mean, In general, the term standard errorrefers to the standard
deviation of a point estimator. Later we will see that the value of the standard error of the
mean is helpful in determining how far the sample mean may be rom the population mean.
Letus now return fo the EAT example and compute the standard error of the mean associated
with simple random samples of 30 EAT employees.

In Section 7.1 we saw that the standard deviation of annual salary for the population
of 2500 EAT employees is o = 4000. In this case, the population is finite, with N = 2500.
However, with a sample size of 30, we have n/N = 30/2500 = .012. Because the sample
size is less than 5% of the population size, we can ignore the finite population correction
factor and use equation (7.3) to compute the standard error,

Form of the Sampling Distribution of ¥

The preceding results concerning the expected value and standard deviation for the sam-
pling distribution of X are applicable for any population. The final step in identifying the
characteristics of the sampling distribution of ¥ is to determine the form or shape of the
sampling distribution. We will consider two cases: (1) The population has a normal distrib-
ution; and (2) the population does not have a normal distribution.

Population has @ normal distribution In many situations it is reasonable (o assume
that the population from which we are selecting a random sample has a normal, or nearly
normal, distribution. When the population has a normal distribution, the sampling distri-
bution of x is normally distributed for any sample size.

Population does not have a nermal distribution When the population from which
we are selecting a random sample does not have a normal distribution, the central limit
theorem is helpful in identifying the shape of the sampling distribution of %. A statement
of the central limit theorem as it applies to the sampling distribution of ¥ follows.

CENTRAL LIMIT THEOREM

In selecting random samples of size n from a population, the sampling distribution
of the sample mean X can be approximated by a normal distribution as the sample
size becomes large.

Figure 7.6 shows how the central limit theorem works for three different populations:
cach column refers to one of the populations. The top panel of the figure shows that none
of the populations are normally distributed. Population 1 follows a uniform distribution.
Population II is often called the rabbit-eared distribution. It is symmetric, but the more
likely values fall in the tails of the distribution. Population III is shaped like the exponential
distribution: it is skewed to the right.

The bottom three panels of Figure 7.6 show the shape of the sampling distribution for
samples of sizen = 2, n = 5, and n = 30. When the sample size is 2, we see that the shape
of each sampling distribution is different from the shape of the corresponding population
distribution. For samples of size 5. we see that the shapes of the sampling distributions
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338 Chapter 7 Sampling and Sampling Distributions

applications, the sampling distribution of X can be approximated by a normal distribution
whenever the sample is size 30 or more. In cases where the population is highly skewed
or outliers are present, samples of size 50 may be needed. Finally, if the population is
discrete, the sample size needed for a normal approximation often depends on the popula-
tion proportion, We say more about this issue when we discuss the sampling distribution
of p in Section 7.6,

Sampling Distribution of ¥ for the EAl Problem

Let us return to the EAT problem where we previously showed that £(x) = $51,800 and
o, = 730.3. Atthis point, we do not have any information about the population distribution:
it may or may not be normally distributed. If the population has a normal distribution, the
sampling distribution of x is normally distributed. If the population does not have a nor-
mal distribution, the simple random sample of 30 employees and the central limit theorem
enable us to conclude that the sampling distribution of X can be approximated by a normal
distribution. In either case, we are comfortable proceeding with the conclusion that the
sampling distribution of x can be described by the normal distribution shown in Figure 7.7.

Practical Value of the Sampling Distribution of ¥

Whenever a simple random sample is selected and the value of the sample mean is used to
estimate the value of the population mean g, we cannot expect the sample mean to exactls
equal the population mean. The practical reason we are interested in the sampling distribu-
tion of ¥ is that it can be used to provide probability information about the difference between
the sample mean and the population mean. To demonstrate this use. let us return to the EAI
problem.

Suppose the personnel director believes the sample mean will be an acceptable estimate
of the population mean if the sample mean is within $500 of the population mean, However.
it is not possible to guarantee that the sample mean will be within $500 of the population
mean. Indeed, Table 7.5 and Figure 7.4 show that some of the 500 sample means dilfered
by more than $2000 from the population mean. So we must think of the personnel director’s

FIGURE 7.7 SAMPLING DISTRIBUTION OF x FOR THE MEAN ANNUAL SALARY
OF A SIMPLE RANDOM SAMPLE OF 30 EAT EMPLOYEES

—_———— =rreremerr = e — = ez = B ———

Sampling distribution
of ¥

51,800
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Using Excel's NORM.DIST
function is easier and
provides more acourate
results than using the tables
with rounded values for z.

The sampling distribution
of X can be used to provide
probability information
about how close the sample
mean X Is to the population
mean .

Chapter 7 Sampling and Sampling Distributions

The desired probability can also be computed using Excel’s NORM.DIST [unction
The advantage of using the NORM.DIST function is that we do not have to make a sepa-
rate computation of the z value. Evaluating the NORM.DIST function at the upper end-
point of the interval provides the cumulative probability at 52,300, Entering the formulz
=NORM.DIST(52300,51800,730.30,TRUE) into a cell of an Excel worksheet provides
.7532 for this cumulative probability. Evaluating the NORM.DIST function at the lowsr
endpoint of the interval provides the area under the curve to the left of 51,300. Enlering
the formula =NORM.DIST(51300,51800,730.30,TRUE) into a cell of an Excel worksheet
provides .2468 for this cumulative probability. The probability of X being in the interval
from 51,300 to 52,300 is then given by .7532 — 2468 = .5064. We note that this result i
slightly different from the probability obtained using the table, because in using the norma
table we rounded to two decimal places of accuracy when computing the z value. The resull
obtained using NORM.DIST is thus more accurate.

The preceding computations show that a simple random sample of 30 EAT employees
has a .5064 probability of providing a sample mean x that is within $500 of the popula-
tion mean. Thus, there is a | — .5064 = 4936 probability that the sampling error will 5=
more than $500. In other words, a simple random sample of 30 EAI employees has roughls
a 50-50 chance of providing a sample mean within the allowable $500. Perhaps a larges
sample size should be considered. Let us explore this possibility by considering the relation-
ship between the sample size and the sampling distribution of .

Relationship Between the Sample Size
and the Sampling Distribution of x

Suppose that in the EAI sampling problem we select a simple random sample of 100 EAZ
employees instead of the 30 originally considered. Intuitively, it would seem that with mos
data provided by the larger sample size, the sample mean based on n = 100 should provids
a better estimate of the population mean than the sample mean based on n = 30. To sez
how much better, let us consider the relationship between the sample size and the sampling
distribution of x.

First note that E(x) = u regardless of the sample size. Thus, the mean of ali possible
values of X is equal to the population mean w regardless of the sample size n. However, noi
that the standard error of the mean, o= = o/Vx, is related to the square root of the sample
size. Whenever the sample size is increased, the standard error of the mean o decreases
With n = 30, the standard error of the mean for the EAT problem is 730.3. However, wits
the increase in the sample size to 2 = 100, the standard error of the mean is decreased t©

o 4000
g.=—==—==400
v V100

The sampling distributions of x with 7 = 30 and n = 100 are shown in Figure 7.9. Becauss
the sampling distribution with » = 100 has a smaller standard error, the values of x havwe
less variation and tend to be closer to the population mean than the values of x with n = 20

We can use the sampling distribution of X for the case with n = 100 (o compuis
the probability that a simple random sample of 100 EAI employees will provide =
sample mean that is within $300 of the population mean. In this case the sampling
distribution is normal with a mean of 51,800 and a standard deviation of 400 (se=
Figure 7.10). Again, we could compute the appropriate z values and use the standard norm=
probability distribution table to make this probability calculation. However, Excels
NORM.DIST function is easier to use and provides more accurate results. Entering the
formula =NORM.DIST(52300,51800,400, TRUE) into a cell of an Excel workshes
provides the cumulative probability corresponding to ¥ = 52,300, The value provides
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342 Chapter 7 Sampling and Sampling Distributions

In presenting the sampling distribution of X for the population standard deviation ¢ that are needed
EAL problem, we took advantage of the fact that the  to determine the sampling distribution of ¥ will be
population mean p = 51800 and the population unknown. In Chapter 8 we show how the sample
standard deviation o = 4000 were known. However, mean x and the sample standard deviation s are ussd
usually the values of the population mean p and the  when p and o are unknown.

Exercises

Methods

ﬁ SELFzast 15. A populatioln has a mean ol 200 u_nc.l 4 standard 'deviatian of 30, Suppose a simple random
sample of size 100 is selected and X is used to estimate .
a. Whatis the probability that the sample mean will be within =35 of the population mean”
b.  What is the probability that the sample mean will be within =10 of the population
mean?

16.  Assume the population standard deviation is o = 25. Comipute the standard error of the meaz.
o, for sample sizes of 30, 100, 150. and 200. What can you say about the size of the standarg
error of the mean as the sample size is increased?

17. Suppose a random sample of size 50 is selected from a population with o = 10. Find the
value of the standard error of the mean in each of the [ollowing cases (use the finite population
correction factor if appropriate).

a. The population size is infinite.

b.  The population size is N = 50,000.

¢.  The population size is N = 5000.

d. The population size is N = 500,
Applications

I18.  Refer to the EAT sampling problem. Suppose a simple random sample of 60 employees

is used.
a.  Sketch the sampling distribution of x when simple random samples of size 60 are ussé.
b.  What happens to the sampling distribution of x if simple random samples of size 120
are used?
¢.  What general statement can you make about what happens to the sampling disto-
bution ol x as the sample size is increased? Does this generalization seem logical”
Explain.
5;"3 SELF 19, In the EAI sump[ir.lgl problem (see Figure.?._SJ. wcpshowcd that for n= 30, there was ,506<
B test probability of obtaining a sample mean within =$500 of the population mean.
a. Whatis the probability that ¥ is within $500 of the population mean if a sample of size
60 is used?
b.  Answer part (a) for a sample of size 120,

20.  Barron’s reported that the average number of weeks an individual is unemployed is 17.5 weeks
Assume that for the population of all unemployed individuals the population mean length o
unemployment is 17.5 weeks and that the population standard deviation is 4 weeks. Suppose voe
would like to select a random sample of 50 unemployed individuals for a [ollow-up study.

a. Show the sampling distribution of x, the sample mean average for a sample of
50 unemployed individuals.

b, What is the probability that a simple random sample of 50 unemployed individuals
will provide a sample mean within 1 week of the population mean?




