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The term standard error is
used throughout staristical
inference lo refer to the
standard deviation of a
point estimator.

Chapter 7 Sempling and Sampling Distributions

To compute o5, we need to know o, the standard deviation of the population. To further
emphasize the difference between o and o, we refer to the standard deviation of ¥, o, as
the standard error of the mean. In general, the term standard error refers 1o the standard
deviation of a point estimator. Later we will see that the value of the standard error of the
mean is helpful in determining how far the sample mean may be from the population mean.
Letus now return to the EAl example and compute the standard error of the mean associated
with simple random samples of 30 EAI employees.

In Section 7.1 we saw that the standard deviation of annual salary for the population
of 2500 EAT employees is o = 4000. In this case, the population is finite, with N = 2500.
However, with a sample size of 30, we have n/N = 30/2500 = .012. Because the sample
size is less than 5% of the population size, we can ignore the finite population correction
factor and use equation (7.3) to compute the standard error.

o 4
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Form of the Sampling Distribution of ¥

The preceding results concerning the expected value and standard deviation for the sam-
pling distribution of x are applicable for any population. The final step in identifying the
characteristics of the sampling distribution of X is to determine the form or shape of the
sampling distribution. We will consider two cases: (1) The population has a normal distrib-
ution; and (2) the population does not have a normal distribution.

Population has a normal distribution In many situations it is reasonable to assume
that the population from which we are selecting a random sample has a normal, or nearly
normal, distribution. When the population has a normal distribution, the sampling distri-
bution of X is normally distributed for any sample size.

Population does not have a normal distribution When the population from which
we are selecting a random sample does not have a normal distribution, the central limit
theorem is helplul in identifying the shape of the sampling distribution of %. A statement
of the central limit theorem as it applies to the sampling distribution of ¥ follows.

CENTRAL LIMIT THEOREM

In selecting random samples of size # from a population, the sampling distribution
of the sample mean X can be approximated by a normal distribution as the sample
size becomes large.

Figure 7.6 shows how the central limit theorem works for three different populations:
each column refers to one of the populations. The top panel of the figure shows that nons
of the populations are normally distributed. Population I follows a uniform distribution
Population 11 is often called the rabbit-eared distribution. It is symmetric, but the more
likely values fall in the tails of the distribution. Population I1T is shaped like the exponential
distribution; it is skewed to the right.

The bottom three panels of Figure 7.6 show the shape of the sampling distribution for
samples of size n = 2, n = 5, and n = 30. When the sample size is 2, we see that the shape
of each sampling distribution is different from the shape of the corresponding population
distribution. For samples of size 5, we sec that the shapes of the sampling distributions
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Chopter 7 Sampling and Sampling Distributions

applications, the sampling distribution of x can be approximated by a normal distribution
whenever the sample is size 30 or more. In cases where the population is highly skewed
or outliers are present, samples of size 50 may be needed. Finally, if the population is
discrete, the sample size needed or a normal approximation often depends on the popula-
tion proportion. We say more about this issue when we discuss the sampling distribution
of p in Section 7.6.

Sampling Distribution of ¥ for the EAl Problem

Let us return to the EAL problem where we previously showed that E(x) = $51,800 and
o = 730.3. At this point. we do not have any information about the population distribution;
it may or may not be normally distributed. If the population has a normal distribution, the
sampling distribution of x is normally distributed. If the population does not have a nor-
mal distribution, the simple random sample of 30 employees and the central limit theorem
enable us to conclude that the sampling distribution of x can be approximated by a normal
distribution. In either case, we are comforiable proceeding with the conclusion that the
sampling distribution of X can be described by the normal distribution shown in Figure 7.7.

Practical Value of the Sampling Distribution of ¥

Whenever a simple random sample is selected and the value of the sample mean is used to
estimate the value of the population mean 1, we cannot expect the sample mean to exactly
equal the population mean. The practical reason we are interested in the sampling distribu-
tion of x is that it can be used to provide probability information about the difference between
the sample mean and the population mean. To demonstrate this use, let us return to the EAI
problem.

Suppose the personnel director believes the sample mean will be an acceptable estimate
of the population mean if the sample mean is within $500 of the population mean. However,
it is not possible 1o guarantee that the sample mean will be within $500 of the population
mean. Indeed, Table 7.5 and Figure 7.4 show that some of the 500 sample meuans differed
by more than $2000 from the population mean. So we must think ol the personnel director’s

SAMPLING DISTRIBUTION OF x FOR THE MEAN ANNUAL SALARY

Sampling distribution
of X




i 00£'TS Q0818 00g'1€
2 T
(00£'TS =& = 00¢'18)d Y
0E0EL =10 X Jo
wopnquisp Suipdueg
SHHAOTdING IVH 0t 4O 'IdINVS
IWOONVY FTdINIS V M0d NVAW NOILVTNdOd 9HI 40
00SS NIHLIM ONIFE NV TTdNVS V 40 ALI'TIGVEOMd
PEOS = E8FC — LICL = (89— > 2)d — (89 = 2)d = (Q0ETS
=X =(0E1C)d RI0jaIdy] "¢8FT ST RO — =2 JO 119] 2yl 01 AIND 3O Jepun eI UL

o 0£'0€L
89~ = og1s — oog 1S

QABY IM QLIS = X W
LISL 0 (89 = Zjoyg[ a1 0l
eair) Aligeqold aAne[nuwnd B pull am ‘a[qel Aiqeqold [BuLiou pIepuels agl 01 SuLjay

. 02'0EL A
RS e e 4
0D08'IE — 00E C€

DABY IM()OETE = XY
‘Anjiqeqold pansap 2yl sn sAIS 1841 22
Wog) BaTR (T2 PU0das 2] Sundenqng ‘(vare [re1 o :ayioue) wuiod 18y Jo 1Ja] 1 01 2AMD 11
IopuUn BaIe a1 pulj 01 9[gel 241 asn pue (OO [ <) [RAIdIUL 3Y) JO Jutodpua :mo[ a1 18 an{eA 2
ap ainduwios am uay L (earm [re1 o)) Jutod 1wy 18 Aqeqord aanemung 241 puy 0l gl
21 @sn pue (ONE‘ZS) reAataur 241 Jo 1uodpud raddn am v anfeA 2 oW SIRMOLED 180T AL
‘Knpgeqord 1o vare 21 puy
01 21qel Auiqeqold [BULIOU PIBPURIS 2] 25N UBD 2M '¢'()¢/ UBAW JY] JO JOLR pIRpURIS puw
00R'1€ URAW gnm ‘painguisip A[[ewIou st uonnguusip sujdumes 2 asnedag gL 28]
ur umoys uonngrusip Surjdies 2yl Jo vaIw papeys Apjrep oyl Aq uaals st Anpgeqoad sy,
‘00ETES puB OO 1 6% uaamIaq st X 1Byl Algeqold ay) mouy 01 siuem Jo1daap [auuosiad
U1 f008'16% Jo ueaw uonendod v yiipp "8, 2InS1] ur urede umoys x Jjo uonnqrnsip surd
-wes a1 01 19J2y uonsanb Anpigeqold a1 omsur 01 LONNQLOSIP SIY1 28N [[Im 2m ‘(L7 2InS1q
295) ¥ Jo wonnquusip Surjduwes oyl jo sansadord ) palNUIPl 2ARY am 25nvIAY
Jueat uonendod atp) JO OOCE UM 2q [[Im saako[dwa TyT ¢ Jo ajdwes
wopues ajdus € Sursn paindwos ueawr ajdwes a1 121 Alpigeqoid a1 s1 1By A (uonsanb
SUIMO[[O] A1 JITM PALIADUOD STIOIDAID [puuosiad o ‘stiey, swud) Arjgeqoad ut 1sanbal

6£E X Jo uoynqusiqg Buydwog ¢y

NS

$.10199
P11
gonen
“IAADM
2ELLT]S

I¥d 94
122AD
-aqLust
[1oexa
11 pasn

L oar
21} 18y
TULIOU
112109
10U E
=1 *UO|
woung
PEE (0!

SOTINGL
-zindod
1 Uonw
D2maYS
ZoTngL




340

Using Excel’s NORM.DIST
function is easier and
provides more accurate
results than using the rables
with rounded values for z.

The sampling disiribution
of X can be used to provide
probability information
about how close the sample
mean X is to the population
medn .

Chapter 7 Sampling and Sampling Distributions

The desired probability can also be computed using Excel's NORM.DIST function.
The advantage of using the NORM.DIST function is that we do not have to make a sepa-
rate computation of the 7 value. Evaluating the NORM.DIST function at the upper end-
point of the interval provides the cumulative probability at 52,300. Entering the formula
=NORM.DIST(52300.51800,730.30,TRUE) into a cell of an Excel worksheet provides
.7532 for this cumulative probability. Evaluating the NORM.DIST function at the lower
endpoint of the interval provides the area under the curve to the left of 51,300. Entering
the formula =NORM.DIST(51300,51800,730.30,TRUE) into a cell of an Excel worksheet
provides .2468 for this cumulative probability. The probability of ¥ being in the interval
from 51,300 to 52,300 is then given by .7532 — 2468 = .5064. We note that this result is
slightly different from the probability obtained using the table, because in using the normal
table we rounded to two decimal places of accuracy when computing the z value. The result
obtained using NORM.DIST is thus more accurate.

The preceding computations show that a simple random sample of 30 EAI employees
has a .5064 probability of providing a sample mean x that is within $300 of the popula-
tion mean. Thus, there is a 1 — .5064 = 4936 probability that the sampling error will be
more than $500. In other words, a simple random sample of 30 EAl employees has roughly
a 50-50 chance of providing a sample mean within the allowable $500. Perhaps a larger
sample size should be considered. Let us explore this possibility by considering the relation-
ship between the sample size and the sampling distribution of x.

Relationship Between the Sample Size
and the Sampling Distribution of ¥

Suppose that in the EAT sampling problem we select a simple random sample of 100 EAI
employees instead of the 30 originally considered. Intuitively, it would seem that with more
data provided by the larger sample size, the sample mean based on n = 100 should provide
a better estimatc of the population mean than the sample mean based on 1 = 30. To see
how much better, let us consider the relationship between the sample size and the sampling
distribution of x.

First note that E(x) = p regardless of the sample size. Thus, the mean of all possible
values of x is equal to the population mean p regardless of the sample size n. However, note
that the standard error of the mean, o3 = o/V/n, is related to the square root of the sample
size. Whenever the sample size is increased, the standard error of the mean o, decreases.
With n = 30, the standard error of the mean for the EAI problem is 730.3. However, with
the increase in the sample size to n = 100, the standard error of the mean is decreased to

a 4000
g:=——==—==4(00
Toove o VI00

the sampling distribution with n = 100 has a smaller standard error, the values of X has
less variation and tend to be closer to the population mean than the values of X with n = 30

We can use the sampling distribution of x for the case with n = 100 to compuie
the probability that a simple random sample of 100 EAI employees will provide =
sample mean that is within $500 of the population mean. In this case the sampling

distribution is normal with a mean of 51,800 and a standard deviation of 400 (ss=
Figure 7.10). Again, we could compute the appropriate z values and use the standard norma.
probability distribution table to make this probability calculation. However, Excel's
NORM.DIST function is easier to use and provides more accurate results. Entering the
formula =NORM.DIST(52300,51800,400,TRUE) into a cell of an Excel workshee
provides the cumulative probability corresponding to ¥ = 52,300, The value provides

The sampling distributions of X with n = 30 and n = 100 are shown in Figure 7.9. Becauss
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344 Chapter 7 Sampling and Sampling Distributions

25. The mean preparation fee H&R Block charged retail customers in 2012 was $183 (The
Wall Street Journal, March 7, 2012). Use this price as the population mean and assume the
population standard deviation of preparation fees is $30.

8, What is the probability that the mean price for a sample of 30 H&R Block retail
customers is within $8 of the population mean?

b. What is the probability that the mean price for a sample of 50 H&R Block retail
customers is within $8 of the population mean?

¢.  What is the probability that the mean price for a sample of 100 H&R Block retail
customers is within $8 of the population mean?

d.  Which, if any, of the sample sizes in parts (a), (b), and (¢) would you recommend o
have at least a .95 probability that the sample mean is within $8 of the population mean?

26. To estimate the mean age for a population of 4000 employees, a simple random sample of

40 employees is selected.

4. Would you use the finite population correction factor in calculating the standard error
of the mean? Explain.

b. Ifthe population standard deviation is o = 8.2 years, compute the standard error both
with and without the finite population correction factor, What is the rationale for
ignoring the finite population correction factor whenever n/N = 057

¢.  What is the probability that the sample mean age of the employees will be within
=+2 years of the population mean age?

(7.6 ) Sampling Distribution of

The sample proportion p is the point estimator of the population proportion p. The formula
for computing the sample proportion is

=1
Il

where
X = the number of elements in the sample that possess the characteristic of interest
n = sample size

As noted in Section 7.4, the sample proportion p is a random variable and its probability
distribution is called the sampling distribution of p.

SAMPLING DISTRIBUTION OF p

The sampling distribution of p is the probability distribution of all possible values of
the sample proportion p.

To determine how close the sample proportion 5 is to the population proportion p, we
need to understand the properties of the sampling distribution of p: the expected value of
p, the standard deviation of p, and the shape or form of the sampling distribution of p-
Expected Value of j

The expected value of p, the mean of all possible values of p, is equal (o the population
proportion p.

EXPECTED VALUE OF p




