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For the normal probabiliry
denstty function, the
hetght of the normal curve
varies und more advanced
mathematics iy required

to computre the areas that
represent probabiliry.

Because the standard
normal random

variable is continuous,
P(z = 1.00) = P(z < 1.00).

Chapter 6 Confinuous Probability Distributions

54  AREAS UNDER THE CURVE FOR ANY NORMAL DISTRIBUTION

A

0070, |
———— 9545 —————

—~— 68.3% =

As with other continuous random variables, probability calculations with any nor-
mal distribution are made by computing areas under the graph of the probability density
function. Thus, to find the probability that a normal random variable is within any specific
interval, we must compute the area under the normal curve over that interval,

For the standard normal distribution, areas under the normal curve have been computed
and are available in tables that can be used to compute probabilities. Such a table appears
on the two pages inside the front cover of the text. The table on the left-hand page contains
areas, or cumulative probabilities, for z values less than or equal to the mean of zero. The
table on the right-hand page contains areas, or cumulative probabilities, for z values greater
than or equal to the mean of zero.

The three types of probabilities we need to compute include (1) the probability that
the standard normal random variable z will be less than or equal to a given value: (2) the
probability that z will be between two given values; and (3) the probability that z will be
greater than or equal to a given value. To see how the cumulative probability table for the
standard normal distribution can be used to compute these three types of probabilities, let
us consider some examples.

We start by showing how to compute the probability that z is less than or equal to 1.00;
that is, P(z = 1.00). This cumulative probability is the area under the normal curve to the
leftof z = 1.00 in the following graph.
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Chapter 6 Continuous Probability Distributions

Three steps are required to compute this probability. First, we find the area under the norma!
curve to the left of 7 = 1.25. Second, we find the area under the normal curve to the lefi

of z = —.50. Finally, we subtract the area to the left of z = —.50 from the area to the left
of z = 1.25 to find P(—.50 = 7 = 1.25).
To find the area under the normal curve to the left of z = 1.25, we first locate the 1.2 row in

the standard normal probability table and then move across to the .05 column. Because the table
value in the 1.2 row and the .05 column is .8944, P(z = 1.25) = 8944, Similarly, to find the arez
under the curve to the left of z = —.50, we use the lefi-hand page of the table to locate the table
value in the —.5 row and the .00 column; with a table value of 3085, P(z = —.50) = .3083
Thus, P(—=.50 = ;= 1.25) = P(z = 1.25) — P(z = —.50) = .8944 — 3083 = .3859.

Lel us consider another example of computing the probability that z is in the interval
between two given values. Often it is of interest to compute the probability that a nor-
mal random variable assumes a value within a certain number of standard deviations of
the mean. Suppose we want to compute the probability that the standard normal random
variable is within one standard deviation of the mean; that is, P(—1.00 < z = 1.00). To
compute this probability we must find the area under the curve between —1.00 and 1.0
Earlier we found that P(z = 1.00) = .8413. Referring again to the table inside the fros:
cover of the boek, we lind that the area under the curve to the leftof z = —1.00 is . 1587, a0
Pz = —1.00) = .1587. Therefore, P(—=1.00=:=1.00)=Pz= 1.00) — P(z= —1.00)=
8413 — 1587 = .6826. This probability is shown graphically in the following figure.

P(—1.00=z= 1.00)
= .B413 — .1587 = 6826

Pz =-1.00)
= 1587

To illustrate how to make the third type of probability computation, suppose we was
to compute the probability of obtaining & z value of at least 1.58; that is, P(z = 1.38
The value in the z = 1.5 row and the .08 column of the cumulative normal tahle is .942%
thus, P(z < 1.58) = .9429. However, because the total area under the normal curve is &
P(z; = 1.58) = | —.9429 = .0571. This probability is shown in the following figure.

P(z < 1.58) = 9429

z=1.58)
= 1.0000 — 9429 = 0571
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The formula for the
standard normal random
variable is similar to the
Jormula we introduced in
Chapter 3 for computing
z-scores for a data ser.

Chapter 6 Centinuous Probability Distributions

.8997) will be to the left of z = 1.28.% In terms of the question originally asked. there is an
approximately .10 probability of a z value larger than 1.28.

The examples illustrate that the table of cumulative probabilities for the standard normal
probability distribution can be used to find probabilities associated with values of the standard
normal random variable z. Two types of questions can be asked. The first type of question
specifies a value, or values, for 7 and asks us o use the table to determine the correspond-
ing areas or probabilities. The second type of question provides an area, or probability, and
asks us to use the table to determine the corresponding z value. Thus, we need to be flexible
in using the standard normal probability table to answer the desired probability question. In
most cases, sketching a graph of the standard normal probability distribution and shading the
appropriate area will help to visualize the situation and aid in determining the correct answer.

Computing Probabilities for Any Normal
Probability Distribution

The reason for discussing the standard normal distribution so extensively is that probabili-
ties for all normal distributions are computed by using the standard normal distribution.
That is, when we have a normal distribution with any mean u and any standard deviation g,
we answer probability questions about the distribution by first converting to the standard
normal distribution. Then we can use the standard normal probability table and the appro-
priate 7 values to find the desired probabilities. The formula used to convert any normal
random variable x with mean p and standard deviation ¢ to the standard normal random
variable g follows,

CONVERTING TO THE STANDARD NORMAL RANDOM VARIABLE

A value of x equal to its mean w results in 7 = (0 — w)/o = 0. Thus, we see that
a value of x equal to its mean w corresponds to z = 0. Now suppose thal x is one stan-
dard deviation above its mean; that is, v = u + o, Applying equation (6.3), we see that
the corresponding z value is z = [(u + &) — pl/o = g/a = 1. Thus, an x value that is
one standard deviation above its mean corresponds to z = 1. In other words, we can
interpret z as the number of standard deviations that the normal random variable x is
from its miean (.

To see how this conversion enables us to compute probabilities for any normal distribu-
tion, suppose we have a normal distribution with u = 10 and o = 2. What is the proba-
bility that the random variable x is between 10 and 147 Using equation (6.3). we see that at
x=10,z=&x - woe=(10-10)2=0and thatatx= 14,z = (14 = 10)2 = 4/2 = 2.
Thus, the answer to our question about the probability of x being between 10 and 14 is
given by the equivalent probability that z is between 0 and 2 for the standard normal dis-
tribution. In other words, the probability that we are seeking is the probability that the
random variable .x is between its mean and two standard deviations above the mean. Using
z = 2.00 and the standard normal probability table inside the front cover of the text, we see

We could use inferpalation in the body of the table o get a betier approximation of the = value that corresponds to an erez
of .9000. Doing s fo provide ane more decimal place of accuracy would yield o zvalue of 1.282. However, in most praciics
situations, sufficient cceuracy is obtained simply by using the table value closest to the desired probability.
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The guaranteed mileage we
need to find is 1.28
standard deviations below
the mean, Thus,

x=p — 1280

With the guaraniee set ar
20,000 miles, the actual
percentage eligible for the
guarantee will be 9,68,

{E6.7 GREAR'S DISCOUNT GUARANTEE

Chapter 6  Continuous Probability Distributions

o= 5000

10% of tires eligible
for discount guarantee

L
Guarantee po=3
mileage =7

the guaranteed mileage be if Grear wants no more than 10% of the tires to be eligible for
the discount guarantee? This question is interpreted graphically in Figure 6.7,

According to Figure 6.7, the area under the curve 1o the left of the unknown guaranteed
mileage must be .10. So, we must first find the z value that cuts off an area of .10 in the
left tail of a standard normal distribution. Using the standard normal probability table, we
see that z = —1.28 cuts off an area of .10 in the lower tail. Hence, z = —1.28 is the value of
the standard normal random variable corresponding to the desired mileage guarantee on
the Grear Tire normal distribution. To find the value of x corresponding to z = — 1,28,
we have

X=p
o

x—pu = -128¢

x=u—128c¢
With 1 = 36,500 and o = 5000,

x = 36,500 — 1.28(5000) = 30.100

Thus, a guarantee of 30,100 miles will meet the requirement that approximately 10%
of the tires will be eligible for the guarantee. Perhaps, with this information, the firm wil
set its tire mileage guaraniee at 30,000 miles.

Again, we see the important role that probability distributions play in providing
decision-making information. Namely, once a probability distribution is established for 2
particular application, it can be used to obtain probability information about the problem
Probability does not make a decision recommendation directly, but it provides informa-
tion that helps the decision maker better understand the risks and uncertainties associated
with the problem. Ultimately, this information may assist the decision maker in reaching
a good decision.

Excel provides two functions for computing probabilities and = values for a standard nor-
mal probability distribution: NORM.S.DIST and NORM.S.INV. The NORM.S.DIST func-
tion computes the cumulative probability given a z value, and the NORM.S.INV function
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302 Chapter 6 Continuous Probability Distributions

al the lower endpoint ol the interval. For instance, to find P(—.50 = - = 1.25), we entered
the formula =NORM.S.DIST(1.25, TRUE)-NORM.S.DIST(-.50, TRUE) into cell D4, The
interval probability in cell D3 is compulted in a similar fashion.

To compute the probability to the right of a given z value (upper tail area), we must
subtract the cumulative probability represented by the area under the curve below the
z value (lower tail area) from 1. For example, to compute P(z = 1.58) we entered the
formula =1-NORM.S.DIST(1.58 TRUE) into cell D6,

To compute the z value for a given cumulative probability (lower tail area), we use the
NORMLS.INV function. To find the z value corresponding Lo an upper tail probability of .10, we
note that the corresponding lower tail area is .90 and enter the formula =NORM.S.IN V(0.9)
into cell D11, Actually, NORM.S.INV(0.9) gives us the 7 value providing a cumulative prob-
ability (lower tail area) of .9, But it is also the 7 value associated with an upper tail area of ,10.

Two other z values are computed in Figure 6.8. These 2 values will be used extensively
in succeeding chapters. To compute the z value corresponding to an upper tail probabil-
ity of .025, we entered the formula =NORM.S.INV(0.975) into cell D12. To compute
the 2 value corresponding to a lower tail probability of .025. we entered the formula
=NORM.S.INV(0.025) into cell D13. We see that z = 1.96 corresponds to an upper tail
probability of .025, and z = —1.96 corresponds to a lower tail probability of .025.

Let us now turn to the Excel functions for computing cumulative probabilities and x values
for any normal distribution. The NORM.DIST function provides the area under the normal
curve to the left of a given value of the random variable x; thus it provides cumulative probabili-
ties. The NORMLINYV function is the inverse of the NORM.DIST function: it takes a cumulative
probability as input and provides the value of x corresponding to that cumulative probability. The
NORM.DIST and NORM.INV functions do the same thing for any normal distribution that the
NORM.S.DIST and NORM.S.INV functions do for the standard normal distribution.

Let’s sec how both of these functions work by computing probabilities and x values for
the Grear Tire Company example introduced earlier in this section. Recall that the lifetime
ol a Grear tire has a mean of 36,500 miles and a standard deviation of 5000 miles. Refer 1o
Figure 6.9 as we describe the tasks involved. The formula worksheet is in the background:
the value worksheet is in the foreground.

EXCEL WORKSHEET FOR COMPUTING PROBABILITIES AND x VALUES
FOR THE NORMAL DISTRIBUTION

A B C D
Probabiliries: Normal Distribution

m

3 P(x <=20000) =NORM DIST(2 5000, TRUE)
- P{20000 <= x 100, TRUE )-NORM DIST(20000,36500,5000. TRUE)
5 P(x == 40000) =1 -NORM DIST(40000,563500,3000.TRUL)

Finding x values Given Probabilities

9 x valoe with .10 in lewer tall =NORM.INV(0.1,38
10 x value with 025 in upper tail =NORM INV(0.2

A B € D E
Probabilities: Nonnal Bistriution

6500,5000)

L Px <=20000) 0.000S
4 P{20000 <= x «=40000) 07576

& Pix ==40000) (2230
&

7 Finding ¥ values Givea Probabilitiss

$

9 © value with .10 in lower tail

0 x value with 028 in upper il 2
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