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292 Chapter 6 Continuous Probability Distributions
FIGURE 6,3 BELL-SHAPED CURVE FOR THE NORMAL DISTRIBUTION

s=mrr

Standard Deviation o

Mean

NORMAL PROBABILITY DENSITY FUNCTION

Ly

=G el

Uiy (6.2)
where
L = mean
o = standard deviation
= 3.14159
e= 271828

We make several observations about the characteristics of the normal disiribution.

The normal curve has two 1. The entire family ol normal distributions is differentiated by two parameters: the
iusisbis “1“”"’ . They mean p and the standard deviation . These |
srermine e Jocatorn 2. The highest point on the normal curve is at the mean, which is also the median and basis fi

and shape of the normal
distribution.

mode ol the distribution. introdu

3. The mean of the distribution can be any numerical value: negative, zero, or posi-
tive. Three normal distributions with the same standard deviation but three different
means (—10, 0, and 20) are shown here.

e e s e gy = e

4. The normal distribution is symmetric, with the shape of the normal curve to the left
of the mean a mirror image of the shape of the normal curve to the right of the mean.
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FIGURE 6.4

Chapter 6  Continuous Probability Distributions
AREAS UNDER THE CURVE FOR ANY NORMAL DISTRIBUTION

~— 68,39 —]
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For the normal probability
density funetion, the
height of the normal curve
varies and nore ﬂdl‘t”’!('fd
mathematics is required

e compute the areas that
represent probubility,

Because the standurd
normal random

variable is continious.
Plz= 1.00)= Piz < 1.00).

As with other continuous random variables, probability calculations with any nor-
mal distribution are made by computing areas under the graph of the probability density
tunction. Thus, to find the probability that 4 normal random variable is within any specific
interval, we must compule the area under the normal curve over that interval,

For the standard normal distribution, areas under the normal curve have been computed
and are available in tables that can be used 1o compute probabilities. Such a table appears
on the two pages inside the front cover of the text. The table on the left-hand page contains
areas, or cumulative probabilities, for z values less than or equal to the mean of zero, The
table on the right-hand page contains areas, or cumulative probabilities, for z values greater
than or equal to the mean of zero,

The three types of probabilities we need to compute include (1) the probability that
the standard normal random variable z will be less than or cqual 1o a given value; (2) the
probability that z will be between lwo given values; and (3) the probability that z will he
greater than or equal to a given value, To see how the cumulative probability table for the
standard normal distribution can be used to compute these three types of probabilities, le
us consider some examples.

We start by showing how to compute the probability that z is less than or equal to 1.00;
that is, P(z = 1.00). This cumulative probability is the area under the normal curve to the
leftof z = 1.00 in the following graph.
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Chapter 6 Continuous Probability Distributions

Three steps are required to compute this probability. First, we find the area under the normal
curve to the left of z = 1,25, Second, we find the area under the normal curve to the left
of z = —.50. Finally, we subtract the area to the left of z = —.50 from the area to the left
of 2 = 1.25 to find P(—.50 = 7 = 1.25).

To find the area under the normal curve to the left of ; = 1.25, we first locate the 1.2 row in
the standard normal probability table and then move across to the .05 col umn. Because the table
value in the 1.2 row and the ,05 column is .8944, P(z = 1.25) = 8944, Similarly, to find the area
under the curve to the left of z = —.50, we use the left-hand page ol'the table to locate the table
value in the —.5 row and the .00 column: with a table value of 3085, P(z = —.50) = .3085.
Thus, P(=.50 = z = 1.25) = P(z = 1.25) — P(z = —.50) = .8944 — 3085 = 5859,

Let us consider another example of computing the probability that z is in the interval
between two given values. Often it is of interest to compute the probability that a nor-
mal random variable assumes a value within a certain number of standard deviations of
the mean. Suppose we want to compute the probability that the standard normal random
variable is within one standard deviation of the mean; that is, P(—1.00 =z = 1.00). To
compute this probability we must find the area under the curve between —1.00 and 1.00.
Earlier we found that P(z =< 1.00) = .8413. Referring again to the table inside the front
cover of the book, we find that the area under the curve to the left of z=—100is.1587, so
P(z = —1.00) = .1587. Therefore, P(—1.00 < z=1.00) = Pz=100)—Pz=—-1.000=
8413 — .1587 = ,6826. This probability is shown graphically in the following figure.

P(=1,00 =z= 1.00)
= .8413 — .1587 = .6826

Pz ==1.00)
=] 587

To illustrate how to make the third type of probability computation, suppose we want
to compute the probability of obtaining a z value of at least 1.58; that is, P(z = 1.38).
The value in the z = 1.5 row and the .08 column of the cumulative normal table is .9429;
thus, P(z << 1.58) = 9429, However, because the total area under the normal curve is 1.
P(z = 1.58) = | — 9429 = .0571. This probability is shown in the following figure.

Pz < 1.58) = 9429

P(z = 1.58)
= 1.0000 — 9429 = 0571

Given
use the
iable iy
io find

z value
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The formula for the
standard normal random
variable is similar to the
formula we introduced in
Chaprer 2 for computing
z-scores for a duti vet.

Chapter 6 Continuous Probability Distributions

8997) will be to the left of z = 1.28.% In terms of the question originally asked. there is an
approximately .10 probability of a z value larger than 1.28.

The examples illustrate that the table of cumulative probabilities for the standard normal
probability distribution can be used 10 find probabilities associated with values of the standard
normal random variable z. Two types of questions can be asked. The first type of question
specifies a value, or values, for z and asks us to use the table to determine the correspond-
ing areas or probabilities. The second type of question provides an area, or probability, and
asks us (o use the table to determine the corresponding z value. Thus, we need to be flexible
in using the standard normal probability table to answer the desired probability question. In
most cases, skelching a graph of the standard normal probability distribution and shading the
appropriate area will help 1o visualize the situation and aid in determining the correct answer.

Computing Probabilities for Any Normal
Probability Distribution

The reason for discussing the standard normal distribution so extensivel y is that probabili-
ties for all normal distributions are computed by using the standard normal distribution.
That is, when we have a normal distribution with any mean e and any standard deviation o,
we answer probability questions about the distribution by first converting to the standard
normal distribution. Then we can use the standard normal probability table and the appro-
priate z values to find the desired probabilities. The formula used to convert any normal
random variable x with mean u and standard deviation o to the standard normal random
variable ¢ follows,

CONVERTING TO THE STANDARD NORMAL RANDOM VARIABLE

x= i
(53

(6.3)

z:

A value of x equal to its mean w results in z = (u — )= 0. Thus, we see that
a value of x equal to its mean u corresponds to z = 0. Now suppose that x is one stan-
dard deviation above its mean; that is, x = u + . Applying equation (6.3), we sce that
the corresponding z value is z = [(u + o) — ullo = alo = 1. Thus, an x value that is
one standard deviation above its mean corresponds to z = 1. In other words. we can
interpret z as the number of standard deviations that the normal random variable x is

from its mean p.

To see how this conversion enables us to compute probabilities for any normal distribu-
tion, suppose we have a normal distribution with w = 10 and ¢ = 2. What is the proba-
bility that the random variable x is between 10 and 14? Using equation (6.3), we see that at
¥=10,z=(x— wlo= (10— 102 =0and thatatx = 14,z = (14 — 10)/2 = 4/2 = 2.
Thus, the answer to our question about the probability of x being between 10 and 14 is
given by the equivalent probability that z is between 0 and 2 for the standard normal dis-
tribution. In other words, the probability that we are seeking is the probability that the
random variable x is between its mean and two standard deviations above the mean. Using
¢ = 2.00 and the standard normal probability table inside the front cover of the text, we see

“We could use inferpelation in the body of the table fo get a better approximation of the 7 value thet carresponds fo an ares
of .2000. Dsing so fo provide ane more decimal place of accuracy would yield & - value of 1.282. However, in most practical
situations, sufficient accuracy is obtained simply by using the table value closest to the desired probability,
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Chapter 6  Continuous Probability Distributions

FIGURE 6.7 GREAR'S DISCOUNT GUARANTEE

o= 5000

10% of tires eligible
for discount guarantee

!

L "
Guarantee 1= 36,500
mileage = 7

The guaranteed mileage we
need to find is 1.28
standard deviations below
the mean. Thus.
r=u=1.28c

With the guarantee set at
30.000 miles. the actual
percentage eligible for the
guarantee will be 9.68%.

the guaranteed mileage be if Grear wants no more than 10% of the tires to be eligible for
the discount guarantec? This question is interpreted graphically in Figure 6.7,

According to Figure 6.7, the area under the curve to the left of the unknown guaranteed
mileage must be .10. So, we must first find the z value that cuts off an area of .10 in the
left tail of a standard normal distribution. Using the standard normal probability table, we

see that 2 = —1.28 cuts off an area of .10 in the lower tail. Hence, - = —1.28 is the value of
the standard normal random variable corresponding to the desired mileage guarantee on
the Grear Tire normal distribution. To find the value of x corresponding to z = —1.28,
we have

F —

g==—E = 128
o
f= W = =1.28¢F
x=p— 128

With o = 36,500 and o = 5000,
X =36.500 — 1.28(5000) = 30,100

Thus, a guarantee of 30,100 miles will meet the requirement that approximately 10%
of the tires will be eligible for the guarantee. Perhaps, with this information, the firm will
setits tire mileage guarantee at 30,000 miles.

Again, we see the important role that probability distributions play in providing
decision-making information. Namely, once a probability distribution is established for a
particular application, it can be used to obtain probability information about the problem.
Probability does not make a decision recommendation directly, but it provides informa-
tion that helps the decision maker better understand the risks and uncertainties associated
with the problem. Ultimately, this information may assist the decision maker in reaching
a good decision.

Using Excel to Compute Normal Probabilities

Excel provides two functions for computing probabilities and ; values for a standard nor-
mal probability distribution: NORM.S.DIST and NORM.S.INV. The NORM.S.DIST fune-
tion computes the cumulative probability given a z value, and the NORM.S.INV function
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302 Chapter 6  Continuous Probability Distributions

at the lower endpoint of the interval, For instance, to find P(~.50 = - = 1.25), we entered
the formula =NORM.S DIST (1 .25,TRUE}-NORM.S.DIST(—.S(),TRUE) into cell D4, The
interval probability in cell D5 is computed in a similar fashion.

To compute the probability to the right of a given z value (upper tail area), we must
subtract the cumulative probability represented by the area under the curve below the
z value (lower tail area) from |, For example, to compute P(z = 1.58) we entered the
formula = I-NORM.S.DIST(] .38, TRUE) into c&ll D6,

To compute the 7 value for a given cumulative probability (lower tail area), we use the
NORM.S.INV function, To find the 2 value corresponding toan uppertail probability of .10, we
note that the corresponding lower tail area is .90 and enter the formula =NORM.S.INV(0.9)
into cell D11, Actually, NORM.S.INV(0.9) gives us the z value providing a cumulative prob-
ability (lower tail area) of .9, But it is also the ¢ value associated with an upper tail area of .10,

Two other z values are computed in Figure 6.8. These z values will be used extensively
in succeeding chapters. To compute the z value corresponding to an upper tail probabil-
ity of .025, we entered the formula =NORM.S.INV(0.975) into ¢ell DI12. To compute
the < value corresponding to a lower tail probability of .025, we entered the formula
=NORM.S.INV(0.025) into cell D13. We see that = 1.96 corresponds to an upper tail
probability of .025, and ; = —1.96 corresponds 1o a lower tail probability of (25,

Let us now turn to the Excel functions for computing cumulative probabilities and x values
for any normal distribution. The NORM.DIST function provides the area under the normal
curve o the left of a given value of the random variable x; thus it provides cumulative probabili-
ties. The NORMLINV function is the inverse of the NORM.DIST function: it takes a cumulative
probability as input and provides the value of x corresponding to that cumulative probability. The
NORM.DIST and NORM.INV functions do the same thing for any normal distribution that the
NORM.S.DIST and NORM.S.INV functions do for the standard normal distribution.

Let’s see how both of these functions work by computing probabilities and x values for
the Grear Tire Company example introduced earlier in this section, Recall that the lifetime
of a Grear tire has a mean of 36,500 miles and a standard deviation of 5000 miles. Refer (o
Figure 6.9 as we describe the tasks involved. The formula worksheet is in the background:;
the value worksheet is in the foreground.

FIGURE 6.9 EXCEL WORKSHEET FOR COMPUTING PROBABILITIES AND x VALUES
FOR THE NORMAL DISTRIBUTION

A B e D . E
1 Probabilities: Normal Distribution
3 Plx <=20000) ENOR.M.DIST{EG(I(JO,SG.*(IG.S(IBO,EUE_l
2 P(20000 <= x <= 40000} =NOQRMDIST(L0000,36500. 5000, TRUE N ORM.DIST( 20000,36500,5000, TETE)
3 P(x == 40000) =1-NORMDISTI40000,36500.5000, TRUE)
b
7 Findlag x values Glven Probabilities
£
a X value with .10 i lower rall =NORM INV(0.1,36500.5000)

I A 3 C D E
1 Probabilities: Normal Distribwtion

=

X valwe with .025 in upper fail =NGRM INV(0,.975.36500,3000)

3 Pix <=20000)  0.0005
q P (0000 <=x <= 40000) 0.7576
Pix >= 40000)  p2420

Finding x values Given Probabilitics
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§ | x value with 10 in Jower (all 30092 34
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304 Chapter 6  Continuous Probability Distributions

10.  Draw a graph for the standard normal distribution. Label the horizontal axis at values of
—3,-2,-1,0,1,2, and 3. Then compute the following probabilities.
a. P(z=1.5)
b, Pz=1)
c. PRl=:z=135)
d PO<z<25)
¥11.  Given that z is a standard normal random variable, compute the following probabilities.
Piz=-=1.0)
Pz = =)
Pz =2 =1.5)
P(-25=7)
P(-3<:;=0)
12, Given that z is a standard normal random variable, compute the following probabilities.
PIO=:= 83
P(=15T=z=2(0)
Pz > .44)
P(z= —-.23)
P(z < 1.20)
. Ple=-71)
W 13.  Given that z is a standard normal random variable, compute the following probabilitics.
w A SELFrest n P~ L1580y : ?
b. P(52=7=132%
e P=175=:=-104)
14, Given that z is a standard normal random variable, find z for each situation.
The area to the left of z is .9750,
The area between 0 and z is .4750.
The area to the left of 7 is .7291.
The area to the right of 7 is .1314.
The area to the left of z is .6700.
. The area to the right of z is .3300,
SSELFI‘ESI ¥ 15. Given that 2 is a standard normal random variable, find z for each situation,
' The area Lo the left of zis.2119,
The area between —: and 7 is ,9030.
The area between —z and = is 2052,
The area to the left of 7 is ,9948.
The area to the right of z is .6915.

X 16.  Given that 7 is a standard normal random variable, find : for each situation.
4. The area o the right of z is .01.
b.  The area to the right of : is .(25,
¢. Thearea to the right of z is .05.
d. The area to the right of z is .10,
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Applications

¥ 17 The mean cost of domestic airfares in the United States rose o an all-time high of $385
per ticket (Bureau of Transportation Statistics website, November 2, 2012). Airfares were
based on the total ticket value. which consisted of the price charged by the airlines plus
any additional taxes and fees. Assume domestic airfares are normally distributed with a
standard deviation of $110.

. What is the probability that a domestic airfare is $550 or mare?
b. What is the probability that a domestic airfare is $250 or less?
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